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We study the degenerate semilinear elliptic systems of the form —div(hi(x)Vu) = Ma(x)u +
b(x)v) + F,(x,u,v),x € Q,-div(ha(x)Vv) = AMd(x)v + b(x)u) + F,(x,u,v),x € Q,ulsq = v|sq =0,
where Q ¢ RN(N > 2) is an open bounded domain with smooth boundary 0%, the measurable,
nonnegative diffusion coefficients hy, h, are allowed to vanish in Q (as well as at the boundary

0Q) and/or to blow up in Q. Some multiplicity results of solutions are obtained for the degenerate
elliptic systems which are near resonance at higher eigenvalues by the classical saddle point
theorem and a local saddle point theorem in critical point theory.

1. Introduction

In this paper, we study a class of degenerate elliptic systems:

—div(hi(x)Vu) = AMa(x)u + b(x)v) + F,(x,u,v), x€Q,
—div(hy(x)Vo) = A(d(x)v + b(x)u) + F,(x,u,v), x€Q, (1.1)

Ulpg = Vlaq =0,

where Q ¢ RN(N > 2) is an open bounded domain with smooth boundary 8Q, F € C! (Q x
R?, R) satisfies the following sublinear growth condition:

ls)—o s

0 (1.2)
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uniformly in x € Q, where VF = (Fu, Fy) denotes the gradient of F with respect to (u,v) € R
The degeneracy of this system is considered in the sense that the measurable, nonnegative
diffusion coefficients hi, h, are allowed to vanish in Q (as well as at the boundary 0€2) and/or
to blow up in Q. The consideration of suitable assumptions on the diffusion coefficients will
be based on the work [1], where the degenerate scalar equation was studied. We introduce
the function space (N),, which consists of functions h : Q ¢ RY — R, such that h € L}(Q),
h™ € LY(Q), and h™ € LY(Q), for some s > N/2.

Then for the weight functions hy, h, we assume the following hypothesis. (IN) there
exist functions y satisfying condition (N),, for some s, and v satisfying condition (N),, for
some s,, such that

S sk, 22 <) <k, (13)

p(x)
ki
a.e. in Q, for some constants k; > 1 and k, > 1.
The mathematical modeling of various physical processes, ranging from physics to
biology, where spatial heterogeneity plays a primary role, is reduced to nonlinear evolution

equations with variable diffusion or dispersion. Also note that problem (1.1) is closely related
(see [1]) to the following system:

—div(hi(x,u,v)Vu) = f(\,x,u,v,Vu, Vo), x€Q,
—div(hy(x,u,v)Vov) = g\, x,u,v,Vu,Vov), x€Q, (1.4)

Ulag = Vlpq = 0.

Problems of such a type have been successfully applied to the heat propagation in
heterogeneous materials, to the study of transport of electron temperature in a confined
plasma, to the propagation of varying amplitude waves in a nonlinear medium, to the study
of electromagnetic phenomena in nonhomogeneous superconductors and the dynamics of
Josephson junctions, to electrochemistry, to nuclear reaction kinetics, to image segmentation,
to the spread of microorganisms, to the growth and control of brain tumors, and to population
dynamics (see [2-4] and the references therein).

An example of the physical motivation of the assumptions (N), (N), may be found
in [3]. These assumptions are related to the modeling of reaction diffusion processes in
composite materials occupying a bounded domain €, which at some point they behave as
perfect insulators. When at some point the medium is perfectly insulated, it is natural to
assume that h (x) and/or hy(x) vanish in Q. For more information we refer the reader to [4]
and the references therein.

For the perturbed problem, Mawhin and Schmitt [5] first considered the following two
point boundary value problem:

—u" —\u = f(x,u) +h(x), u(0)=u(r)=0. (1.5)

Under the assumption that f is bounded and satisfies a sign condition, if the parameter A
is sufficiently close to A; from left, problem (1.5) has at least three solutions, if Ay < A < A,
problem (1.5) has at least one solution, where i, A, are the first and the second eigenvalues
of the corresponding linear problem. Ma et al. [6] considered the boundary value problem
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Au + \u + f(x,u) = h(x) defined on a bounded open set Q C RN, no matter whether the
boundary conditions are Dirichlet or Neumann condition, as the parameter A approaches .\,
from left, there exist three solutions. Moreover, existence of three solutions was obtained for
the quasilinear problem in bounded domains as the parameter A approaches A, from left. In
[7, 8], these results were extended to the perturbed p-Laplacian equation in RN. In [9], Ou
and Tang extended above some results to some elliptic systems with the Dirichlet boundary
conditions. Especially, de Paiva and Massa in [10] studied the semilinear elliptic boundary
value problem in any spatial dimension and by using variational techniques, they showed
that a suitable perturbation will turn the almost resonant situation (A near to A, i.e., near
resonance with a nonprincipal eigenvalue) in a situation where the solutions are at least
two. In [11], those results were extended to the cooperative elliptic systems in the bounded
domain. Motivated by the idea above, we have the goal in this paper of extending these
results in [10, 11] to some degenerate elliptic systems with the Dirichlet boundary conditions.

2. Preliminaries and Main Results

Let h(x) be a nonnegative weight function in € which satisfies condition (NN),. We consider
the weighted Sobolev space Dé’z (€2, h) to be defined as the closure of Ci°(€2) with respect to
the following norm:

], = (fQ h<x>|Vu|2dx)1/2, (21)

and the following scalar product:

(u,v), = IQ h(x)VuVovdx, (2.2)

for all u,v € Dé’z(Q, h). The space Dé’z(Q, h) is a Hilbert space. For a discussion about the
space setting we refer to [1] and the references therein. Let

. 2N's

25 = m (23)

Lemma 2.1. Assume that Q is a bounded domain in RN and the weight h satisfies (N),,. Then the
following embeddings hold:

(i) Dy (Q, h) — L%(Q) continuously,
(ii) D(l)’z(Q, h) — L"(Q) compactly for any r € [1,2%).

In the sequel one denotes by 2j, and 2}, the quantities 27 and 2, respectively, where s, and
sy are induced by condition (N), recall that hy, hy satisfy (IN). The assumptions concerning the
coefficient functions of systems (1.1) are as follows.

(AD) The functions a,d € C(Q, R) and there exists xo € Q, such that a(xg) > 0, d(xg) > 0.
(B) The function b € C(RQ, (0, +c0)).
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The space setting for our problem is the product space H = D(l)'z(Q, hy) x Dé’z(Q, hy)
equipped with the following norm:

1/2
Izl = (Il +1lol;,) ~) 2= @wo) € H, (2.4)

and the following scalar product:
(z.¢) = (U, &), + (0, Ty, (2.5)

for all z = (u,v), ¢ = (¢,7). Observe that inequalities (1.3) in condition (NN) imply that
the functional spaces D(l)’z(Q, hy) x D(l)’z(Q, hy) and Dé’z(Q,‘u) X Dé’z(Q, v) are equivalent.
Especially, by Lemma 2.1 we know that for any 1 < 6 < min{2},2}}, the embedding
H < L%(Q) x L%(Q) is continuous and there is a positive constant S = S(6, N, Q) such that
Jo |z|°dx < SP||z||° for all z € H. Moreover, if 6 < min{2},2}}, the embedding above is also
compact. Let

H(x) = diag(h (x), la(x)),  A(x) = (;Ejg Zgg) 2.6)

Assume that hypothesis (IN) is satisfied and the coefficient functions a, d and b satisfy
conditions (AD) and (B), respectively.
We consider the eigenvalue problem with weight A(x),

—div(h (x)Vu) = AMa(x)u + b(x)v), x€Q,
—div(hy(x)Vo) = AMd(x)v + b(x)u), x€Q, (2.7)

Ulaq = s = 0.
A simple calculation shows that \ is an eigenvalue of (2.7) if and only if

Taz = A1z, (2.8)

where T4 : H — H is the symmetric bounded linear operator defined by
(Taz, ) = f (A(x)z,¢)dx, Vz,¢ € H. (2.9)
Q

Since the coefficient of A are continuous functions and the embedding H < L*(Q) x L*(Q)
is compact, we can check that the operator T, is also compact. Thus, we may invoke the
spectral theory for compact operators to conclude that H possesses a Hilbertian basis formed
by eigenfunctions of (2.7).

Let us denote z = (1, v) and

M= = sup{(Taz, z) : ||zl = 1). (2.10)



Abstract and Applied Analysis 5

Recalling that A satisfies (AD) and (B), we can use [2, Theorem 1.1] (p =g =2, a=p =0)
to conclude that the eigenvalue p; is positive, simple, and isolated in the spectrum of T4.
Moreover, if we denote by ¢ the normalized eigenfunction associated to 1;, we can suppose
that the ¢, is positive on Q. By using induction, if we suppose that y; > pp > ... > pp_q are
the k -1 first eigenvalues of T4 and {¢; }:.:11 are the associated normalized eigenfunctions, we
can define

A;l =k = sup{(TAz,z> =zll=1, z € (span{cjn,...,d)k_l})l}. (2.11)

It is proved in [12, Proposition 1.3], that, if yr > 0, then it is an eigenvalue of T4 with
associated normalized eigenfunction ¢x. In view of the condition (AD), we can argue as in
the proof of [12, Proposition 1.11(c)], and conclude that yi > 0. Thus, we obtain a sequence
of eigenvalues for (2.7).

O<Ai<dp< o <A< (2.12)

such that \, — oo as k — oo. We denote by Ej the eigenfunction space corresponding to
Ak. Moreover, if we set Vi = span{¢, ..., ¢x}, we can decompose H = VkeaVkL. Moreover, the
following inequalities hold:

j (H(x)Vz,Vz)dx < )ij (A(x)z,z)dx, VzeV, (2.13)
Q Q

J‘ (H(x)Vz,Vz)dx > A1 f (A(x)z,z)dx, Vze Vkl. (2.14)
Q Q

Lemma 2.2 (from Lemma 4.6 of [10]). Let X be a Hilbert space with orthonormal direct sum
splitting X = V & Z ® W. Moreover, let dim(V & Z) < co. For p > R > 0, set

A={ueW:|lu|>RjUluecZoW:|u| =R},

B={ueVeZ:|ul=p) (2.15)

Then A links with B.
Lemma 2.3 (from Theorem 8.1 of [13]). Let H = Xy ® X, be a Hilbert space where X1 has finite
dimension, ] € C'(H, R) satisfying the (P.S.) condition and such that, for given py, p2 > 0,

sup J(z) <a= inf J(z) <b= sup J(z) < inf J(z), (2.16)
Z€p151 ZszBz z€p; By ZszSz

where B; and S; represent the unit ball and the unit spherein X; :i=1,2.
Then there exists a critical point zg such that J(zo) € [a,b].
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Next, in order to state our main results, we introduce the following assumptions on
the nonlinear term:

(F1) limg— (VF(x,s),s)/|s| = +oo uniformly with respect to x € Q.

)
(F2) limjg— o F (x, s) = +oo uniformly with respect to x € Q.
(F3) limg— (VF(x,s),s)/|s| = —oo uniformly with respect to x € Q.
)

(F4) limjs_ o F(x,s) = —oo uniformly with respect to x € Q.
Our main results are given by the following theorems.

Theorem 2.4. Let A\ (k > 2) be an eigenvalue of multiplicity m. Suppose that condition (N) and the
coefficient functions a, d and b satisfy conditions (AD) and (B), respectively. Assume, in addition,
that F satisfies (1.2) and VF(x,0) = 0 for all x € Q, and one of the sets of hypotheses (F1) or (F2).
Then there exists 6y > 0 such that for A € (Ax — 6o, Ak) problem (1.1) has at least two solutions.

Theorem 2.5. Let Ay (k > 2) be an eigenvalue of multiplicity m. Suppose that conditions (N) and the
coefficient functions a, d and b satisfy conditions (AD) and (B), respectively. Assume, in addition,
that F satisfies (1.2) and VF(x,0) = 0 for all x € Q, and one of the sets of hypotheses (F3) or (F4).
Then there exists 61 > 0 such that for A € (Ak, Ak + 61) problem (1.1) has at least two solutions.

3. Proof of Theorems

Consider the C! functional ] : H — R,Vz € H,
1 A
J(z) == j (H(x)Vz,Vz)dx — = J (A(x)z, z)dx - f F(x,z)dx. (3.1)
2)q 2)a Q

Since the problems in Theorems 2.4 and 2.5 are not resonant, | satisfies the Palais-Smale
condition of compactness (see, e.g., in [14]). In addition, z € H is a weak solution of problem
(1.1) if and only if z is a critical point of J.

We set

V =span{1,..., Pr-1}, Z =span{¢x, ..., Prsm-1} = Ex, W=(WVez?! @32
and we define

By ={zeV:|z| <1}, Byz={zeVeaZ:|z| <1}, Bzw={zeZaoW:|z| <1},
(3.3)

and Sy, Syz, Szw, respectively, their relative boundaries.
Theorems 2.4 and 2.5 will be a consequence of the geometry in Propositions 3.1 and
3.2, whose proofs will be postponed to Sections 4 and 5.
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Proposition 3.1. If A € (Ax_1, Ax) and hypothesis (1.2) is satisfied, then there exist constants D, and
pa such that

J(z)>D,, forzeZeoW, (3.4)

J(z) <Dy, forzep,Sy. (3.5)

Moreover, if one of the sets of hypotheses (F1) or (F2) is satisfied, then there exists &g such that for
A € (Ak = 6o, A) there exist Dy, Dy € R, py > Ry > 0 such that, in addition to (3.4) and (3.5),

J(z) > Dy, forzeW, (3.6)
](Z) < Dy, for z € Rlsvz, (37)
J(z) <Dy, forzeV, |z|>R;. (3.8)

(The values with index A depend on A, the others may be fixed uniformly.)
Based on this geometry one gives the following proof.

Proof of Theorem 2.4. Since the functional ] satisfies the (P.S.) condition, we can apply the
saddle point theorem (see, e.g., in [15]) for two times, let

1= {y e C(pBy;H)st. v |, =id},

(3.9)
Iy = {y € C°(RiByz; H)s.t. YIRSy, = id}.

The first solution, that we denote by zx_; and may be obtained for any A € (Ak_1, k)
with just hypothesis (1.2), corresponds to a critical point at the level

Cro1 = Yggf sup J(y(w)), (3.10)

k-1 weP/\BV

the criticality of this level is guaranteed by the estimates (3.4) and (3.5), since p) Sy and ZeW
link, that is, the image of any map in I'x_; intersects Z& W.

The second solution, that we denote by zx, corresponds to a critical point at the critical
level

Ck:yigrf sup J(y(w)), (3.11)

k weR1 sz

actually, this is a critical level because of the estimates (3.6) and (3.7), since R;Syz and W
link.

To conclude the proof, we need to show that these two solutions are distinct.

We observe first that by estimate (3.6) we have that ¢, > Dy, then we observe that
we may build a map yy € I'r_1 in such a way that its image is the union between the annulus
{z €V :|z|| € [Ri, pr]} and the image of a (k—1)-dimensional ball in R; Syz whose boundary
is R;Sy. By the estimates (3.7) and (3.8), we deduce that supwep‘\BV](YO(w)) < Dy, and as a



8 Abstract and Applied Analysis

consequence cx-1 < Dy, proving that the two solutions are distinct, for being at different
critical levels. O

Proposition 3.2. If A € (A, Aksm) and hypothesis (1.2) is satisfied, then there exist constants K,
and Py such that

J(z) >K,, forzeW, (3.12)
J(z) <K,, forzepSyz. (3.13)
Moreover, if one of the sets of hypotheses (F3) or (F4) is satisfied, then there exists 61 such that for

A € (Mg, Ak + 61) there exist Ky, Ky, E € R, fy > Ry, > 0, ¢ > 0 such that, in addition to (3.12) and
(3.13),

J(z) <Ky, forzeV, (3.14)

J(z) > Ky, forze RySzw, (3.15)
J(z) > Ky, forzeW, |z|> Ry, (3.16)
J(z) >E, for z € RyBzy, (3.17)
J(z) <E, forz€¢Sy. (3.18)

The values with index A depend on A, the others may be fixed uniformly.
This geometry, along with Lemma 2.2, allows one to give the following.

Proof of Theorem 2.5. Since the functional | satisfies the (P.S.) condition, we can apply the
saddle point theorem and Lemma 2.3.

The first solution that we denote by wy and may be obtained for any A €
(Ak, Ak+m) with just hypothesis (1.2) is again obtained through the saddle point theorem and
corresponds to a critical point at the critical level

di = inf sup ](y(w)), (3.19)
rel wePByz
where now
Iy = {y € C°(frBvz; H)s.t. Ylpsy, = id}, (3.20)

the criticality is guaranteed by estimates (3.12) and (3.13), since ,Syz and W link.
The second solution that we denote by wy_; comes from Lemma 2.3, where we set
X1 =Vand X, = Ze W, actually we have the following structure:

supJ(z) <E = inf J(z) <supJ(z) < Ky < inf J(z), (3.21)
Sy RoBzw ¢By RaSzw

and then we have a critical point wy_; at the level d_; < Ky.
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Finally, in order to prove that these two solutions are distinct, we need a sharper
estimate for dj than that given by (3.13). For this we use Lemma 2.2 to guarantee that for
any map y € Ik, since f > Ry, one has that the image of y either intersects R,Szw or has a
point z € W with ||z|| > R,. This implies that supweﬂABVZ](y(w)) > Ky, by estimates (3.15)
and (3.16), and then di > Ky proving that the two solutions are distinct, for being at different
critical levels. O

4. Proof of Estimates

In this section we will prove all the estimates in Propositions 3.1 and 3.2.
From (1.2) and the continuity of the potential F, for any ¢ > 0, there exists a positive
constant M, = M (¢) such that

IVF(x,s)| < els| + M, (4.1)

for all (x,s) € Q x R2. By (4.1), Holder’s inequality, we have

<,

2 2 1/2
< [ (et + Mufzl)dx < ezl + MR 2zl
Q

fl (VF(x,tz),z)dt

1
dx < f J |VF(x,tz)||z|dt dx
0 aJo

J; F(x,z)dx

4.2)
< eS?||z|* + M.S|Q|"?||z]|,

where S is the best embedding constant.

4.1. Estimates of the Saddle Geometry

Lemma 4.1. Under hypothesis (1.2), one gets the following:
(i) for X € (Ak-1, Ak), there exists D) satisfying (3.4) and Dy € R satisfying (3.6);
(ii) for X € (Ai, Micsm):

(a) there exists K, € R satisfying (3.12),
(b) for a given Ry > 0, there exists E € R satisfying (3.17).

Proof. Let z € W: using estimates (4.2) and (2.14) we get

Mesm — A
J(2) > (—;Ak —ss2)||z||2 - M|Q[*S] 2. (4.3)
+m

For A € (Ak_1, k), letting € < (Aksm — k) /25%Aksm < (Aksm — L) /25% Mg, it follows that
J is bounded below in W, that is, there exists a Dy as in (3.6).

For A € (Ak, Akim), then the same estimate holds but the constant cannot be made
independent of 1, giving (3.12).
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In the same way, let z € Z® W and set 6 = A\ — 1 > 0, we get

A — A
1) 2 (S -8 ) J=IP - Ml Sz

(4.4)

o 2 2 1/2
> — - - .
> <2)tk eS )||z|| M, |Q|“S||z||

Letting ¢ < 6/ 252\, it follows that J is bounded below in Z @ W, that is, there exists a D,
such that for all z € Z ® W we have (3.4), where again the constant D, depends on 6, that is,
on A.

Finally, (4.4) with A € (Ag, Agssr) implies

/\ _/\ +m
@) > (B - o8 )alf - Ml S, 45)

then, no matter the value of A, | is bounded from below in any bounded subset of Z & W,
giving (3.17) for a suitable value of E. O
Lemma 4.2. Under hypothesis (1.2), one gets the following:

(i) for A € (Ak-1, k), given the constant D) € R, there exists py > 0 satisfying (3.5);

(ii) f01’ A€ (M, Micym):

(a) there exists Ky € R satisfying (3.14),
(b) for a given K, € R, there exists ) > 0 satisfying (3.13),
(c) for a given E € R, there exists & > 0 satisfying (3.18).

Moreover, given the values Ry, Ry, one may always choose py > Ry, py > R as claimed in
Propositions 3.1 and 3.2.

Proof. Let z € V, by estimates (4.2) and (2.13) we get

Mec1 = A
20k

J(2) < ( +652)IIZ|I2 + M|Q['2S| ]| (4.6)

For A € (Ak-1,Ak), letting e < (A - Ak-1)/25%)\_1, then one obtains (3.5) for suitably
large p) > R;.

For A € (Ak, Aism), letting € < (A — Ag—1)/ 25%\_1, one obtains, for suitable Ky and
¢>0,(3.14) and (3.18).

Finally, letz € V® Z and set 6 = A — A, > 0, we get

Ak
2k

J(2) < ( +ss2>||z||2 + M.JQ]2S|2]
4.7)

< (—i s esz> 1= + MQM2S] =]l
2\
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Letting e < 6/25%\y, it is clear that (once that 6 is fixed) this goes to —co and then we may
find the claimed f, > R, such that (3.13) holds.

Observe that Ky and E can be chosen uniformly for A € (Ak, ki), while py, B, in fact
depend on . O

4.2. Estimating the Effect of the Nontrivial Perturbation

In this section we will prove the remaining inequalities in Propositions 3.1 and 3.2, which
rely on the hypotheses (F1), or (F2), or (F3), or (F4), which, roughly speaking, say that the
perturbation F is nontrivial in such a way that a new solution arises when it is sufficiently
near to the eigenvalue Ax. The proof is simpler for Theorem 2.4, since we need to estimate the
functional in the compact set Sy z, while for Theorem 2.5 the same kind of estimate is required
in the noncompact set Sz .

4.2.1. Estimating ] in Syz
For the next estimates, we will need the following lemma.

Lemma 4.3. Hypotheses (F2) implies that there exists a nondecreasing function D : (0,+o00) — R
such that

lim D(R) = +oo, inf f F(x,z)dx > D(R). (4.8)
Q

R—+o0 zERSyz
Proof. First we claim that there exists a constant 7 > 0 such that the sets Q. = {x € Q : |z(x)| >
71} have measure |Q;| > 7, for all z € Sy .
Actually, V © Z is a finite-dimensional subspace and the functions z € Sy are smooth,
they are uniformly bounded, that is, there exists M > 0 such that |z(x)| < M for all x € Q.

Suppose that for 17, — 0(#, < 1) there exists {z,} C Syz such that |Q_ | < 77,.
On one hand, by (2.13), one obtains

L < f (A(x)zn, zn)dx. (4.9)
.)Lk Q
On the other hand,
I (A(x)zp, zy)dx = J‘ (a(x)ufl +2b(x)u,v, + d(x)vf,)dx
Q Q

< j (a(x) + b)) + f (b(x) + d(x))o2dx
Q Q

sﬁf |za2dx
Q

=M f |zn|2dx+j |z dx
Q. Q-Q_,

<M(M1Qz,| + Q- Qs )

(4.10)

< 7lnC

— 0,
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where M = maxyea{|a(x) + b(x)|, |b(x) + d(x)|}, zp = (4, v,), C = M(M? +|Q|). That is a
contradiction.

Now for any H > 0, we will show that we can find an R large enough so that
fg F(x,Rz)dx > H for any z € Syz and R > ﬁ, which means that

lim inf f F(x,z)dx = +oo. (4.11)
Q

R— o0 zERSy 7

Actually, letting M = (H + |Q|Cr)n!, by (F2) we have that there exists sy such that
F(x,s) > M for |s| > so.
For R > sp/1, one has Q, C {x € Q: |Rz(x)| > s}, and then one gets

J F(x,Rz)dx > Mm. (4.12)
|RZ|ZSQ

For R < s9/7,by (F2)and F € C! (QxR?, R), there exists Cr > 0 such that F(x,s) > -Cr,
for all (x,s) € (Q, R?).
One finally obtains

’[ F(x,Rz)dx = j F(x,Rz)dx + J F(x, Rz)dx
Q [Rz|>s0

|RZ|§SQ (4 13
> Mn - |QICr 13)
= H,
it is elementary that
D(R) = inf inf f F(x,z)dx (4.14)
pZR zERSyz Q
is well defined and satisfies the claim. O

Now we may prove the following.

Lemma 4.4. Consider Theorem 2.4 with one of the sets of hypotheses (F1) or (F2). Given the constant
Dw € R, there exist Ry, 6y > 0 such that, for any A € (Ax — 6o, Ak), (3.7) and (3.8) hold.

Proof. We consider the two sets of hypotheses separately.
(i) In case (F1), assuming (1.2) and (F1) hold, we claim that there exists Cps such that

F(x,s) > Mls|-Cp, VMER, (4.15)

uniformly in x € Q, in particular we set M = 1.
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In fact, by (F1), there exits Ry > 0 such that for |s| > Ry, (VF(x,s),s) > |s| uniformly in
x € Q. For any s € R?(s#0), from (4.1) (letting & = 2) we have

1
F(x,s) = J‘o (VF(x,ts),s)dt

1 Ro/ls|
= f (VF(x,ts),s)dt + f (VF(x,ts),s)dt
Ro/s| 0

1 Ro/lsl
> f |s|dt + f (VF(x,ts),s)dt (4.16)
Ro/[s| 0

Ro/|s| )
> |s| - Ry —J' <2t|s| + |M2||5|>dt
0

=|s| - Ry — R3 — MRy
= |S| -Cy,

where C; = Ry + R + MaRy.
Let z € RSy, for being in a finite-dimensional subspace, all the norms are equivalent,
so that (set 6 = ¢ — 1 > 0 and uses estimates (4.15) and (2.13))

(@) < 2 - el + Caled
< 2zl - 2l + il (4.17)
~ 20k
<R -R+C|Q].
~ 20k

(ii) In case (F2), let D(R) be as in Lemma 4.3, for ||z|]| = R, letz = w + p withw € V
and ¢ € Z = E,

J(z) = % IQ(H(x)Vz, Vz)dx - JZ_\ L}(A(x)z, z) — fQ F(x,z)dx

M=, 5 A
< =
S llw||” +

/\k—l - /\k +6 2 6 2
< Sl 59l - [ Pz

k=42
l¢|l"— | F(x,z)dx
2 j Q (4.18)

i 2 _ .A,k - -)kal 2 B J
< o 19l = =g Il Flxz)dx

Assume that 6 < (A — A1) /2, it is easy to see that (—(Ax — )Lk,l)/él)tk,l)||w||2 < C for some
constant C, we estimate

J(z) < %”4)”2 +C-D(R)
5k (4.19)
2

< mR -D(R) +C.
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Considering (4.17) and (4.19), we see that since limg_, ,D(R) = +co by Lemma 4.3, we may
fix Ry so that C — D(Ry) < Dw — 1 (or Dy — Ry < Dy — 1 for the case (F1)) and then for
0 <6 <min{2A/R?, (A — Ak-1)/2} one gets (3.7).

To obtain (3.8), we observe that (since A > \i_q) if ¢ = 0, that is, if z € V, then in
estimates (4.17) and (4.19) we may avoid the term (6/2\x) R? so that (remember that D(R) is
nondecreasing) J(z) < Dw -1 for ||z|| > R;. O

4.2.2. Estimating | in Szw
We consider the corresponding of the previous lemma, for Theorem 2.5.

Lemma 4.5. Considering Theorem 2.5 with one of the sets of hypotheses (F3) or (F4). Given the
constant Ky € R, there exists Ry, 61 > 0 such that, for any A € (\g, ¢ + 61), (3.15) and (3.16) hold.

Proof. Letting A = Ax +06, we see from (4.3), that property (3.16) will be satisfied provided that
R, is large enough (say R, > R) and observing that this value can be made independent from
A once that 6 is small enough.

Now we consider the two sets of hypotheses separately.

(i) In case (F3), suppose z € Ex ® W, we can assume that z = w + ¢, with w € W and
¢ € Ei. Since Ej is a finite dimension subspace, all the norms are equivalent, so that there
exists C > 0 such that for all ¢ € Ex we have |||l < C||§||,;. By (F3), from the proof of (4.15),
we also have the similar inequality: there exists C, such that

—F(x,s) 2 Cls| - C, (4.20)

uniformly in x € Q. So by (2.14) and (4.20),

Tw+d) =5 [ (HEOV(o+4), V(w=))dx

_ &J‘ (A(x)(w+¢),w+¢)dX—f F(x,w+¢)dx

ZWH
k+m

Ao = (ke + 6) i
o deom - Qe 0) m % gl + Cllglls ~ Cl-wil: - Cale

> e 2D e S g + - Calol - o,

||<i>|| +Cllw + ¢l - Cal€] (4.21)

where C; = [Q|'/2SC, C, = C,|Q|. Since

(1= 31 e+ gl = (9 + o)
< (1= 51100 191 + el

(4.22)
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suppose 6 < (Ak+m — Ak)/2, (4.21) becomes
om = (L +68) > o ( 5 )
J(w+) > TIIWII Csllw|| = Cs = |lw| + ( 1 mIIZII lI=ll

Merm — Ak

5 (4.23)
> = [lwl* - (C3 + 1)l|w]| - Cy + <1 IIZII)IIZII
4)Lk+m

since (A1 — Ax) /41 > 0,80 ((Aeyr — )L;()/AJ:)LkJrl)llwll2 — (C3 + 1)||w]|| = C4 is bounded below
for all w € W, that is, there exists Cs € R such that

Mo
Ao =Xy 12 ool - Ca = G, (4.24)
Do

by (4.23) one gets

5
J(z) 2 (1= 5=zl )zl + Cs
< 2 ) (4.25)

o
= 5zl + 20 + s

(ii) In case (F4), first we give some conclusions which are similar to Lemma 3 of [16].
Under the property of F, there exists a constant C, and G € C (R?, R) which is subadditive,
that is,

G(s+1) < G(s) + G(t), (4.26)

forall s,t € R?, and coercive, that is,

G(s) — +oo, (4.27)
as |s| — oo, and satisfies that
G(s) <|s| +4, (4.28)
for all s € R?, such that
-F(x,s) >G(s) -C, (4.29)

forall s € R? and x € Q. B
In fact, since —F(x,s) — +oo as |s| — oo uniformly for all x € Q, there exists a
sequence of positive integers n, with ng.; > 2ny for all positive integers k such that

—F(x,s) > k, (4.30)
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for all |s| > ny and all x € Q. Let ny = 0 and define

G(s) = k +2+ 1S =Tt (4.31)
Ny — Nk-1
for ng_1 <|s| < nx, where k € N.
By the definition of G we have
k+2<G(s)<k+3, (4.32)
for all ny_1 < |s| < ng. By (F4) and F € C'(Q x R?, R), there exists Cr > 0 such that
~F(x,s) > -Cr, VY(x,s)¢€ (Q R2>. (4.33)
It follows that
—F(x,s) > G(s) - C, (4.34)

where C = Cr + 4. In fact, when nj_;1 < |s| < ni for some k > 2, one has, by (4.30) and (4.32),

—-F(x,8) >k-1>G(s) -4 >G(s)-C, (4.35)

for all x € Q. When |s| < n1, we have, by (4.32) and (4.33),

~F(x,s) > -Cr=4-C>G(s) - C, (4.36)

forall x € Q.
It is obvious that G is continuous and coercive. Moreover one has

G(s) <|s| +4, (4.37)
for all s € R?. In fact, for every s € R? there exists k € N such that
nk-1 < |s| < ny, (4.38)
which implies that
G(s) < (k—1)+4<mq+4<|s|+4 (4.39)

for all s € R? by (4.32) and the fact that nx > k for all integers k > 0.
Now we only need to prove the subadditivity of G. Let

n-q < |s| < ng, nj1 <|t| <mnj, (4.40)
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and m = max{k, j}. Then we have

|s +t| < [s| + [t] < g +1j <21 < Mppy1. (4.41)

Hence we obtain, by (4.32),

G(s+t)<m+4<k+2+j+2<G(s)+G(¢), (4.42)

which shows that G is subadditive.
For z € = Ex ® W, assuming that z = w + ¢, with w € W and ¢ € Ej, and letting
0 <6 < (Mesm — k) /2, by (2.13), (4.29), (4.26), and (4.28), one gets

J(w+¢) = %J‘Q(H(x)V(w+¢),V(w+¢))dx

_AJ‘ (A(x)(w+¢),w+¢)dx—fQF(x,w+¢)dx

Mesm = ()Lk+5)
T o I

+J G(¢+w)dx—C|Q|
o= (a8)

T o ||<l>||
+J G((,b)dx—f G(~w)dx - C|Q)| (4.43)
)Lk+m
ET w| - ”4’”
+J G(¢)dx—f (|w] +4)dx - C|Q)
Q Q
S Merm — Ak

Akt+m — Ak 2 _ Y 2
> S o~ 5
+ [ c@)x-sialil -
Q

- g(w) + fQ G(#)dx - 5 =IP

where g(w) = (Aksm — Ak) /4hesm)|[w]* = SIQ|[w]| - C1, C1 = (4 + C)|Q|. Since ¢ € Ex, Ex is a
finite-dimensional subspace, and G is coercive, from the proof of (4.8), one can get

lim G(¢)dx = +co, (4.44)
llgpll =0 J g
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that is, fQ G(¢)dx is coercive on Eg. Since (Aksm — Ak)/4Akem > 0, so g(w) is coercive on W,
and [, G(¢)dx and g(w) is bounded below, it is obvious that

lim <g(w) + J‘Q G((i))dx) = +00, (4.45)

Izl = o0

forallze Za W.
Considering (4.25), (4.43), and (4.45), we can choose R, large enough such that for all
|lz|l > R, one gets

g(w) + fg G(¢)dx > Ky +1, (4.46)

(or R, + C5 > Ky + 1 for the case (F3)) and property (3.16) holds, then for 0 < 6 <
min{Z)Lk/Ré, (Ak+m — Ak)/2} = 61 and z € RySzw one gets J(z) > Ky, that is, the property
(3.15) holds. O

5. Proof of the Geometry in Propositions 3.1 and 3.2

We finally give the proof of Propositions 3.1 and 3.2, which is nothing but a resume of
the lemmata above, verifying that all the constants can be chosen sequentially without
contradictions.

Proof of Proposition 3.1. Under hypothesis (1.2), if we fix a value A, then we obtain the constant
D, from Lemma 4.1 and with this we get p) from Lemma 4.2. If we also consider one of the
two sets of hypotheses (F1) or (F2), then we proceed as follows: first of all, we determine
(once for ever) the constant Dy from Lemma 4.1, with this we obtain from Lemma 4.4 the
values R; and &y. Then, for any (now fixed) A € (Ax — &, Ax), we obtain from Lemma 4.1 the
value D,. Finally, we can get from Lemma 4.2 the corresponding value of py > R;. O

Proof of Proposition 3.2. Under hypothesis (1.2), if we fix a value A € (Ak, Ak+m), then we obtain
the constant K from Lemma 4.1 and with this we get ) from Lemma 4.2. If we also consider
one of the two sets of hypotheses (F3) or (F4), then we proceed as follows: first of all,
we determine (once for ever) the constant Ky from Lemma 4.2, with this we obtain from
Lemma 4.5 the values R, and 6. Since we have R,, we can get from Lemma 4.1 the constant
E and with this obtain ¢ from Lemma 4.2.

Finally, for any (now fixed) A € (Ak, Ak + 61), we obtain from Lemma 4.1 the constant
K, and with this we get from Lemma 4.2 the corresponding value of ) > R,. O
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