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We will prove some new dynamic inequalities of Opial’s type on time scales. The results not only
extend some results in the literature but also improve some of them. Some continuous and discrete

inequalities are derived from the main results as special cases. The results can be applied on the
study of distribution of generalized zeros of half-linear dynamic equations on time scales.

1. Introduction

In 1960 Opial [1] proved that if x is absolutely continuous on [a, b] with x(a) = x(b) = 0, then

b b
f lx(t)] | ()| it < (b;“)f | ()|t 1.1)

Since the discovery of Opial’s inequality much work has been done and many papers which
deal with new proofs, various generalizations, and extensions have appeared in the literature.
In further simplifying the proof of the Opial inequality which had already been simplified by
Olech [2], Beesack [3], Levinson [4], Mallows [5], and Pederson [6], it is proved that if x is
real absolutely continuous on (0, b) and with x(0) = 0, then

b b b )
I lx(£)||x' (£)|dt < EJ |x'(£)|"dt. (1.2)
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These inequalities and their extensions and generalizations are the most important and
fundamental inequalities in the analysis of qualitative properties of solutions of different
types of differential equations.

In recent decades the asymptotic behavior of difference equations and inequalities and
their applications have been and still are receiving intensive attention. Many results con-
cerning differential equations carry over quite easily to corresponding results for difference
equations, while other results seem to be completely different from their continuous coun-
terparts. So it is expected to see the discrete versions of the above inequalities. In fact, the
discrete version of (1.1) which has been proved by Lasota [7] is given by
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where {x;}(;c;, is a sequence of real numbers with xo = x;, = 0 and [x] is the greatest integer
function. The discrete version of (1.2) is proved in [8, Theorem 5.2.2] and states that for a real
sequence {X;}gc;c, With xo = 0, we have

h-1 ho1m )
Dlxidx| < —= 3 |Axf. (1.4)
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These difference inequalities and their generalizations are also important and fundamental
in the analysis of qualitative properties of solutions of difference equations.

Since the continuous and discrete inequalities are important in the analysis of
qualitative properties of solutions of differential and difference equations, we also believe
that the unification of these inequalities on time scales, which leads to dynamic inequalities
on time scales, will play the same effective act in the analysis of qualitative properties of
solutions of dynamic equations. The study of dynamic inequalities on time scales helps
avoid proving results twice—once for differential inequality and once again for difference
inequality. The general idea is to prove a result for a dynamic inequality where the domain of
the unknown function is a so-called time scale T. The cases when the time scale is equal to the
reals or to the integers represent the classical theories of integral and of discrete inequalities.
A cover story article in New Scientist [9] discusses several possible applications.

The three most popular examples of calculus on time scales are differential calculus,
difference calculus, and quantum calculus (see Kac and Cheung [10]), that is, when T = R,
T=N,and T = g™ = {g' : t € Ny}, where g > 1. For more details of time scale analysis
we refer the reader to the two books by Bohner and Peterson [11, 12] which summarize and
organize much of the time scale calculus.

For completeness, we recall the following concepts related to the notion of time scales.
A time scale T is an arbitrary nonempty closed subset of the real numbers R. We assume
throughout that T has the topology that it inherits from the standard topology on the real
numbers R. The forward jump operator and the backward jump operator are defined by:

o(t) :=inf{seT: s>t}, p(t) =sup{seT: s<t}, (1.5)

where sup @ = inf T. A point t € T, is said to be left-dense if p(t) = tand t > inf T, is right-dense
if o(t) = t, is left-scattered if p(t) < t, and is right-scattered if o (t) > t.
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A function g : T — R is said to be right-dense continuous (rd-continuous) provided
g is continuous at right-dense points and at left-dense points in T, left hand limits exist and
are finite. The set of all such rd-continuous functions is denoted by Cq(T).

The graininess function y for a time scale T is defined by p(t) := o(t) — t, and for any
function f : T — R the notation f°(t) denotes f(o(t)). We will assume that sup T = oo, and
define the time scale interval [a, bl by [a, bl == [a,b] N T.

Definition 1.1. Fixt € T and let x : T — R. Define x“(t) to be the number (if it exists) with
the property that given any e > 0 there is a neighborhood U of t with

[x(o(t) — x(s)] = x2(t)[o(t) = s]| < elo(t) —s|, Vsel. (1.6)

In this case, we say x*(t) is the (delta) derivative of x at t and that x is (delta) differentiable
att.

We will frequently use the results in the following theorem which is due to Hilger [13].

Theorem 1.2. Assume that g : T — Randlett e T.

(i) If g is differentiable at t, then g is continuous at t.
(ii) If g is continuous at t and t is right-scattered, then g is differentiable at t with

g@) -gt)

At) = 1.7
g~ (t) (@ (1.7)
(iii) If g is differentiable and t is right-dense, then
t) —
g2 (t) = lim 8D =8 (1.8)
s—t -8
(iv) If g is differentiable at t, then g(o(t)) = g(t) + u() g (t).
In this paper we will refer to the (delta) integral which we can define as follows.
Definition 1.3. If G*(t) = g(t), then the Cauchy (delta) integral of g is defined by
t
j g(s)As = G(t) - G(a). (1.9)

It can be shown (see [11]) that if g € C;q(T), then the Cauchy integral G(t) := ftto g(s)As
exists, ty € T, and satisfies G* () = g(t), t € T. An infinite integral is defined as

© b
[*rwai= tim [ o, (1.10)
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and the integration on discrete time scales is defined by

b
[ rwai= 3 uwso. 11)

te[a,b)

However, the study of dynamic inequalities of the Opial types on time scales has been started
by Bohner and Kaymakcalan [14] in 2001, only recently received a lot of attention and few
papers have been written, see [14-17] and the references cited therein. For contributions of
different types of inequalities on time scales, we refer also the reader to the papers [18-22]
and the references cited therein. In the following, we recall some of the related results that
have been established for dynamic inequalities on time scales that serve and motivate the
contents of this paper.

In [14] the authors extended the inequality (1.1) on time scales and proved that if
x:[0,b]NT — R is delta differentiable with x(0) = 0, then

fh|x(t) w27 (0)||xA0)]ar<n jh x| . (1.12)
0 0

Also in [14] the authors proved that if r and g are positive rd-continuous functions on [0, b],
fs(At /71(t)) < oo, gnonincreasing, and x : [0,b]NT — R is delta differentiable with x(0) = 0,
then

f: ) | (x() + x° (1) x2 () | At < J: % Jj r(H)q(t) |xA(t) |2At. (1.13)

Karpuz et al. [15] proved an inequality similar to inequality (1.13) replaced g°(t) by g(t) of
the form

b b
[[ao|aw+ o o|as k@b [ 2ol (114)
0 0

where g is a positive rd-continuous function on [0,b], and x : [0,b] N T — R is delta
differentiable with x(0) = 0 and

b 1/2
K,(a,b) = <2J‘ qz(u)(o(u) - a)Au> . (1.15)

Wong et al. [16] and Sirvastava et al. [17] proved that if r is a positive rd-continuous function
on [a, b], we have

fb rOOF [0 |”At < p%q(b —ay fb r(t) |xA(t)|p+th, (1.16)

a

where x : [0,b] N T — R is delta differentiable with x(a) = 0.
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Following this trend, to develop the qualitative theory of dynamic inequalities on time
scales, we will prove some new inequalities of Opial's type. Some special cases on continuous
and discrete spaces are derived and compared by previous results. The main results in this
paper can be considered as the continuation of the paper [23] that has been published by
the author and can be applied on the study of distribution of the generalized zeros of the
half-linear dynamic equation:

(ro(x*0)")" +a® @) =0, on [a,bl, (1.17)

and according to the limited space the applications of these inequalities will be discussed in
a different paper.

2. Main Results

In this section, we will prove the main results and this will be done by making use of the
Holder inequality (see [11, Theorem 6.13]):

h h VYr «n /v
f|f(t)g(t)|At§ U |f(t)|YAt:| U |g(t)|”At] , (2.1)

where a, h € Tand f, g € Ca(LR), y > 1and 1/v + 1/y = 1, and inequality (see [24, page
500])

la+b]" <2 (Ja]" +|b]"), forr>1, (2.2)

where a, b are positive real numbers. We also need the formula
1
(x¥(1)* = f ylhx” + (1= h)x]"™" dhx®(t), (2.3)
0

which is a simple consequence of Keller’s chain rule [11, Theorem 1.90]. Now, we are ready
to state and prove the main results.

Theorem 2.1. Let T be a time scale with a, X € T and p, q be positive real numbers such that p > 1,

and let r, s be nonnegative rd-continuous functions on (X,b)y such that f;( r VPl (1) At < oo. If
y:[a, X]NT — R* is delta differentiable with y(a) = 0, (and y* does not change sign in (a, X)),
then one has

Jj s(x)|y(x) + y°(x) |p|yA(x)|qAx <Ki(a,X,p,q) Jj r(x) |yA(x) |p+qAx, (2.4)
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where

q >q/(P+q)
p+tq

X x +g-1 p/(p+q)
x <I (s(x))(wq)/r?(r(x))-q/p<f r—l/(p+q—1)(t)At>p ! Ax> (2.5)

+2F 1 sup (yp(x)ﬂ)

asx<X r(x)

Ki(a,X,p,q) = 22’”‘1<

Proof. Since y* (t) does not change sign in (a, X), we have
ly(x)] :f 'yA(t)'At, for x € [a, X] . (2.6)

This implies that

ly(x)| = f :

W (T’(t))l/(P+q)

a0 | At. (2.7)

Now, since r is nonnegative on (a, X)y, then it follows from the Holder inequality (2.1) with

1
(r(t))l/(P‘*'q) ’

+
o) y=Ed

- 1/(p+q)
gt = (r()"/¥ -

f(t) =

v=p+q,
(2.8)

that

I

Then, for a < x < X, we get (note that y(a) = 0) that

" 1 p((p+a-1)/(p+9)) , ptq p/(p+q)
p A
ly(x)|” < < f D At> <f r(t)|y (t)| At> . (2.10)

Since y° = y + py®, we have

x 1 (P+q=1)/(p+a) , prg  \ V/@+)
yA(t)lAt§<I —At> q r(t)iyA(t) At) . (9)

“ (r(t))l/(P“?*l) a

y(x) +y7(x) = 2y (x) + py* (%) (2.11)
Applying inequality (2.2), we get (where p > 1) that

ey <2 @Il ey ) =2l e eyt e
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Setting
* p+q
z(x) = j r(t)|yA(t)| At, (2.13)
we see that z(a) = 0, and
A A, L |PH
z%(x) = r(x)ly (x)| > 0. (2.14)
From this, we get that
A A q/(p+q)
A P z8(x) A1 20 (x)
e R AC0] < e : (2.15)

Also since s is nonnegative on (a, X)y, we have from (2.12) and (2.15) that

sy + @[y @ <27 5@y [ @ + 2w sy |

21 1 \49/(p+a) x 1 p((p+3-1)/ (p+9))
<277 — —A
<2 s6)(e5) (], )

x (z(x))P/(P+q) <ZA(x)>q/(p+q) . Zp_lyp(x)s(x) <ZA(x) >

7(x)
(2.16)
This implies that
x q
[ sl sy @l |y co'ax
X 1 \/(p+a) x 1 p((p+q-1)/ (p+q))
2p-1
=2 j S<x)<@> g (,[ r/Gra-1)(p) At)
+ X
x (z(x))P/ P+ (zA(x)>q/(p q)Ax +2r1 L <y”%>zA(x)Ax (2.17)

X 1 \9/(p+a) x 1 p((p+q-1)/ (p+q))
o (L) (] )
a 7(x) o TV Pra) (1)

. X
x (z(x))P/ P+ (zA(x)>q/(p q)Ax + 2P max (Iu"’ﬂ> f z%(x)Ax.
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Supposing that the integrals in (2.17) exist and again applying the Holder inequality (2.1)
with indices p + g/p and p + q/q on the first integral on the right hand side, we have

X q
[ seolye v @Iy ol 'ax

i (* (r+q)/ 1 \7P/(* 1 (p+q-1) p/(p+q)
- p+q)/p
=2 L ’ ) <r(x) > <J‘u r1/(p+a-1)(¢) At) Ax (2.18)

X q/(p+q) x
x <f z”/q(x)zA(x)Ax> +2P sup <ypm)J z%(x)Ax.

a as<x<X r (x ) a

From (2.14), and the chain rule (2.3), we obtain

A
2P/9(x) 2 (x) < —1— (2+0/9(x)) " (2.19)
rral )
Substituting (2.19) into (2.18) and using the fact that z(a) = 0, we have that

X q
| stolye «y @l |yt o ax

X 1N\YP/x 1 G PO
< 22p—1<L S(P+q)/lﬂ(x)<@) (L mm) Ax>
N ( P >q/(p+q> <IX <z<p+q)/q(t)>AAt> e +2F1 sup (#Pﬂ> IX z% (x) Ax
p+q ‘ ssasx\ T/

X 1 q/p x 1 (p+g-1) p/(p+a)
(el ()™
a r(x) o TV ra) (1)

x 22”‘1<L>q/(p+q)z(X) +2F1 sup (y”ﬂ>z(X).

p + q a<x<X r(x)
(2.20)
Using (2.13), we have from the last inequality that
x o |P]|.,A q X A p+q
s(x)|y(x) + y° (x)] |y (x)| Ax < Ki(a,b,p,q) r(x)|y (x)| Ax, (2.21)
which is the desired inequality (2.4). The proof is complete. O

Here, we only state the following theorem, since its proof is the same as that of
Theorem 2.1, with [a, X] replaced by [b, X] and |y(x)| = fﬁ ly2 (H)|At.
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Theorem 2.2. Let T be a time scale with X, b € T and p, q be positive real numbers such that p > 1,

and let r,s be nonnegative rd-continuous functions on (X,b)y such that f; r /D) At < co.
Ify : [X,b]NT — R* is delta differentiable with y(b) = 0, (and y* does not change sign in (X, b)r),
then one has

b b "
fx sy +y" @ |y 0| Ax < Ko (X,b,p,9) fx r@lyt@| Ay, e2)

where

K, (X, b,p, q) — p2p-1 <L>q/(p+q)
p+q

b b (p+g-1) p/(p+q)
X <I (s(x))(mq)/v(r(x))*q/p <f rl/(f’““)(t)At) Ax> (2.23)
X X

+2P sup (lu”(x)M)

X<x<b r(x)

Note that when T = R, we have y° = y and p(x) = 0. Then from Theorems 2.1 and 2.2
we have the following integral inequalities.

Corollary 2.3. Assume that p, q be positive real numbers such that p > 1, and let r, s be nonnegative
continuous functions on (a,X)g such that ff r VP (hdt < 0. Ify @ [a,X]NR — R*is
differentiable with y(a) = 0, (and y* does not change sign in (a, X)g), then one has

X X
f s()|y@) [’y (x)|"dx < C1(a, X, p, q) f r(x) |y (x) [P dx, (2.24)

a

where
C( X ) - q q/(p+q)
a, N, p, =2 <_>
' Pa p+q
X x (p+g-1) p/(p+q)
x <j s Py ([ e gar) dx> .

a

(2.25)

Corollary 2.4. Assume that p, q be positive real numbers such that p > 1, and let r, s be nonnegative
continuous functions on (X,b)y such that ff( r VP (hdt < oo Ify 2 [X,b] NR — R* is delta
differentiable with y(b) = 0, (and y' does not change sign in (X, b)y), then one has

b b
[ slyerly@liax <X bpg [ rely @l s, (226)
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where

q >q/(P+q>
p+tqg

b b (p+q-1) p/(p+q)
x <f (s(x))<P+q>/P(r(x))q/P<f r-1/<P+q-1>(t)dt> dx) )
X x

In the following, we assume that there exists h € (a, b) which is the unique solution of
the equation:

C2(X,b,p,q) = 2”‘1<
(2.27)

K(p,q) =Ki(a h,p,q) =Ky(h,b,p,q) < oo, (2.28)

where K;(a, h,p,q) and K,(h,b,p, q) are defined as in Theorems 2.1 and 2.2. Note that since

b X
f s(x)|y(x) + y"(x)|p|yA(x)'qAx = f s(xX)|y(x) + y"(x)|p|yA(x)|qAx
a a (2.29)

b q
[ swlye+ @Iy o|'ax,
X

then the proof will be a combination of Theorems 2.1 and 2.2.

Theorem 2.5. Let T be a time scale with a, b € T and p, q be positive real numbers such that p > 1,

and let r, s be nonnegative rd-continuous functions on (a,b) such that fs r /Pl (H) At < oo. If
y: [a,b]NT — R* is delta differentiable with y(a) = 0 = y(b), (and y* does not change sign in
(a, b)), then one has

fb s()|y(x) +y° @) |y (0| ax < K (p, q) fb r@)|yt @] ax. (2.30)

For r = 5 in Theorem 2.1, we obtain the following result.

Corollary 2.6. Let T be a time scale with a, X € T and p, q be positive real numbers such that p > 1,

and let r be a nonnegative rd-continuous function on (a,X)y such that f;( r V/Pra-D(H At < oo,
Fy:[aX]NT — R is delta differentiable with y(a) = 0, (and y* does not change sign in
(a, X)) then one has

Jj r(x)|y(x) + y"(x)|p|yA(x)|qAx <Kji(a,X,p,q) Jj r(x)'yA(x)|p+qAx, (2.31)
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where

q q/(p+q) X x (p+q-1)
Ki(a,X,p,q) =2%" 1<p+q) X f r(x)(f r‘l/(’”q‘l)(t)At) Ax)

+ 27" sup (WP (x).

asx<X

p/(p+q)

(2.32)

From Theorems 2.2 and 2.5 one can derive similar results by setting r = s. The details are left
to the reader.
On a time scale T, we note from the chain rule (2.3) that

((t=ay™ )" = (p+q) fl [h(o(t) —a) + (1~ h)(t ~ @)]"* " dh
0

1
> (p+4q) fo [h(t—a) + (1 - h)(t-a)]P""'dh (2.33)
=(p+q)t-ay.

This implies that

i : p+a
j (x — a)P 1D Ax < f ( D ((x - a)p+q) Ax %. 254)
a p N q
From this and (2.32) (by putting r(f) = 1), we get that that
yPp g g
g \VP X p/(p+a)
q 9/ (p+q) (X - a)P* p/(p+q) )
< 22p-1< ) Roay’ £ max (P(x))  (235)
P4 (p+9) asx<X

= 2P max (uf (x)) + 2% qp (X a)’.

a<x<X

So setting 7 = 1 in (2.31) and using (2.35), we have the following result.

Corollary 2.7. Let T be a time scale with a, X € T and p, q be positive real numbers such that p > 1.
Ify : [a,X]NT — R* is delta differentiable with y(a) = 0, (and y* does not change sign in (a, X)),
then one has

Jj ly(x) + y"(x)|p|yA(x) |qAx <L(a,b,p,q) IX |yA(x) |p+qAx, (2.36)
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where

L(a,b,p,q) = <22p 1q ; x (X - a)’ +2F sup ,u”(x)> (2.37)

p+ a<x<X

Remark 2.8. Note that when T = R, we have y° = y, u(x) = 0 and then the inequality (2.36)
becomes

X
f ly ()] Iy(x)lqu<2’”‘(7p x(x a)vf |y ()| dx. (2.38)

+9)

Note also that when p = 1 and g = 1, then the inequality (2.38) becomes

X B X
[ ety @ldx < S22 [y opax 2:39)

which is the Opial inequality (1.2).
When T = N, we have form (2.36) the following discrete Opial’s type inequality.

Corollary 2.9. Assume that p,q be positive real numbers such that p > 1 and {ri}o N be a
nonnegative real sequence. If {;}o<i<n 15 a sequence of positive real numbers with y(0) = 0, then

N-1

r(m)|y(n) +y(n+ 1| Ay (n)|’

n=1
a/(p+a) (N — g)P N-1
< <22”1—q ( (N - a) +2”1> > r(n)| Ay ()|
p+q) 70

(2.40)

The inequality (2.36) has immediate application to the case where y(a) = y(b) = 0. Choose
X = (a+b)/2 and apply (2.32) to [a,c] and [c,b] and then add we obtain the following
inequality.

Corollary 2.10. Let T be a time scale with a, b € T and p, q be positive real numbers such that p > 1.
Ify : [a,b] NT — R* is delta differentiable with y(a) = 0 = y(b), then one has

b b
q p+q
[y v r|y | ax < Fabpa | |y e[ ax (2.41)
where
/@) /b~ g \P
F(a,b,p,q) = 2%~ - ( ) +2P 1gu P(x)). 2.42
(a,b,p,9) e (2 sup (1 () (242)
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From this inequality, we have the following discrete Opial type inequality.

Corollary 2.11. Assume that p, q be positive real numbers such that p > 1. If {y;}o<;<n 15 a sequence
of real numbers with y(0) =0 = y(N), then

z

1

" () |y (n) + y(n+ D) | Ay (n)]?

a/p+a) s N - g\ P N-1
< 22P—1q_< ) +2P‘1> r(n)|Ay(n)|™.
(72 (% .y

1]
—_

n

(2.43)

By setting p = g = 1 in (2.41) we have the following Opial type inequality on a time
scale.

Corollary 2.12. Let T be a time scale with a,b € T. If y : [a,X]NT — R" is delta differentiable
with y(a) = 0 = y(b), then one has

K|y(x) + yo(x)|'yA(x)|Ax < <@ + sup (y(x))) Jj |yA(x)'2Ax. (2.44)

a<x<b

As special cases from (2.44) on the continuous and discrete spaces, that is, when T = R and
T = N, we have the following inequalities.

Corollary 2.13. If y : [a,b] N T — R is differentiable with y(a) = 0 = y(b), then one has the Opial
inequality

b b
[(v@llyeolar < ©2 [y ol .45

Corollary 2.14. If {yi} ;< is a sequence of real numbers with y(0) = 0 = y(N), then

N-1 N N-1 )
> lym) +ym+1)||Ay(n)| < <? +1>Z|Ay(n)| . (2.46)
n= n=0
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