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We construct a sequence of proximal iterates that converges strongly (under minimal assumptions)
to a common zero of two maximal monotone operators in a Hilbert space. The algorithm
introduced in this paper puts together several proximal point algorithms under one frame work.
Therefore, the results presented here generalize and improve many results related to the proximal
point algorithm which were announced recently in the literature.

1. Introduction

Let K; and K, be nonempty, closed, and convex subsets of a real Hilbert space H with
nonempty intersection and consider the following problem:

find an x € H such that x € K1 N K. (1.1)

In his 1933 paper, von Neumann showed that if K; and K, are subspaces of H, then the
method of alternating projections, defined by

H> XoH— X1 = PleO = Xp = Pszl = X3 = PleZ > Xy = PszS _— ..., (12)

converges strongly to a point in Kj N K, which is closest to the starting point x¢. The proof of
this classical result can be found for example in [1, 2]. Ever since von Neumann announced
his result, many researchers have dedicated their time to study the convex feasibility problem
(1.1). In his paper, Bregman [3] showed that if K1 and K are two arbitrary nonempty, closed,



2 Abstract and Applied Analysis

and convex subsets in H with nonempty intersection, then the sequence (x,) generated from
the method of alternating projections converges weakly to a point in K; N K;. The work of
Hundal [4] revealed that the method of alternating projections fails in general to converge
strongly, see also [5].

Recall that the projection operator coincides with the resolvent of a normal cone. Thus,
the method of alternating projections can be extended in a natural way as follows: Given
xo € H, define a sequence (x,) iteratively by

x2n+1=][‘f;(x2n+en) forn=0,1,...,
(1.3)
Xon = J) (Xana+€,) forn=1,2,...,

for B, pn € (0, 00), and two maximal monotone operators A and B, where (e,,) and (e},) are
sequences of computational errors. Here ] ;,“ := (I + pA)™" is the resolvent of A. In this case,
problem (1.1) can be restated as

find an x € D(A) N D(B) such that x € A~1(0) N B™(0). (1.4)

Fore, =0 = e}, and B, = p, = p > 0, Bauschke et al. [6] proved that sequences generated
from the method of alternating resolvents (1.3) converges weakly to some point that solves
problem (1.4). In fact, they showed that such a sequences converges weakly to a point in
Fix J ;:‘ ] 5 provided that the fixed point set of the composition mapping | ;;‘ ] 5 is nonempty.
Note that strong convergence of this method fails in general, (the same counter example of
Hundal [4] applies). For convergence analysis of algorithm (1.3) in the case when any of the
sequences of real numbers (f,) and (u,) is not a constant, and when the error sequences (e;)
and (e),) are not zero for all n > 1, we refer the reader to [7].

There are other papers in the literature that address strong convergence of a given
iterative process to solutions of (1.4). For example, several authors have discussed strong
convergence of an iterative process of the Halpern type to common solutions of a finite family
of maximal monotone operators in Hilbert spaces (or even m-accretive operators in Banach
spaces). Among the most recent works in this direction is due to Hu and Liu [8]. They showed
that under appropriate conditions, an iterative process of Halpern type defined by

Xp41 = AU + OyXp + YuSr, X, n 20, (1.5)

where a,, 6,72 € (0,1) with a, + 6, +y» = 1 forall m > 0, u,xg € H are given, S,, =
aol + a1]} +aJ? +---+ ]! with Ji = (I+rA) " fora; € (0,1),i=0,1,...,land 3}, a; =1,
converges strongly to a point in (L, A;'(0) nearest to u.

Suppose that we want to find solutions to problem (1.4) iteratively. Then we observe
that when using the iterative process (1.5), one has to calculate two resolvents of maximal
monotone operators in order to find the next iterate. On the other hand, for algorithm (1.3),
one needs to calculate only one resolvent operator at each step. This clearly shows that
theoretically, algorithm (1.5) requires more computational time compared to algorithm (1.3).
The only disadvantage with algorithm (1.3) is that it does not always converge strongly and
the limit to which it converges to is not characterized. This is not the case with algorithm (1.5).
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Since weak convergence is not good for an effective algorithm, our purpose in this paper is to
modify algorithm (1.3) in such a way that strong convergence is guaranteed. More precisely,
for any two maximal monotone operators A and B, we define an iterative process in the
following way: For xo, u € H given, a sequence (x,) is generated using the rule

Xopsl = Al + O,X2, + yn][’;;xzn +e, forn=0,1,..., (1.6)

Xop = ]5” (Mu+ (1= Xy)xop1 +€),) forn=1,2,..., (1.7)

where a,, 64, Yn, An € [0,1] with a, + 6, +y, = 1 and fy,, pun € (0,00). We will also show
that algorithm (1.6), (1.7) contains several algorithms such as the prox-Tikhonov method,
the Halpern-type proximal point algorithm, and the regularized proximal method as special
cases. That is, with our algorithm, we are able to put several algorithms under one frame
work. Therefore, our main results improve, generalize, and unify many related results
announced recently in the literature.

2. Preliminary Results

In the sequel, H will be a real Hilbert space with inner product (:,-) and induced norm || - ||.
We recall that a map T : H — H is called nonexpansive if for every x,y € H we have
ITx — Tyl < [lx — y||. We say that a map T is firmly nonexpansive if for every x,y € H, we
have

I1Tx = Ty||” < [l = y|I* = |7 =T~ (T = T)y]|" 2.1)

It is clear that firmly nonexpansive mappings are also nonexpansive. The converse need not
be true. The excellent book by Goebel and Reich [9] is recommended to the reader who is
interested in studying properties of firmly nonexpansive mappings. An operator A : D(A) C
H — 2H is said to be monotone if

(x-x,y-y')>0, VY(x,y), (x,y)eGA), (2.2)

where G(A) = {(x,y) € HxH : x € D(A),y € Ax} is the graph of A. In other words, an oper-
ator is monotone if its graph is a monotone subset of the product space H x H. An operator A
is called maximal monotone if in addition to being monotone, its graph is not properly con-
tained in the graph of any other monotone operator. Note that if A is maximal monotone, then
soisits inverse A~!. For a maximal monotone operator A, the resolvent of A, defined by J [;‘ =

(I+pA)~", is well defined on the whole space H, is single-valued, and is firmly nonexpansive
for every p > 0. It is known that the Yosida approximation of A, an operator defined by
Ag=prI-] [‘;‘) (where I is the identity operator) is maximal monotone for every f > 0. For
the properties of maximal monotone operators discussed above, we refer the reader to [10].

Notations. given a sequence (x,), we will use x, — x to mean that (x,) converges strongly
to x whereas x, — x will mean that (x,) converges weakly to x. The weak w-limit set of a
sequence (x,) will be denoted by wy,((x,)). That is,

wew((xn)) = {x € H : x,,, — x for some subsequence (xy,) of (xy)}. (2.3)
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The following lemmas will be useful in proving our main results. The first lemma is a
basic property of norms in Hilbert spaces.

Lemma 2.1. Forall x,y € H, one has
I+ ylI* <yl +2¢x, x + y). (2.4)

The next lemma is well known, it can be found for example in [10, page 20].

Lemma 2.2. Any maximal monotone operator A : D(A) ¢ H — 2H satisfies the demiclosedness
principle. In other words, given any two sequences (x,) and (y,) satisfying x, — x and y, — y
with (x,,y,) € G(A), then (x,y) € G(A).

Lemma 2.3 (Xu [11]). Foranyx € Hand yu > >0,

sl <2l -1

, (2.5)

where A : D(A) ¢ H — 2H is a maximal monotone operator.
We end this section with the following key lemmas.
Lemma 2.4 (Boikanyo and Morosanu [12]). Let (s,) be a sequence of nonnegative real numbers

satisfying

Sus1 < (1 —a,)(1 = Ay)s, +apby + Aycy +d,, n2>0, (2.6)

where (ay), (An), (bn), (¢n), and (d,) satisfy the conditions: (i) a,, Ay, € [0,1], with [T (1 —ay) =
0, (ii) limsup, _, b, <0, (iii) limsup, _, ¢, <0,and (iv) d, > 0foralln > 0 with 3,7 d, < oo.
Then lim,, _, x5, = 0.

Remark 2.5. Note that if lim,, ., = 0, then [];2,(1 — a,) = 0if and only if 3,7 &, = co.
Lemma 2.6 (Maingé [13]). Let (s,) be a sequence of real numbers that does not decrease at infinity,

in the sense that there exists a subsequence (sy;) of (sn) such that su; < sp; for all j > 0. Define an
integer sequence (T(n)) as

n>ngp
T(n) = max{ny < k <n: sk < Sk} (2.7)

Then T(n) — coasn — oo and for all n > ny,

max{Sz(n), Sn} < Sr(ny+1- (2.8)
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3. Main Results

We first begin by giving a strong convergence result associated with the exact iterative process

Vopsl = AU + 6,00, + yn]ﬁ/:wn forn=0,1,..., (3.1)

O = Jip (At + (1= Ap)vap1) forn=1,2,..., (3.2)

where ay,, 65, Y, A € [0,1] with ay, + 6, + ¥n = 1, By, pin € (0, 00) and vy, u € H are given. The
proof of the following theorem makes use of some ideas of the papers [12-15].

Theorem 3.1. Let A: D(A) C H — 2H and B: D(B) ¢ H — 2 be maximal monotone operators
with A71(0) N B71(0) =: F#@. For arbitrary but fixed vectors vo,u € H, let (v,) be the sequence
generated by (3.1), (3.2), where aty, 64, Yn, An € [0,1] with ay + 6, + v, = 1, and P, p,, € (0, 00).
Assume that (i) lim, o, &, = 0, ¥, 2 y for some y > 0 and lim,, _, o, A,, = 0, (ii) either 3,7 a, = 0
or Xorg A = oo, and (iii) B, > pand p, > p for some f, u > 0. Then (v,) converges strongly to the
point of F nearest to u.

Proof. Let p € F. Then from (3.2) and the fact that the resolvent operator of a maximal
monotone operator B is nonexpansive, we have
[o20 =Pl < [[Aa(u =p) + (1 = Aa) (©2n1 = P) |

(3.3)
< ')L"”u _P” + (1 - )‘n)”vZn—l _p”

Again using the fact that the resolvent operator | [‘2 : H — H is nonexpansive, we have from
(3.1)

ozt~ pll < @il + 6nlfoz —pll + 1 230 - |
<agllu-pl|l + (1 -an)lozm - pll
< fan + (1= ay)A] ”u —P” +(1=ay)(1- )‘n)”UZn—l - P”

=[1-1-a,(1 _)Ln)]”u —P” +(1=ay)(1- )‘n)HUZn—l _p”/

(3.4)

where the last inequality follows from (3.3). Using a simple induction argument, we get
|o2ns1 = p| < [1 -TJa-a)@- /\k)] lu=pll +llor = plI T T(1 - ax) (1 - L) (3.5)
k=1 k=1

This shows that the subsequence (v2,+1) of (v,,) is bounded. In view of (3.3), the subsequence
(v2n) is also bounded. Hence the sequence (v,,) must be bounded.
Now from the firmly nonexpansive property of | E‘ :H — H,wehaveforanyp € F

(3.6)

7

2 2
||];5L:712n _P” < ”UZn _pllz - “UZn _];51'0211
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which in turn gives

2

2<vzn - p,]g:vzn —p> = ||v2n - P”z + ||];}:UZn —P||2 - ||Uzn - ]E}lwn
2>'

Again by using the firmly nonexpansive property of the resolvent | ;;; :H — H, we see that

(3.7)

< 2<||7J2n —P||2 - ”U2n - ]E:UZn

6n(v2n —p) + Yn(@”ﬂ - P) ”2

2
=6121||7’2n—r’||2+)’n2 ]E}lvzn—p” +2yn6n<vz,1—p,]zvzn—p> (3.8)

2
A
Vo= J B O2n

< (1= @) [|o20 = pII* = va (1a +264)
Now from (3.1) and Lemma 2.1, we have

6n(V2n —P) + ¥n <]ﬁ‘:vzn - p) H2 + 20, (1 — P, Vopi1 — P)

|02 = p||* <
(3.9)

2
+ 20, (U — P, Vons1 — P),

< (1 - an)”vZn _pllz - 6”0211 - ]21)211

where ¢ > 0is such that y,, (y, +26,) > €. On the other hand, we observe that (3.2) is equivalent
to

Vop — P + PnBvoy 3 My (u—p) + (1 = Ay) (V201 — p)- (3.10)
Multiplying this inclusion scalarly by 2(v,, — p) and using the monotonicity of B, we obtain

2||van = p|I” € 24 (1 = P, 020 = p) + 2(1 = L) (V201 = P, 020 — P)

=(1-\) [”v2n—1 =l + l|vn =PI = llv20 - UZn—lllz] + 20, (1 = p, V2 — p),
(3.11)

which implies that

lo2n - p|I> < (1= 1) [Ilvzn_1 —p|I” - llo2n - UZn—lllz] + 20 (u—p, 020 — p). (3.12)
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Using this inequality in (3.9), we get

2
”02n+1 _pHZ <(1-ay)(1- )‘n)”UZn—l - P”z - 5”7)211 - IE:UZn

+20,(u=p, 021 =) = (L= @) (1= A)lloza o2t G13)
+20,(1 = ) (1t = p, V2 — p)-
If we denote s,, := [|v3,_1 — Prul|*, then we have for some positive constant M
2
Swit = S+ 1020 = 020 | + €| 020 = T oo | < (@ + 1) M, (3.14)

We now show that (s,) converges to zero strongly. For this purpose, we consider two possible
cases on the sequence (sy).

Case 1. (s,,) is eventually decreasing (i.e., there exists N > 0 such that (s,) is decreasing for all
n > N). In this case, (s,) is convergent. Letting n — oo in (3.14), we get

Jim [z = v20a]| = 0= lim |02, = Tt om| (3.15)
Now using the second part of (3.15) and the fact thata,, — Oasn — oo, we get
02001 = V2l < ||t = T3 v2a| + Y || [ 020 = V20| — O, (3.16)
asn — oo. Also, we have the following from Lemma 2.3 and the first part of (3.15)
nvzn—];"UZn S2||vzn—][£,vzn — 0, (3.17)

asn — oo. Since A;}l, where Ag denotes the Yosida approximation of A, is demiclosed, it

follows that wy,((v2,)) € A71(0). On the other hand, from the nonexpansive property of the
resolvent operator of B, we get

B
< 2”77211 -] L, 021

HUZn — J oo (318)

< 2(Anllu = v2na [l + [[v2n-1 = v2nll),

where the first inequality follows from Lemma 2.3. Since B/jl is demiclosed, pass-
ing to the limit in the above inequality yields wy((v2,)) C B7'(0), showing that
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ww((024)) C F := A71(0) N B71(0). Therefore, there is a subsequence (v2y,) of (v2,) converging
weakly to some z € F such that

lim sup(u — Pru, v2, — Pru) =limsup(u — Pru, v, — Pru)
noe koo (3.19)
={(u— Pru,z - Pru) <0,

where the above inequality follows from the characterization of the projection operator. Note
that by virtue of (3.16), we have

lim sup(u — Pru, 0341 — Pru) <0 (3.20)

as well. Now, we derive from (3.13)

Uon+1 — LFU|| S (L —ay — An)||O2n-1 — I'FU An{U — I'FU, Oopy1 — FFU
I Prul” < (1= a,) (1= 1,)|| Prul[* + 20, (u— P Pru) 61
+ 20, (1 = a)(u — Pru, vy, — Pru). .

Using Lemma 2.4 we get ||v2,41 — Pru|| — 0asn — oo. Passing to the limit in (3.12), we also
get ||[v2, — Prul| — Oasn — oo. Therefore, we derive ||v, — Pru|| — 0asn — oo. This proves
the result for the case when (s,) is eventually decreasing.

Case 2. (s,) is not eventually decreasing, that is, there is a subsequence (snj) of (s,,) such that
Sn; < Sp;+1 for all j > 0. We then define an integer sequence (7(n)),»,, as in Lemma 2.6 so that
Sr(n) < Sr(my+1 for all n > ng. Then from (3.14), it follows that

Jillgo||vzr(n) — Uormy-1|| =0 = nlijr;”UzT(n) - ];;(n)UzT(n) . (3.22)
We also derive from (3.1)
[o2r(my+1 = V2emy || < Arimy || =T ﬂ/: w02 ||+ Ve ||, [2  02r(m) ~ Vx| — 0, (3.23)
asn — oo. In a similar way as in Case 1, we derive wy, ((v2r(n))) C F. Consequently,
liflxlszp(u — Prut, Uor(m) — Pru) < 0. (3.24)
Note that from (3.21) we have, for some positive constant K,
o2t = Peuel* < (1= ) (1 = An) 0201 = Prull® + K| 0aner = v2al 625)

+2(A(1 = ay) + ay) (1 — Pru, vy, — Pru).
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Therefore, for all n > ngy, we have

Sem+1 < (1= i) (1= o)) Sz(n) + () K|[020(m)41 = D2z ||

(3.26)
+ 2()LT(n) (1 - LtT(n)) + aT(n))<u - Ppu, Vor(n) — Ppu>.
Since Sr(n) < S7(m)+1 for all n > ny, we have
arm K||o -0
Srmy+1 < 2{u — Pput, Uor(ny — Pru) + rto) K| O2rtn-1 = O2rio |
Arny (1= @rmy) + etz (3.27)

< 2<u — Pru, V2r(n) — PFu> + K||027(n)+1 — O27(n) ”

Letting n — oo in the above inequality, we see that s;(,).1 — 0. Hence from (2.8) it follows
thats, — Oasn — oo. Thatis, voys1 — Pruasn — oo. Furthermore, for some positive
constant C, we have from (3.12)

020 = Prull* < (1 = ) |[vant — Prul® + 1,C, (3.28)

which implies that v, — Pru asn — oo. Hence, we have v, — Pru asn — oo. This
completes the proof of the theorem. O

We are now in a position to give a strong convergence result for the inexact iteration
process (1.6), (1.7). For the error sequence, we will use the 14 conditions established in [12].

Theorem 3.2. Let A: D(A) C H — 2" and B: D(B) ¢ H — 2 be maximal monotone operators
with A~1(0) N B71(0) =: F#0. For arbitrary but fixed vectors xo,u € H, let (x,) be the sequence
generated by (1.6), (1.7), where ay,, 6y, Yn, An € [0,1] with ay, + 6, + yu = 1 and By, pn € (0, 00).
Assume that lim, . a, = 0, y,, > y for some y > 0 and lim, o, A, = 0, either >, a, = oo or
S0 dn =00, By > pand p, > p for some B, > 0. Then (x,,) converges strongly to the point of F
nearest to u, provided that any of the following conditions is satisfied:

(@) Xnlo llenll < oo and 32, lley|| < oo;

(b) 320 llenll < oo and |lej, ||/ an — 0;

() 2o llenll < oo and |ley ||/ An — 0;

(d) llenll/an — 0and 332, lleyl < oo;

() llenll/An — Oand 332, lle,ll < oo;

(®) lleall/an — 0and |le|l/an — 0;

(8) lleall/an — Oand |le ||/ — 0;

(h) llenll/An — Oand |le|l/an — O;

(i) llenll/An — Oand |le,||/An — 0;

() lenll/an — Oand |le,||/an1 — 0;
(&) llenall/Xn — O0and |le,|l/an1 — 0;
D) llenall/An — Oand |le|l/An — 0;
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(m) 3520 llenll < oo and |le, ||/ an1 — 0;
(M) llenall/An — 0and 332, lley|l < oo

Proof. Taking note of Theorem 3.1, it suffices to show that ||x, —v,|| — 0asn — oo. Since the
resolvent of B is nonexpansive, we derive from (1.7) and (3.2) the following;:

12620 = D2nll < (1 = An) 1x20-1 = V2n-1l + [| e, |- (3.29)

Similarly, from (1.6) and (3.1), we have

”x2n+1 - 02714—1” < 6n||x2n - Z72n|| +Yn ]E:XZn - ]E:UZn + ||en||
(3.30)
< (1= an)llx2n = v2nll + [len]|-
Substituting (3.29) into (3.30) yields
262041 = V2ns1 [l < (1 = @) (1 = An) 26201 = D21l + llenll + [l |- (3.31)

Therefore, if the error sequence satisfy any of the conditions (a)—(i), then it readily follows
from Lemma 2.4 that ||x2,+1 — U2n+1|| — 0asn — co. Passing to the limit in (3.29), we derive
|21 — v2n|| — 0 as well. If the error sequence satisfy any of the conditions (j)—(n), then from
(3.29) and (3.30), we have

12620 = D2n]l < (1 = 1) (1 = i) l1x20-2 = V2na|| + llenall + [ (3.32)

Then Lemma 2.4 guarantees that ||xp, — v2,4|| — 0asn — oo. Passing to the limit in (3.30),
we derive ||xpn+1 — Uons1]| — 0 as well. This completes the proof of the theorem. O

Note that when B = 01y where 01y is the subdifferential of the indicator function of H
and A, =0 = e}, for all n > 1, then algorithm (1.6), (1.7) is reduced to the contraction proximal
point method which was introduced by Yao and Noor in 2008 [16]. Such a method is given

by

Xps1 = ApU + Oy + yn]ﬁ:xn +e, forn=1,2,..., (3.33)

where we have used the notation x,, := x2,-1. Here (f,) is a sequence in (0, o0) and a,, 6,, yn €
[0, 1] with &, + 6, + y» = 1. For this method, we have the following strong convergence result.

Corollary 3.3. Let A : D(A) ¢ H — 2 be a maximal monotone operator with A=1(0) =: S # . For
arbitrary but fixed vectors x1,u € H, let (x,) be the sequence generated by (3.33) where ay,, 64, Yy €
[0, 1] with ay + 6, + yn = 1 and B, € (0, 00). Assume that limy, o, a, = 0 with Y pry ay = 00, ¥ 2 ¥
for some y > 0 and B, > B for some > 0. If either 3 5o 1 |len|| < oo or |len||/an — 0, then (x,)
converges strongly to the point of S nearest to u.

Corollary 3.3 generalizes and unifies many results announced recently in the literature
such as [7, Theorem 4], [16, Theorem 3.3], [17, Theorem 2], and [18, Theorem 3.1]. We also
recover [15, Theorem 1].
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Remark 3.4. We refer the reader to the paper [12] for another generalization of the method
(3.3).

In the case when A = 0Ig where 0l is the subdifferential of the indicator function
of H and a,, = 0 = e, for all n > 1, then algorithm (1.6), (1.7) reduces to the regularization
method

Xpil = ]En (AMu+ (1 -N)x, +€),) forn=12,..., (3.34)

where we have used the notation x, := x7,. In this case, we have the following strong
convergence result which improves results given in the papers [11, 19-21].

Corollary 3.5. Let B: D(B) ¢ H — 2H be a maximal monotone operator with B-1(0) =: S #@. For
arbitrary but fixed vectors x1,u € H, let (x,) be the sequence generated by (3.34) where A, € (0,1)
and p, € (0,00). Assume that lim,, _, o, A, = Qwith 3,771 A, = oo and p, > p for some p > 0. If either
S lleLll < oo or |leLll /Xy — 0, then (x,) converges strongly to the point of S nearest to u.

It is worth mentioning that the regularization method is a generalization of the prox-
Tikhonov method introduced by Lehdili and Moudafi [22], see [11]. We also mention that for
A, — 0and e}, — 0, the regularization method (3.34) is equivalent to the inexact Halpern
type proximal point algorithm, see [23]. Therefore Corollary 3.5 also improves many results
given in the papers [15, 19, 22, 24-26] related to the inexact Halpern type proximal point
algorithm.

References

[1] H. H. Bauschke, E. Matouskov4, and S. Reich, “Projection and proximal point methods: convergence
results and counterexamples,” Nonlinear Analysis, vol. 56, no. 5, pp. 715-738, 2004.
[2] E. Kopeckd and S. Reich, “A note on the von Neumann alternating projections algorithm,” Journal of
Nonlinear and Convex Analysis, vol. 5, no. 3, pp. 379-386, 2004.
[3] L.M.Bregman, “The method of successive projection for nding a common point of convex sets,” Soviet
Mathematics. Doklady, vol. 6, pp. 688-692, 1965.
[4] H.S. Hundal, “An alternating projection that does not converge in norm,” Nonlinear Analysis, vol. 57,
no. 1, pp. 35-61, 2004.
[5] E.Matouskova and S. Reich, “The Hundal example revisited,” Journal of Nonlinear and Convex Analysis,
vol. 4, no. 3, pp. 411-427, 2003.
[6] H. H. Bauschke, P. L. Combettes, and S. Reich, “The asymptotic behavior of the composition of two
resolvents,” Nonlinear Analysis, vol. 60, no. 2, pp. 283-301, 2005.
[7] O. A. Boikanyo and G. Morosanu, “Four parameter proximal point algorithms,” Nonlinear Analysis,
vol. 74, no. 2, pp. 544-555, 2011.
[8] L. Hu and L. Liu, “A new iterative algorithm for common solutions of a finite family of accretive
operators,” Nonlinear Analysis, vol. 70, no. 6, pp. 2344-2351, 2009.
[9] K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, vol. 83 of
Monographs and Textbooks in Pure and Applied Mathematics, Marcel Dekker, New Yorkm, NY, USA, 1984.
[10] G.Morosanu, Nonlinear Evolution Equations and Applications, vol. 26 of Mathematics and its Applications,
D. Reidel, Dordrecht, The Netherlands, 1988.
[11] H.-K. Xu, “A regularization method for the proximal point algorithm,” Journal of Global Optimization,
vol. 36, no. 1, pp. 115-125, 2006.
[12] O. A.Boikanyo and G. Morosanu, “Strong convergence of the method of alternating resolvents,” Jour-
nal of Nonlinear and Convex Analysis. In press.
[13] P-E. Maingé, “Strong convergence of projected subgradient methods for nonsmooth and nonstrictly
convex minimization,” Set-Valued Analysis, vol. 16, no. 7-8, pp. 899-912, 2008.



12 Abstract and Applied Analysis

[14] O. A.Boikanyo and G. Moros, “A generalization of the regularization proximal point method,” Journal
of Nonlinear Analysis and Application, vol. 2012, Article ID jnaa-00129, 6 pages, 2012.

[15] F. Wang and H. Cui, “On the contraction-proximal point algorithms with multi-parameters,” Journal
of Global Optimization. In press.

[16] Y. Yao and M. A. Noor, “On convergence criteria of generalized proximal point algorithms,” Journal
of Computational and Applied Mathematics, vol. 217, no. 1, pp. 46-55, 2008.

[17] O. A. Boikanyo and G. Morosanu, “Multi parameter proximal point algorithms,” Journal of Nonlinear
and Convex Analysis, vol. 13, no. 2, pp. 221-231, 2012.

[18] Y. Yao and N. Shahzad, “Strong convergence of a proximal point algorithm with general errors,”
Optimization Letters, vol. 6, no. 4, pp. 621-628, 2012.

[19] O. A. Boikanyo and G. Morosanu, “Inexact Halpern-type proximal point algorithm,” Journal of Global
Optimization, vol. 51, no. 1, pp. 11-26, 2011.

[20] Y. Song and C. Yang, “A regularization method for the proximal point algorithm,” Journal of Global
Optimization, vol. 43, no. 1, pp. 171-174, 2009.

[21] F. Wang, “A note on the regularized proximal point algorithm,” Journal of Global Optimization, vol. 50,
no. 3, pp. 531-535, 2011.

[22] N. Lehdili and A. Moudafi, “Combining the proximal algorithm and Tikhonov regularization,”
Optimization, vol. 37, no. 3, pp. 239-252, 1996.

[23] O. A. Boikanyo and G. Morosanu, “A proximal point algorithm converging strongly for general
errors,” Optimization Letters, vol. 4, no. 4, pp. 635-641, 2010.

[24] S.Kamimura and W. Takahashi, “Approximating solutions of maximal monotone operators in Hilbert
spaces,” Journal of Approximation Theory, vol. 106, no. 2, pp. 226-240, 2000.

[25] G.Marino and H.-K. Xu, “Convergence of generalized proximal point algorithms,” Communications on
Pure and Applied Analysis, vol. 3, no. 4, pp. 791-808, 2004.

[26] H.-K. Xu, “Iterative algorithms for nonlinear operators,” Journal of the London Mathematical Society, vol.
66, no. 1, pp. 240-256, 2002.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




