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Some new weakly singular integral inequalities of Gronwall-Bellman type are established, which can be used in the qualitative
analysis of the solutions to certain fractional differential equations.

1. Introduction

Gronwall-Bellman type integral inequalities play increasingly
important roles in the study of quantitative properties of solu-
tions of differential and integral equations, as well as in the
modeling of engineering and science problems.The integrals
concerning this type of inequalities have regular or contin-
uous kernels, but some problems of theory and practicality
require us to solve integral inequalities with singular kernels;
see [1–4] and the references cited therein. For example, Ye
and Gao [5] considered the integral inequalities of Henry-
Gronwall type and their applications to fractional differential
equations with delay; Ma and Pečarić [4] established some
weakly singular integral inequalities of Gronwall-Bellman
type and used them in the analysis of various problems in
the theory of certain classes of differential equations, integral
equations, and evolution equations.

In this paper, we study a certain class of nonlinear
inequalities of Gronwall-Bellman type, which generalizes
some known results and can be used as handy and effective
tools in the study of differential equations and integral equa-
tions. Furthermore, applications of our results to fractional
differential are also involved.

2. Preliminary Knowledge

In this section, we give some inequalities, which will be used
in the proof of the main results.

Lemma 1 (Jensen’s inequality). Let 𝑛 ∈ 𝑁, and let 𝑎
1
, . . . , 𝑎

𝑛

be nonnegative real numbers. Then, for 𝑟 > 1,

(

𝑛

∑

𝑖=1

𝑎
𝑖
)

𝑟

≤ 𝑛
𝑟−1

𝑛

∑

𝑖=1

𝑎
𝑟

𝑖
. (1)

Lemma 2. Let 𝐼 = [𝑡
0
, 𝑇) ⊂ R, 𝑘(𝑡), 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+),

(R+ = [0,∞), 𝑇 ≤ ∞). If 𝑢(𝑡) ∈ 𝐶(𝐼,R+), and

𝑢 (𝑡) ≤ 𝑘 (𝑡) + ∫

𝑡

𝑡0

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝 (𝑠) 𝑢
𝛾
(𝑠) 𝑑𝑠, 𝑡 ∈ 𝐼,

(2)

where 0 ≤ 𝛾 < 1. Then, for 𝑡 ∈ 𝐼, one has

𝑢 (𝑡) ≤ [𝐴
1−𝛾

(𝑡) + (1 − 𝛾)∫

𝑡

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
∫
𝑡

𝑡0

𝑏(𝑠)𝑑𝑠
,

(3)

where 𝐴(𝑡) = max
𝑡0≤𝑠≤𝑡

{𝑘(𝑡)}.

Proof. Given 𝑡
0
< 𝑇
0
< 𝑇, for 𝑡 ∈ [𝑡

0
, 𝑇
0
],

𝑢 (𝑡) ≤ 𝐴 (𝑇
0
) + ∫

𝑡

𝑡0

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝 (𝑠) 𝑢
𝛾
(𝑠) 𝑑𝑠. (4)
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Define a function 𝑧(𝑡) = 𝐴(𝑇
0
) + ∫

𝑡

𝑡0

𝑏(𝑠)𝑢(𝑠)𝑑𝑠 + ∫

𝑡

𝑡0

𝑝(𝑠)

𝑢
𝛾
(𝑠)𝑑𝑠, 𝑡 ∈ [𝑡

0
, 𝑇
0
]; then 𝑧(𝑡

0
) = 𝐴(𝑇

0
), 𝑢(𝑡) ≤ 𝑧(𝑡), 𝑧(𝑡)

is positive and nondecreasing for 𝑡 ∈ 𝐼, and

𝑧
󸀠
(𝑡) = 𝑏 (𝑡) 𝑢 (𝑡) + 𝑝 (𝑡) 𝑢

𝛾
(𝑡) ≤ 𝑏 (𝑡) 𝑧 (𝑡) + 𝑝 (𝑡) 𝑧

𝛾
(𝑡) .

(5)

Let 𝑧(𝑡) = 𝐶(𝑡)𝑒
∫
𝑡

𝑡0

𝑏(𝑠)𝑑𝑠, and 𝐶(𝑡
0
) = 𝑧(𝑡

0
) = 𝐴(𝑇

0
); we obtain

𝐶 (𝑡) ≤ [𝐴
1−𝛾

(𝑇
0
) + (1 − 𝛾)∫

𝑡

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

,

(6)

which implies that

𝑧 (𝑡)≤[𝐴
1−𝛾

(𝑇
0
)+(1 − 𝛾)∫

𝑡

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
∫
𝑡

𝑡0

𝑏(𝑠)𝑑𝑠
, 𝑡 ∈ [𝑡

0
, 𝑇
0
] .

(7)

And so

𝑢 (𝑇
0
)≤[𝐴

1−𝛾
(𝑇
0
)+(1 − 𝛾)∫

𝑇0

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
∫
𝑇0

𝑡0

𝑏(𝑠)𝑑𝑠
, 𝑡 ∈ [𝑡

0
, 𝑇
0
] .

(8)

By the arbitrary of 𝑇
0
∈ 𝐼, we obtain the inequality (3). The

proof is complete.

Lemma 3. Let 𝑘(𝑡), 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+), 𝜑(𝑡) ∈ 𝐶([𝑡
0
−

𝑟, 𝑡
0
],R+), and 𝑘(𝑡

0
) = 𝜑(𝑡

0
). If 𝑢(𝑡) ∈ 𝐶(𝐼,R+) and

𝑢 (𝑡) ≤ 𝑘 (𝑡) + ∫

t

𝑡0

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝 (𝑠) 𝑢
𝛾
(𝑠 − 𝑟) 𝑑𝑠,

𝑡 ∈ 𝐼,

𝑢 (𝑡) ≤ 𝜑 (𝑡) , 𝑡 ∈ [𝑡
0
− 𝑟, 𝑡
0
) ,

(9)

where 0 ≤ 𝛾 < 1 and 𝑟 ≥ 0 is a real constant, then

𝑢 (𝑡) ≤ [𝐴
1−𝛾

(𝑡) + (1 − 𝛾)∫

𝑡

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
∫
𝑡

𝑡0

𝑏(𝑠)𝑑𝑠
, 𝑡 ∈ [𝑡

0
+ 𝑟, 𝑇) ,

(10)

𝑢 (𝑡) ≤ [𝐴 (𝑡
0
+ 𝑟) + ∫

𝑡0+𝑟

𝑡0

𝑝 (𝑠) 𝜑
𝛾
(𝑠 − 𝑟) 𝑑𝑠]

× 𝑒
∫
𝑡

𝑡0

𝑏(𝑠)𝑑𝑠
, 𝑡 ∈ [𝑡

0
, 𝑡
0
+ 𝑟) ,

(11)

where 𝐴(𝑡) is defined as that in Lemma 2.

Proof. For 𝑡 ∈ [𝑡
0
, 𝑡
0
+ 𝑟], we have

𝑢 (𝑡) ≤ 𝑘 (𝑡) + ∫

𝑡

𝑡0

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝 (𝑠) 𝜑
𝛾
(𝑠 − 𝑟) 𝑑𝑠

≤ 𝐴 (𝑡
0
+ 𝑟) + ∫

𝑡

𝑡0

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠

+ ∫

𝑡0+𝑟

𝑡0

𝑝 (𝑠) 𝜑
𝛾
(𝑠 − 𝑟) 𝑑𝑠.

(12)

By Gronwall inequality, we have the inequality (11). We prove
that (10) holds for 𝑡 ∈ [𝑡

0
+𝑟, 𝑇) now.Given that𝑇

0
∈ [𝑡
0
+𝑟, 𝑇)

and for 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇
0
], we get

𝑢 (𝑡) ≤ 𝐴 (𝑇
0
) + ∫

𝑡

𝑡0

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝 (𝑠) 𝑢
𝛾
(𝑠 − 𝑟) 𝑑𝑠.

(13)

Define a function 𝑧(𝑡) = 𝐴(𝑇
0
)+∫

𝑡

𝑡0

𝑏(𝑠)𝑢(𝑠)𝑑𝑠+∫

𝑡

𝑡0

𝑝(𝑠)𝑢
𝛾
(𝑠−

𝑟)𝑑𝑠, 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇
0
]; then 𝑧(𝑡

0
) = 𝐴(𝑇

0
), 𝑢(𝑡) ≤ 𝑧(𝑡), 𝑧(𝑡) is

positive and nondecreasing for 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇
0
], and

𝑧
󸀠
(𝑡) = 𝑏 (𝑡) 𝑢 (𝑡) + 𝑝 (𝑡) 𝑢

𝛾
(𝑡 − 𝑟)

≤ 𝑏 (𝑡) 𝑧 (𝑡) + 𝑝 (𝑡) 𝑧
𝛾
(𝑡 − 𝑟)

≤ 𝑏 (𝑡) 𝑧 (𝑡) + 𝑝 (𝑡) 𝑧
𝛾
(𝑡) .

(14)

As that in the proof of Lemma 2, we obtain

𝑧 (𝑡) ≤ [𝐴
1−𝛾

(𝑇
0
) + (1 − 𝛾)∫

𝑡

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
∫
𝑡

𝑡0

𝑏(𝑠)𝑑𝑠
, 𝑡 ∈ [𝑡

0
+ 𝑟, 𝑇
0
] .

(15)

And then

𝑢 (𝑇
0
)≤[𝐴

1−𝛾
(𝑇
0
)+(1 − 𝛾)∫

𝑇0

𝑡0

𝑒
(𝛾−1) ∫

𝑠

𝑡0

𝑏(𝜎)𝑑𝜎
𝑝 (𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
∫
𝑇0

𝑡0

𝑏(𝑠)𝑑𝑠
, 𝑡 ∈ [𝑡

0
+ 𝑟, 𝑇
0
] .

(16)

By the arbitrary of 𝑇
0
∈ (𝑡
0
+ 𝑟, 𝑇), we obtain the inequality

(10). The proof is complete.

3. Main Results

Now, we are in a position to deal with the integral inequality
with weak singular kernels.

Theorem 4. Let 𝑎(𝑡), 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+). If 𝑢(𝑡) ∈ 𝐶(𝐼,R+)
and

𝑢 (𝑡) ≤ 𝑎 (𝑡) + ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠

+ ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

𝑝 (𝑠) 𝑢
𝛾
(𝑠) 𝑑𝑠, 𝑡 ∈ 𝐼,

(17)
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where 𝛽 > 0 and 0 < 𝛾 < 1 are constants, then the following
assertions hold.

(i) Suppose that 𝛽 > 1/2. Then

𝑢 (𝑡) ≤ [𝐴
1−𝛾

1
(𝑡) + (1 − 𝛾)𝐾

1

× ∫

𝑡

𝑡0

𝑒
(𝛾−1)𝐾1 ∫

𝑠

𝑡0

𝑏
2
(𝜎)𝑑𝜎

𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝑑𝑠]

1/2(1−𝛾)

× 𝑒
(𝑡+(𝐾1/2) ∫

𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠)

, 𝑡 ∈ 𝐼,

(18)

where 𝐴
1
(𝑡) = max

𝑡0≤𝑠≤𝑡
{2𝑒
−2𝑡
𝑎
2
(𝑡)}, 𝐾

1
= 2Γ(2𝛽 −

1)/4
𝛽−1, and 𝑅

1
(𝑡) = 𝑒

2(𝛾−1)𝑡.
(ii) Suppose that 𝛽 ∈ (0, 1/2], 𝑞 = (1+𝛽)/𝛽, and 𝑝 = 1+𝛽.

Then

𝑢 (𝑡) ≤ [𝐴
1−𝛾

2
(𝑡) + (1 − 𝛾)𝐾

2

× ∫

𝑡

𝑡0

𝑒
(𝛾−1)𝐾2 ∫

𝑠

𝑡0

𝑏
𝑞
(𝜎)𝑑𝜎

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) 𝑑𝑠]

1/𝑞(1−𝛾)

× 𝑒
(𝑡+(𝐾2/𝑞) ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠)

, 𝑡 ∈ 𝐼,

(19)

where 𝐴
2
(𝑡) = max

𝑡0≤𝑠≤𝑡
{2
𝑞−1

𝑒
−𝑡𝑞
𝑎
𝑞
(𝑡)}, 𝐾

2
=

2
2𝑞−2

(Γ(1 − (1 − 𝛽)𝑝)/𝑝
1−(1−𝛽)𝑝

)

𝑞/𝑝

and 𝑅
2
(𝑡) =

𝑒
𝑞(𝛾−1)𝑡.

Proof. (i) Using the Cauchy-Schwarz inequality, we obtain

𝑢 (𝑡) ≤ 𝑎 (𝑡) + (∫

𝑡

𝑡0

(𝑡 − 𝑠)
2𝛽−2

𝑒
2𝑠
𝑑𝑠)

1/2

× (∫

𝑡

𝑡0

𝑏
2
(𝑠) 𝑒
−2𝑠
𝑢
2
(𝑠) 𝑑𝑠)

1/2

+ (∫

𝑡

𝑡0

(𝑡 − 𝑠)
2𝛽−2

𝑒
2𝑠
𝑑𝑠)

1/2

× (∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑒
−2𝑠
𝑢
2𝛾
(𝑠) 𝑑𝑠)

1/2

≤ 𝑎 (𝑡) + (

2𝑒
2𝑡
Γ (2𝛽 − 1)

4
𝛽

)

1/2

× (∫

𝑡

𝑡0

𝑏
2
(𝑠) 𝑒
−2𝑠
𝑢
2
(𝑠) 𝑑𝑠)

1/2

+ (

2𝑒
2𝑡
Γ (2𝛽 − 1)

4
𝛽

)

1/2

× (∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑒
−2𝑠
𝑢
2𝛾
(𝑠) 𝑑𝑠)

1/2

.

(20)

Using Lemma 1, we obtain

𝑢
2
(𝑡) ≤ 2𝑎

2
(𝑡) +

2𝑒
2𝑡
Γ (2𝛽 − 1)

4
𝛽−1

× (∫

𝑡

𝑡0

𝑏
2
(𝑠) 𝑒
−2𝑠
𝑢
2
(𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑒
−2𝑠
𝑢
2𝛾
(𝑠) 𝑑𝑠) .

(21)

Let V(𝑡) = [𝑒
−𝑡
𝑢(𝑡)]

2; we get

V (𝑡) ≤ 𝐴
1
(𝑡) + 𝐾

1
∫

𝑡

𝑡0

𝑏
2
(𝑠) V (𝑠) 𝑑𝑠

+ 𝐾
1
∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑅
1
(𝑠) V𝛾 (𝑠) 𝑑𝑠.

(22)

Using Lemma 2 and noticing that𝐴
1
(𝑡) is nondecreasing, we

get

V (𝑡) ≤ [𝐴
1−𝛾

1
(𝑡) + (1 − 𝛾)𝐾

1

×∫

𝑡

𝑡0

𝑒
(𝛾−1)𝐾1 ∫

𝑠

𝑡0

𝑏
2
(𝜎)𝑑𝜎

𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝑑𝑠]

1/(1−𝛾)

× 𝑒
𝐾1 ∫
𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠

;

(23)

by the relationship of V(𝑡) and 𝑢(𝑡), the first inequality (18)
holds.

(ii) By the hypothesis, we get (1/𝑝) + (1/𝑞) = 1. Using
Hölder inequality, we obtain

𝑢 (𝑡) ≤ 𝑎 (𝑡) + (∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝑝𝛽−𝑝

𝑒
𝑝𝑠
𝑑𝑠)

1/𝑝

× (∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞
(𝑠) 𝑑𝑠)

1/𝑞

+ (∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝑝𝛽−𝑝

𝑒
𝑝𝑠
𝑑𝑠)

1/𝑝

× (∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞𝛾
(𝑠) 𝑑𝑠)

1/𝑞

≤ 𝑎 (𝑡) + (

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

1/𝑝

× (∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞
(𝑠) 𝑑𝑠)

1/𝑞

+ (

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

1/𝑝

× (∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞𝛾
(𝑠) 𝑑𝑠)

1/𝑞

.

(24)
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Using Lemma 1, we obtain

𝑢
𝑞
(𝑡) ≤ 2

𝑞−1
𝑎
𝑞
(𝑡) + 2

2𝑞−2
(

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

𝑞/𝑝

× (∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞
(𝑠) 𝑑𝑠 + ∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞𝛾
(𝑠) 𝑑𝑠) .

(25)

Let V(𝑡) = [𝑒
−𝑡
𝑢(𝑡)]

𝑞, we get

V (𝑡) ≤ 𝐴
2
(𝑡) + 𝐾

2
∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) V (𝑠) 𝑑𝑠

+ 𝐾
2
∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) V𝛾 (𝑠) 𝑑𝑠.

(26)

Using Lemma 2 and noticing that𝐴
2
(𝑡) is nondecreasing, we

get

V (𝑡) ≤ [𝐴
1−𝛾

2
(𝑡) + (1 − 𝛾)𝐾

2

× ∫

𝑡

𝑡0

𝑒
(𝛾−1)𝐾2 ∫

𝑠

𝑡0

𝑏
𝑞
(𝜎)𝑑𝜎

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) 𝑑𝑠]

1/𝑞(1−𝛾)

× 𝑒
𝐾2 ∫
𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠

,

(27)

and by the relation of 𝑢(𝑡) and V(𝑡), (19) holds. The proof is
complete.

Theorem 5. Let 𝑎(𝑡), 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+), and 𝑎(𝑡
0
) = 𝜑(𝑡

0
).

If 𝑢(𝑡) ∈ 𝐶([𝑡
0
− 𝑟, 𝑇),R+) with

𝑢 (𝑡) ≤ 𝑎 (𝑡) + ∫

𝑡

𝑡0

(t − 𝑠)𝛽−1𝑏 (𝑠) 𝑢 (𝑠) 𝑑𝑠

+ ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

𝑝 (𝑠) 𝑢
𝛾
(𝑠 − 𝑟) 𝑑𝑠, 𝑡 ∈ [𝑡

0
, 𝑇) ,

𝑢 (𝑡) ≤ 𝜑 (𝑡) , 𝑡 ∈ [𝑡
0
− 𝑟, 𝑡
0
) ,

(28)

where 𝛽 > 0 and 0 < 𝛾 < 1 are constants, then the following
assertions hold.

(i) Suppose that 𝛽 > 1/2. Then

𝑢 (𝑡) ≤ [𝐴
1−𝛾

1
(𝑡) + (1 − 𝛾)𝐾

1

×∫

𝑡

𝑡0

𝑒
(𝛾−1)𝐾1 ∫

𝑠

𝑡0

𝑏
2
(𝜎)𝑑𝜎

𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝑑𝑠]

1/2(1−𝛾)

× 𝑒
(𝑡+(𝐾1/2) ∫

𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇) ,

𝑢 (𝑡) ≤ [𝐴
1
(𝑡
0
+ 𝑟) + 𝐾

1

×∫

𝑡0+𝑟

𝑡0

𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝜑
2𝛾
(𝑠 − 𝑟) 𝑒

−2𝛾(𝑠−𝑟)
𝑑𝑠]

1/2

× 𝑒
(𝑡+(𝐾1/2) ∫

𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
, 𝑡
0
+ 𝑟) ,

(29)

where 𝐴
1
(𝑡), 𝐾

1
, and 𝑅

1
(𝑠) are defined as those in

Theorem 4.

(ii) Suppose that 𝛽 ∈ (0, 1/2], 𝑞 = (1+𝛽)/𝛽, and 𝑝 = 1+𝛽.
Then,

𝑢 (𝑡) ≤ [𝐴
1−𝛾

2
(𝑡) + (1 − 𝛾)𝐾

2

× ∫

𝑡

𝑡0

𝑒
(𝛾−1)𝐾2 ∫

𝑠

𝑡0

𝑏
𝑞
(𝜎)𝑑𝜎

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) 𝑑𝑠]

1/𝑞(1−𝛾)

× 𝑒
(𝑡+(𝐾2/𝑞) ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇) ,

𝑢 (𝑡) ≤ [𝐴
2
(𝑡
0
+ 𝑟) + 𝐾

2

× ∫

𝑡0+𝑟

𝑡0

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) 𝜑
𝑞𝛾
(𝑠 − 𝑟) 𝑒

−𝑞𝛾(𝑠−𝑟)
𝑑𝑠]

1/𝑞

× 𝑒
(𝑡+(𝐾2/𝑞) ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
, 𝑡
0
+ 𝑟) ,

(30)

where 𝐴
2
(𝑡), 𝐾

2
, and 𝑅

2
(𝑠) are defined as those in

Theorem 4.

Proof. (i) Using the Cauchy-Schwarz inequality by (28), we
obtain

𝑢 (𝑡) ≤ 𝑎 (𝑡) + (∫

𝑡

𝑡0

(𝑡 − 𝑠)
2𝛽−2

𝑒
2𝑠
𝑑𝑠)

1/2

× (∫

𝑡

𝑡0

𝑏
2
(𝑠) 𝑒
−2𝑠
𝑢
2
(𝑠) 𝑑𝑠)

1/2

+ (∫

𝑡

𝑡0

(𝑡 − 𝑠)
2𝛽−2

𝑒
2𝑠
𝑑𝑠)

1/2

× (∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑒
−2𝑠
𝑢
2𝛾
(𝑠 − 𝑟) 𝑑𝑠)

1/2

≤ 𝑎 (𝑡) + (

2𝑒
2𝑡
Γ (2𝛽 − 1)

4
𝛽

)

1/2

× (∫

𝑡

𝑡0

𝑏
2
(𝑠) 𝑒
−2𝑠
𝑢
2
(𝑠) 𝑑𝑠)

1/2
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+ (

2𝑒
2𝑡
Γ (2𝛽 − 1)

4
𝛽

)

1/2

×(∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑒
−2𝑠
𝑢
2𝛾
(𝑠 − 𝑟) 𝑑𝑠)

1/2

, 𝑡 ∈ 𝐼.

(31)

Using Lemma 1, we obtain

𝑢
2
(𝑡) ≤ 2𝑎

2
(𝑡) +

2𝑒
2𝑡
Γ (2𝛽 − 1)

4
𝛽−1

× (∫

𝑡

𝑡0

𝑏
2
(𝑠) 𝑒
−2𝑠
𝑢
2
(𝑠) 𝑑𝑠

+∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑒
−2𝑠
𝑢
2𝛾
(𝑠 − 𝑟) 𝑑𝑠) .

(32)

Let V(𝑡) = [𝑒
−𝑡
𝑢(𝑡)]

2, we get

V (𝑡) ≤ 𝐴
1
(𝑡) + 𝐾

1
∫

𝑡

𝑡0

𝑏
2
(𝑠) V (𝑠) 𝑑𝑠

+ 𝐾
1
∫

𝑡

𝑡0

𝑝
2
(𝑠) 𝑅
1
(𝑠) V𝛾 (𝑠 − 𝑟) 𝑑𝑠, 𝑡 ∈ 𝐼.

(33)

Using Lemma 3, we get the first inequality of (29) and the
second inequality of (29) is easily obtained.

(ii) By the hypothesis, we get (1/𝑝) + (1/𝑞) = 1. Using
Hölder inequality, we obtain

𝑢 (𝑡) ≤ 𝑎 (𝑡) + (∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝑝𝛽−𝑝

𝑒
𝑝𝑠
𝑑𝑠)

1/𝑝

× (∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞
(𝑠) 𝑑𝑠)

1/𝑞

+ (∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝑝𝛽−𝑝

𝑒
𝑝𝑠
𝑑𝑠)

1/𝑝

× (∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞𝛾
(𝑠 − 𝑟) 𝑑𝑠)

1/𝑞

≤ 𝑎 (𝑡) + (

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

1/𝑝

× (∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞
(𝑠) 𝑑𝑠)

1/𝑞

+ (

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

1/𝑝

× (∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞𝛾
(𝑠 − 𝑟) 𝑑𝑠)

1/𝑞

, 𝑡 ∈ 𝐼.

(34)

Using Lemma 1, we obtain

𝑢
𝑞
(𝑡) ≤ 2

𝑞−1
𝑎
𝑞
(𝑡) + 2

2𝑞−2
(

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

𝑞/𝑝

× ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞
(𝑠) 𝑑𝑠

+ 2
2𝑞−2

(

𝑒
𝑝𝑡
Γ (1 − (1 − 𝛽) 𝑝)

𝑝
1−(1−𝛽)𝑝

)

𝑞/𝑝

× ∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑒
−𝑞𝑠
𝑢
𝑞𝛾
(𝑠 − 𝑟) 𝑑𝑠, 𝑡 ∈ 𝐼.

(35)

Let V(𝑡) = [𝑒
−𝑡
𝑢(𝑡)]

𝑞; we get

V (𝑡) ≤ 𝐴
2
(𝑡) + 𝐾

2
∫

𝑡

𝑡0

𝑏
𝑞
(𝑠) V (𝑠) 𝑑𝑠

+ 𝐾
2
∫

𝑡

𝑡0

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) V𝛾 (𝑠 − 𝑟) 𝑑𝑠, 𝑡 ∈ 𝐼.

(36)

Using Lemma 2, we get the first inequality of (30) and the
second inequality of (30) is easily obtained. The proof is
complete.

For the case of 𝛾 = 1, this kind of inequalities has
been considered by Pachpatte [6] and the case of retarded
integral inequalities also has been obtained by Ye and Gao
[5, Theorem 2.5]. So, we list only a theorem using different
condition and method from Pachpatte [6, Theorem 1.2.4].

Theorem 6. Let 𝑎(𝑡), 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+), and 𝑎(𝑡
0
) = 𝜑(𝑡

0
).

If 𝑢(𝑡) ∈ 𝐶(𝐼,R+) and

𝑢 (𝑡) ≤ 𝑎 (𝑡) + ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

(𝑏 (𝑠) + 𝑝 (𝑠)) 𝑢 (𝑠) 𝑑𝑠, 𝑡 ∈ 𝐼,

(37)

where 𝛽 > 0, then the following assertions hold.

(i) Suppose that 𝛽 > 1/2. Then

𝑢 (𝑡) ≤ 𝐴
1/2

1
(𝑡) 𝑒
(𝐾1/2) ∫

𝑡

𝑡0

(𝑏(𝑠)+𝑝(𝑠))
2
𝑑𝑠+𝑡

, 𝑡 ∈ 𝐼, (38)

where𝐴
1
(𝑡) and𝐾

1
are defined as those inTheorem 4.

(ii) Suppose that 𝛽 ∈ (0, 1/2], 𝑞 = (1+𝛽)/𝛽 and 𝑝 = 1+𝛽.
Then

𝑢 (𝑡) ≤ 𝐴
1/𝑞

2
(𝑡) 𝑒
(𝐾2/𝑞) ∫

𝑡

𝑡0

(𝑏(𝑠)+𝑝(𝑠))
𝑞
𝑑𝑠+𝑡

, 𝑡 ∈ 𝐼, (39)

where𝐴
2
(𝑡) and𝐾

2
are defined as those inTheorem 4.

Remark 7. In [6, Theorem 1.2.4], 𝑎(𝑡) is continuously differ-
entiable, but in Theorem 6, 𝑎(𝑡) is only continuous in the
interval 𝐼 ⊂ R+, so the methods of [6, Theorem 1.2.4]
are invalid for Theorem 6. In [7, Theorem 1], Ye et al. also
considered the similar integral inequalities using an iterative
method, but we use different methods differing from the
previously mentioned two papers.
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4. Applications to FDEs

In this section, we present applications of Theorem 4 and
Theorem 5 to study certain properties of solutions of frac-
tional differential equations.

Consider the following fractional differential equations:

𝑡0
D𝛽
𝑡
𝑥 (𝑡) = ℎ (𝑡) 𝑥 (𝑡) + 𝑓 (𝑡, 𝑥) ,

𝑡0
D𝑘
𝑡
𝑥 (𝑡
0
) = 𝑏
𝑘
, 𝑘 = 0, 1, 2, . . . , 𝑚 − 1,

(40)

for 𝑡 ∈ 𝐼, 𝑚 = −[−𝛽], where D𝛽 represents the Caputo
fractional derivative of order 𝛽 (𝛽 > 0), ℎ(𝑡) ∈ 𝐶(𝐼,R+), and
𝑓(𝑡, 𝑥) ∈ 𝐶(𝐼 × R,R). The corresponding Volterra fractional
integral equation, see [8, Lemma 6.2], becomes

𝑥 (𝑡) =

𝑚−1

∑

𝑘=0

𝑏
𝑘

𝑘!

(𝑡 − 𝑡
0
)
𝑘

+

1

Γ (𝛽)

× ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

[ℎ (𝑠) 𝑥 (𝑠) + 𝑓 (𝑠, 𝑥 (𝑠))] 𝑑𝑠, 𝑡 ∈ 𝐼.

(41)

Theorem 8. Suppose that |ℎ(𝑡)𝑥(𝑡) + 𝑓(𝑡, 𝑥)| ≤ 𝑏(𝑡)|𝑥(𝑡)| +

𝑝(𝑡)|𝑥(𝑡)|
𝛾, where 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+), 0 < 𝛾 < 1 is real

number. If 𝑥(𝑡) is any solution of the initial value problem (40),
then the following estimations hold.

(i) Suppose that 𝛽 > 1/2. Then

|𝑥 (𝑡)| ≤ [𝐵
1−𝛾

1
(𝑡) +

(1 − 𝛾)𝐾
1

Γ
2
(𝛽)

× ∫

𝑡

𝑡0

𝑒
((𝛾−1)𝐾1/Γ

2
(𝛽)) ∫

𝑠

𝑡0

𝑏
2
(𝜎)𝑑𝜎

× 𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝑑𝑠]

1/2(1−𝛾)

× 𝑒
(𝑡+(𝐾1/2Γ

2
(𝛽)) ∫

𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠)

, 𝑡 ∈ 𝐼,

(42)

where𝐵
1
(𝑡)=max

𝑡0≤𝑠≤𝑡
{2𝑒
−2𝑡
(∑
𝑚−1

𝑘=0
(|𝑏
𝑘
|/𝑘!)(𝑡−𝑡

0
)
𝑘
)

2

}.
(ii) Suppose that 𝛽 ∈ (0, 1/2], 𝑞 = (1+𝛽)/𝛽, and 𝑝 = 1+𝛽.

Then

|𝑥 (𝑡)| ≤ [𝐵
1−𝛾

2
(𝑡) +

(1 − 𝛾)𝐾
2

Γ
𝑞
(𝛽)

×∫

𝑡

𝑡0

𝑒
((𝛾−1)𝐾2/Γ

𝑞
(𝛽)) ∫

𝑠

𝑡0

𝑏
𝑞
(𝜎)𝑑𝜎

× 𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) d𝑠]

1/𝑞(1−𝛾)

× 𝑒
(𝑡+(𝐾2/𝑞Γ

𝑞
(𝛽)) ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠)

, 𝑡 ∈ 𝐼,

(43)

where 𝐵
2
(𝑡) = max

𝑡0≤𝑠≤𝑡
{2
𝑞−1

𝑒
−𝑡𝑞
(∑
𝑚−1

𝑘=0
(|𝑏
𝑘
|/𝑘!)(𝑡−

𝑡
0
)
𝑘
)

𝑞

}. Notice that 𝐾
1
, 𝐾
2
, 𝑅
1
(𝑠), and 𝑅

2
(𝑠) are the

same as those in Theorem 4,𝑚 = −[−𝛽].

Proof. By (41), it is easy to derive that

|𝑥 (𝑡)| ≤

𝑚−1

∑

𝑘=0

󵄨
󵄨
󵄨
󵄨
𝑏
𝑘

󵄨
󵄨
󵄨
󵄨

𝑘!

(𝑡 − 𝑡
0
)
𝑘

+

1

Γ (𝛽)

× ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

[𝑏 (𝑠) 𝑥 (𝑠) + 𝑓 (𝑠, 𝑥 (𝑠))] 𝑑𝑠

≤

𝑚−1

∑

𝑘=0

󵄨
󵄨
󵄨
󵄨
𝑏
𝑘

󵄨
󵄨
󵄨
󵄨

𝑘!

(𝑡 − 𝑡
0
)
𝑘

+

1

Γ (𝛽)

× ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

[𝑏 (𝑠) |𝑥 (𝑠)| + 𝑝 (𝑠) |𝑥 (𝑠)|
𝛾
] 𝑑𝑠,

𝑡 ∈ 𝐼.

(44)

Using Theorem 4, we get the desired conclusion. This proves
the theorem.

Considering the following fractional differential equa-
tions:

𝑡0
D𝛽
𝑡
𝑥 (𝑡) = ℎ (𝑡) 𝑥 (𝑡) + 𝑓 (𝑡, 𝑥 (𝑡 − 𝑟)) , (45)

for 𝑡 ∈ 𝐼 = [𝑡
0
, 𝑇), with the given initial condition 𝑥(𝑡) = 𝜑(𝑡),

𝑡 ∈ [𝑡
0
−𝑟, 𝑡
0
],𝜑 is a given continuously differentiable function

on 𝑡 ∈ [𝑡
0
− 𝑟, 𝑡
0
] up to order𝑚 (𝑚 = −[−𝛽]). In this case, we

denote 𝜑(𝑘)(𝑡
0
) = 𝑏
𝑘
, 𝑘 = 0, 1, 2, . . . , 𝑚 − 1, and D𝛽, 𝛽, ℎ, and

𝑓 are defined as those in (40).
In [8, Lemma 6.2], the initial value problem (45) is

equivalent to the Volterra fractional integral equation:

𝑥 (𝑡) =

𝑚−1

∑

𝑘=0

𝑏
𝑘

𝑘!

(𝑡 − 𝑡
0
)
𝑘

+

1

Γ (𝛽)

× ∫

𝑡

𝑡0

(𝑡 − 𝑠)
𝛽−1

[ℎ (𝑠) 𝑥 (𝑠) + 𝑓 (𝑠, 𝑥 (𝑠 − 𝑟))] 𝑑𝑠,

𝑡 ∈ 𝐼,

𝑥 (𝑡) = 𝜑 (𝑡) , 𝑡 ∈ [𝑡
0
− 𝑟, 𝑡
0
) .

(46)

The next result deals with the upper bounds of solution of
(45).

Theorem 9. Suppose that |ℎ(𝑡)𝑥(𝑡) + 𝑓(𝑡, 𝑥)| ≤ 𝑏(𝑡)|𝑥(𝑡)| +

𝑝(𝑡)|𝑥(𝑡)|
𝛾, where 𝑏(𝑡), 𝑝(𝑡) ∈ 𝐶(𝐼,R+), and 0 < 𝛾 < 1 is real

number. If 𝑥(𝑡) is any solution of the initial value problem (46),
then the following estimations hold.

(i) Suppose that 𝛽 > 1/2. Then

|𝑥 (𝑡)| ≤ [𝐵
1−𝛾

1
(𝑡) +

(1 − 𝛾)𝐾
1

Γ
2
(𝛽)

×∫

𝑡

𝑡0

𝑒
((𝛾−1)𝐾1/Γ

2
(𝛽)) ∫

𝑠

𝑡0

𝑏
2
(𝜎)𝑑𝜎

× 𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝑑𝑠]

1/2(1−𝛾)

× 𝑒
(𝑡+(𝐾1/2Γ

2
(𝛽)) ∫

𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇) ,
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|𝑥 (𝑡)| ≤ [𝐵
1
(𝑡
0
+ 𝑟) +

𝐾
1

Γ
2
(𝛽)

× ∫

𝑡0+𝑟

𝑡0

𝑝
2
(𝑠) 𝑅
1
(𝑠) 𝜑
2𝛾

× (𝑠 − 𝑟) 𝑒
−2𝛾(𝑠−𝑟)

𝑑𝑠]

1/2

× 𝑒
(𝑡+(𝐾1/2Γ

2
(𝛽)) ∫

𝑡

𝑡0

𝑏
2
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
, 𝑡
0
+ 𝑟) .

(47)

(ii) Suppose that 𝛽 ∈ (0, 1/2], 𝑞 = (1+𝛽)/𝛽 and 𝑝 = 1+𝛽.
Then

|𝑥 (𝑡)| ≤ [𝐵
1−𝛾

2
(𝑡) +

(1 − 𝛾)𝐾
2

Γ
𝑞
(𝛽)

× ∫

𝑡

𝑡0

𝑒
((𝛾−1)𝐾2/Γ

𝑞
(𝛽)) ∫

𝑠

𝑡0

𝑏
𝑞
(𝜎)𝑑𝜎

× 𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) 𝑑𝑠]

1/𝑞(1−𝛾)

× 𝑒
(𝑡+(𝐾2/𝑞Γ

𝑞
(𝛽)) ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
+ 𝑟, 𝑇) ,

|𝑥 (𝑡)| ≤ [𝐵
2
(𝑡
0
+ 𝑟) +

𝐾
2

Γ
𝑞
(𝛽)

×∫

𝑡0+𝑟

𝑡0

𝑝
𝑞
(𝑠) 𝑅
2
(𝑠) 𝜑
𝑞𝛾

× (𝑠 − 𝑟) 𝑒
−𝑞𝛾(𝑠−𝑟)

𝑑𝑠]

1/𝑞

× 𝑒
(𝑡+(𝐾2/𝑞Γ

𝑞
(𝛽)) ∫

𝑡

𝑡0

𝑏
𝑞
(𝑠)𝑑𝑠)

, 𝑡 ∈ [𝑡
0
, 𝑡
0
+ 𝑟) .

(48)

Notice that 𝐵
1
(𝑡), 𝐵
2
(𝑡), 𝐾
1
, 𝐾
2
, 𝑅
1
(𝑠), and 𝑅

2
(𝑠) are the same

as those in Theorem 8,𝑚 = −[−𝛽].

The proof of this theorem is omitted because it is similar
to that of Theorem 8.
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