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By formulating a contraction mapping and the matrix exponential function, the authors apply linear matrix inequality (LMI)
technique to investigate and obtain the LMI-based stability criterion of a class of time-delay Takagi-Sugeno (T-S) fuzzy differential
equations. To the best of our knowledge, it is the first time to obtain the LMI-based stability criterion derived by a fixed point theory.
It is worth mentioning that LMI methods have high efficiency and other advantages in largescale engineering calculations. And the
feasibility of LMI-based stability criterion can efficiently be computed and confirmed by computer Matlab LMI toolbox. At the end

of this paper, a numerical example is presented to illustrate the effectiveness of the proposed methods.

1. Introduction

In this paper, we consider a class of delayed impulsive
differential equations, which admits some biomathematics,
physics, and engineering backgrounds, including the famous
cellular neural networks proposed by Chua and Yang in
1988 [1, 2]. In practice, both time delays and impulse are
unavoidable and may cause undesirable dynamic network
behaviors such as oscillation and instability. So the sta-
bility analysis for delayed impulsive neural networks has
become a topic of great theoretic and practical importance
in recent years [3-25]. However, the research skill of the
above literature is mainly based on Lyapunov theory. And
there are many difficulties in applications of corresponding
theory to the specific problems [26-32]. Recently, Burton and
other authors have applied fixed point theory to investigate
the stability of deterministic systems and obtained some
more applicable results [11, 26-42]. For example, in [11],
the authors used Leray-Schauders fixed point theorem to
obtain the stability criteria of neural networks. Besides, the
contraction-mapping theory is also an important fixed point
theory in studying the stability of dynamics equations (see,
e.g., [11, 33, 39-42]). On the other hand, fuzzy logic theory
has shown to be an appealing and eflicient approach to

dealing with the analysis and synthesis problems for complex
nonlinear system [20-25]. In practice, the fuzzy model is
far more important than stochastic model. Among various
kinds of fuzzy methods, Takagi-Sugeno (T-S) fuzzy models
provide a successful method to describe certain complex
nonlinear systems using some local linear subsystems. To
the best of our knowledge, few authors have used the fixed
point theorem to study the stability of Takagi-Sugeno fuzzy
differential equations with impulses. In addition, the LMI-
based stability criterion of neural networks has never been
investigated or obtained via any of the fixed point theories.
Such a situation motivates our present study. Motivated by
the above related literature [3-9, 11, 26-42], we will not only
apply the fixed point theory to study the impulsive Takagi-
Sugeno fuzzy dynamics equations but also try to obtain the
LMI-based stability criterion by applying the contraction-
mapping theory. To the best of our knowledge, it is the
first time to obtain the LMI-based stability criterion derived
by a fixed point theory. It is worth mentioning that LMI
methods have high efficiency and other advantages in large-
scale engineering calculations. And the feasibility of LMI-
based stability criterion can efficiently be computed and
confirmed by computer Matlab LMI toolbox. In the end of
this paper, a numerical example is presented to illustrate the



effectiveness of the proposed methods. Finally, a conclusion
is given in the final chapter.

2. Preliminaries

Let us consider the following delayed differential equations:

D) _ g )+ Cf (x (1)
dt a)
+Dg(x(t-1(t), t=0, t+t,
equipped with the impulsive condition
x(t)-x(t)=p(x(t)), k=12..., (2
and the initial condition
x(@)=¢@O), 6c¢cl[-1,0], (3)

where x(t) = (x(t), x,(t),... ,xn(t))T € R', ¢0) €
C[[-7,0],R"]. Functions f(x) = (f;(x;(®)), fo(x5(8)),...,
fule DT € R glx(t — 7)) = (g(x,(t = 7)),
G205t = V), gulx,(t — 7)) € R, p(x(t)) =
(pl(xl(t)),pz(xz(t)),...,pn(xn(t)))T € R", and time delays
0 < 7(t) < tforalli = 1,2,...,n The fixed impulsive
moments t, (k = 1,2,...) satisfy 0 < t; < t, < .-+ with
limy _, = 00. x(t;), and x(t;) stand for the right-hand
and left-hand limits of x(¢) at time ¢, respectively. We always
assume x(t;) = x(t;), forall k = 1,2,.... Similarly as in [33],
we assume in this paper that f(0) = g(0) = p(0) =0 € R".

Constant matrix B = diag(b;,b,,...,b,) is a positive
definite diagonal matrix, and both C = (¢;),y, and D =
(d;j)yxn are matrices with n x n dimension. It is well known
that the above equation admits its practical implications.
For example, it can serve as a model of impulsive cellular
neural networks with time-varying delays. The parameter
¢;; denotes the connection weight of the jth neuron on the
ith neuron at time . And the parameter d;; represents the
connection strength of the jth neuron on the ith neuron at
time t — 7(t). The constant b; represents the rate with which
the ith neuron will reset its potential to the resting state when
disconnected from the network and external inputs. f j(x j(t))
is the activation function of the jth neuron at time ¢, and
g;(x;(t — 7(t))) represents the activation function of the jth
neuron at time t — 7(¢t).

Below, we describe the T-S fuzzy mathematical model
with time delay as follows.

Fuzzy Rule j:

IF w, () is pjy and ... w(f) is pj;, THEN

B B+ Cif (e(0) + Dyg (x - 1),
£20, t#h k=12...
x(te) - x(t) =p(x (), k=12..
x©@)=¢©), 0el-10],
where w,(¢) (k = 1,2,...,s) is the premise variable, Wik (j=
L,2,...,rsk =1,2,...,s) is the fuzzy set that is characterized
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by membership function, r is the number of the IF-THEN
rules, and s is the number of the premise variables. By the
way of a standard fuzzy inference method, the system (4) is
inferred as follows:

dx (t)
dt

= =Bx (1) + ) h; (@) [C;f (x (1)) + Dyg (x (t =T ()],
j=1

t>0, t#t, k=1,2,...,

x () = x (t) = p(x (t))
x(0)=¢©0), 0e¢l-7,0],

k=1,2,...,

(5)

where w(t) = [w,({),w,(t),...,w, ()], hj(w(t)) = wj/
22:1 wk(w(t)),wj(w(t)) : R — [0,1] (j=1,2,...,7) is the
membership function of the system with respect to the fuzzy
rule j. h; can be regarded as the normalized weight of each

IF-THEN rule, satisfying h;(w(t)) > 0and 3, h;(w(t)) = 1.
For convenience’s sake, we introduce the following stan-
dard notations similarly as [10, (iii)-(X)]:

Q= (q,-j)nxn >0 (<0),

Q= (44) ey > 0

Q2Q, (Q£Q),
Q >Q, (Ql < Qz)’

(< 0))

A in @ the identity matrix I and the symmetric terms .
(6)
In addition, we denote [C| = (lgjl),, for any matrix C =
T
(6n and 1] = (] 3l I )T for any v = (v, v,

vn)T € R". Denote the finite set /" = {1,2,...,n}.
Throughout this paper, we assume

(A1) f; is locally Lipschitz continuous, and there exists a
positive constant F; > 0 such that | f ]' (r)] < F; for all
r € Ratwhich f; is differentiable;

(A2) g; is locally Lipschitz continuous, and there exists a
positive constant G; > 0 such that | g;.(r)l <G; for all
r € Rat which g; is differentiable;

(A3) p; is locally Lipschitz continuous, and there exists a
positive constant H; > 0 such that | p]'.(r)l < H; for all
r € Ratwhich p; is differentiable.

Lemma 1 (see [25]). Let f : R* — R" be locally Lipschitz
continuous. For any given x, y € R", there exists an element Yo

in the union U, ,,0f (2) such that

fFO)-fx=w(y-x), 7)

where [x, y] denotes the segment connecting x and y.
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Remark 2. From Lemmal, (Al)-(A3), and [10, equation
(27)], we can similarly derive

|f@) = fI<Flx-y[, xyeR,
lg(x)-g()|<Glx-y], xyeR" 8)
lp()-p(W|<H|x-y, xyeR"

where matrices F =  diag(F,,F,,...,F,), G =

diag(G,,G,,...,G,),and H = diag(H,, H,, ..., H,).

Remark 3. In many previous literature, f;,g; i € )
are always assumed to be globally Lipschtiz continuous.
However, the most common function f;(r) = % is not
globally Lipschtiz continuous in R'. Note that we extend the
functions f, g from global Lipschtiz continuous functions to
locally Lipschtiz continuous functions. Obviously, f;(r) = r*
is a local Lipschitz continuous function.

Similarly as is [11, Definition 2.2], the exponential stability
is defined as follows.

Definition 4. Dynamic equation (5) is said to be exponentially
stable if, for any initial condition ¢(s) € C[[-7,0], R"], there
exists a pair of positive constants a and b such that

|x (t:s.9)] <be™, Vt>o0, 9)

where the norm [|lx(8)]| = (X1, |x: ()12

3. Main Result

Before giving the main result of this paper, we need to define
the matrix exponential function as follows.

Definition 5. For a diagonal constants matrix B =
diag(b,,b,,...,b,), we denote the matrix exponential
function e? = diag(eblt, et et forallt € R.

From the above definition of the matrix exponential
function, we are not difficult to obtain the following lemma.

Lemma 6. Let B be a diagonal constants matrix, and let ¢® be
the matrix exponential function of B. Then, we have

(1) (d/dt)eP = Be®:, t € R,
(2) (d/dt)(e®'n) = Be®'n, t € R,

where § = (H,,%y...>1,) € R", and eachn; € R (i =

1,2,...,n) is a constant.

In addition, we need to define the rule on vectors in R" as
follows.

Definition 7. v < wif v; —w; < 0 foralli € J, wherev =
(Vs Vyo e s v) € RY, w = (), w,,...,w,)" €R".
Now, we present the main result of this paper as follows.

Theorem 8. Assume that there exists a positive constant 8 such

oo

0 < A < 1 such that

B (Ic)|F+|pj|G) + }SB_IH +H< AL (10)

j=1

where B™' is the inverse matrix of B. Then, the impulsive
fuzzy dynamic equation (5) is exponentially stable in the mean
square.

Proof. To apply the fixed point theory, we firstly define a
complete metric space Q as follows.

Let QO be the space consisting of functions g(t)
[-7,00) — R, satisfying that

(a) g(t) is continuous on t #t; (k =1,2,...),

(b) limtﬂt;q(t) and limt%tzq(t) exist, and q(t;) = q(t)
forallk=1,2,...,

(c) q(t) = ¢(t) for t € [-7,0],

(d) eﬁtq(t) — 0 € R'ast — oo, where f > Oisa
positive constant, satistying 8 < A_; B.

It is not difficult to verify that the above-mentioned space Q
is a complete metric space if it is equipped with the following
metric:

aist (@) = mox (swlg0-2.0]), @

AN >24

where g = q(t) = (g,(t),g,(®),....q,(t)" € Q,and § =
gt) = (G, (), Gy (1), ..., G, € Q.

Remark 9.Here, we consider the above-defined metric, which
is different from those of some previous related literature (see,
e.g., [33]) so that the LMI-based stability criterion in this
paper may be obtained expediently.

Next, we formulate and define a contraction mapping P :
Q — Q, which may be divided into three steps.

Step 1. Formulating the mapping.
Let x(¢) be a solution of the fuzzy equation (5).
Then, for t > 0, t#t;, we have

dx (t)
dt

pedx (t)
dt

(eth (t)) = BeP'x (t)+e

=™ Y hi (@) [C;f (x (1)

j=1
+D;g(x(t-7(1))].
(12)



Further, we get by the integral nature

x (t)

=e

[ Y@ le,sxo)
=1

0

+:1}, t>0,

where 7 € R" is the vector to be determined.
From (2) and (3) or x(0) = ¢(0), it is not difficult to
conclude 7 = ¢(0) + Yoy o, ™ p(x(t;)). And, hence,

+Dig(x(s—-7 (s)))] ds (13)

x (t)

%{
=e

0

t r
J e h;(w(s)
j=1
x [C;f (x(s) + Djg (x (s = (5))] ds

O+ ) eBt"P(x(ti))}, t>0.

0<t; <t

(14)

On the other hand, it follows from (14) that

x (i)

= ¢ Bk {L eBSj:Zlhj (w(s))
x [Cif (x(s))
+Djg(x(s-7 (s)))] ds
+$(0)+ Y eMip(x(t)) ]' )
0<t;<ty

(15)

x (tk+s)

e b (w(s))

bier
— e_Btk-hs J )
0 j=1

x [Cif (x(s)

+D;g(x(s—7 (s)))] ds

0<t;<tpie

+(0)+ Y ﬁm@@»}-
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Lete — 0%; then we can derive from the two equations
above that

Tim e (fre) = % (6) = x (8) = x (1) = p(x (86)) - (16)
So, we may define the mapping P on the space Q as follows:

Px (1)

e Pp0)+e™ J b h; (w(s))
j=1

0oz
x [Cif (x(s)
+Djg(x(s—7 (s)))] ds

e Y Mp(x (1),

0<t;<t

(17)
ont > 0, and Px(s) = ¢(s) on s € [-7,0].

Step 2. We claim that Px(t) € Q for any x(¢) € Q. That is,
Px(t) satisfies the conditions (a)-(d) of Q.

Indeed, since Px(s) = ¢(s) on s € [-7,0], the condition
(¢) is satisfied. It is obvious from (17) that Px(t) is continuous
ont#t, andt > 0. And then the condition (a) is satisfied.

Next, we verify the condition (b).

Indeed, for any given t, we can get from (17)

Px(t; +€)—Px(t;) =m +m, + 75, (18)
where
- e*B(thre)(P 0) - efB(tk)(ls 0),
t+e

1, = ¢ Bt J
0

e hi(w(s))
j=1
x [Cf (x(s))

+Djg(x(s—7 (s)))] ds

e L est;hj (@(s))

x [C;f (x(s))
+Dig(x(s—-7 (s)))] ds
m= e M0 S Mp (x(1)

0<t;<t;+e

ST Y P (x ().

0<t;<ty
(19)
Obviously, 7;, — Oand 7, — Oase — 0.In addition,
lettinge — 07, we have 7; — 0. Lettinge — 07, we get by
(18)

Px(tp) - Px () = limm = p(x (). (20)
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So the condition (b) is satisfied.
Finally, it is followed from (17) that

P px (t) = eﬁtefBQ/) (0)
t r
+ePle® J eBSZhj (w(s))
o o

x [Cif (x(s) ey

+D;g (x (s = 7(s))] ds
e Y Mip(x(t)

0<t;<t

Obviously, e?'e P'$p(0) — 0 € R"ast — co.
On the other hand, it follows from e x(t) — 0 that, for
any given € > 0, there exists a corresponding constant t,, such

that |’ x(t)| < eu for all t > t,, where
u=(1,1,...,)" eR" (22)

In addition, (A3) derives

e Y Mip(x (1)

<efle™ Z e H |x (t)]

0<t;<t 0<t;<t
<efle™ < Z P H |x (t)] + Z ™ H |x (t,)|) .
0<t;<t, t, <t;<t
(23)
Obviously,
ePle™ Z ™ H |x(t)]
0<t;<t,
= (PIB! Z M H|x(t)] — 0€R", t— oo.
0<t;<t,
(24)
Besides,
Pl Z ¢ H |x (t;)]
t,<t;<t
_ BB Z BBt (eﬁt,- lx (tz)|)
t,<t;<t
< se(ﬁI—B)t Z e(B—ﬂI)tiHu
t,<t;<t
(25)
se(ﬁ_bl)t Z e(bﬁﬁ)f;‘Hl
£, <t;<t
se(ﬁ*bz)t Z e(bz—/;)tin
_ t,<t;<t

et Y bPipy

t,<t;<t

To prove ef
need to prove

Zt <t<te HIx(t)| — 0 € R", we only

geP b Z e(l"fﬁ)t"H1 — 0,

t,<t,<t

for the other cases can be similarly proved.
Indeed, we may as well assume £, < t <
t, <t,,. Then, we have

tryandt, | <

Se(ﬂ_bl)t Z e(bl _ﬂ)tiHl

t,<t;<t
— SH (B-by)t 8 (b—-P)t;
8
mSti<ti,
o b)t(aea: Pty + h—ﬁ)st)

<sHe(b JERA A .

(b /3)

(27)
which  implies that (26) holds. And, hence,
ePle™B Dt <t<t e®iH|x(t;))] - 0€R", t — o0.

Below, we only need to prove
t
B Btj Bszh (@())
j=1
x [Cf (x(s)) (28)

+Djg(x(s—7 (s)))] ds — 0,

t — ©o.

In fact, it follows from e’ x(t) — 0 that, for any given
e > 0, there exists a corresponding constant t* such that
Ieﬁtx(t)l < euforallt > t*. Then, we get by (Al)

ePle® Jt BSZh (@())C; f (x(s))ds

*

<t S fofFras @9

j=1

+e (BRI J-t BSZ |CJ|F|x (s)| ds.

j=1



On the one hand,

e—(B—[;I)t J: eBsi |C]| F |x (S)| ds
j=1

<e BﬁI)tJ* Zr:| j|F<Z sup |xi(s)|>uds

ie/s€[0,t]
m t*
< (Zw,) ¢ (B! j e®uds — 0eR", t— oo,
i=1 0
(30)

where w = 29:1 ICHIF(X e $UPgeqo oyl xi ()1 = (wy, s, ..

w,)" € R".
On the other hand,

o (B-BD J: o5 Zr: 'Cj' Flx(s)| ds
j=1

t
< so BV J (B-BDs ) 4 (1)

“(Z“’)<b R

where w* = )"

j=1 |CjlFu = (wy,w;,. ..,wZ)T € R".
Now we can conclude from (29)-(31) that

Pty B Jt Bszh (@(s))
(32)

x[ij(x(s))]ds—>0€R”, t — oo.

Similarly, we can prove
t
oBt Bt j Bszh (@(s)

t — ©0.

(33)

x [ng (x (s —T(S)))] ds — 0 € R,

Indeed, we can similarly define the corresponding con-

stant T, for any given € > 0, satisfying lePt x(£)| < eu for all
t > T,. Then, we have

oo BtJ' Bszh (@(s) [D;g (x (s = ()] ds

T, r
<efle® (J ey |Dj| Glx (s -7 (s)l ds (34)
0 j:1

+ J‘T* eBSj; 'Djl Glx(s—1(s))] ds) )
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Similarly, we can prove

T, 1
Ple J eBsZ 'DJ-| Glx(s—71(s))|ds
o 3

m T,
< (Zwi) e BRI J ¢®uds — 0 e R, t— oo,
i=1 0

(35)
where W = Y, ID;IG(Xicp sUpser_prlxi(s))u = (w),
W,,...,w,)" €R".
On the other hand,
gt Bt [\ B r| |
ee” J e Y |DG|x(s=1(s))|ds
Sseﬁre_(B_ﬁDtj B-BDsi5* ds (36)
T

“(J’)e (ospas

wherew® = Y, |D;|Gu = (@}, w;, ..., w,)" € R".
From (34)-(36), we can conclude that (33) holds. Hence,
the condition (d) is satisfied.

1 /3)T’

Step 3. Below, we only need to prove that P is a contraction
mapping.

Indeed, for any x = x(t) = (x,(t), x,(t), ...
y(®) = (10, 3,0,y (D)
Py(t)| < K, + K, + K;, where

L%, (), y =

€ ), we estimate |Px(t) —

t r
[ Y [e1f o) - £ ()] ds
0 j=1

(s)| ds,

< [T ol -
_Bt _L est;hj (w(s)) |Dj|

x|gx(s=1(s)-g(y(s—1(s))|ds,

Ky=e™ Z e lp(x(t)—p(y(8))]-

(37)
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From mathematical analysis and computation, we can
derive

K =e® j Y IC|If () - £ (v ()] ds
j=1

t r
<e ™ J eBSZ 'Cj.F |x (s) = y (s)| ds
oI
(38)

< dist (x, y) e ™ JteBSZr: |Cj| Fuds
o 5

< <B_1Z |C]-| F> dist (x, y) u.
j=1
Similarly, we have
t r
K,=c® JO e Y I, (@ (5) D19 (x (s - (5))
j=1

g (y(s—1(s)))|ds
< <Bli |Dj| G) dist (x, y)u
=
Ky<e™ Z ™ H |(x () = (» ()]

0<t;<t

1 .. _ .
< 3 dist (x, y) e ™ ( Z ™ (t;, —t;) Hu

t<t<t,

+eP*SH u)

t
< % dist (x, y)e ™™ (J e®Huds + eBt(SHu)
0

< dist (x, y) (%B_IH + H) u.
(39)
Combining the above three inequalities results in

|Px (t) - Py (1)

< <B‘1i (Ic)|F+|pj|G) + éB_lH + H> udist (x, y)
j=1

< AMudist (x, y),
(40)

and hence
dist (P (x),P(y)) < Adist(x, y). (41)

Therefore, P : O — Q is a contraction mapping such
that there exists the fixed point x(t) of P in Q, which implies
that x(¢) is the solution for the the impulsive fuzzy dynamic
equation (5), satisfying Pt | x(t) | = Oast — oo0. So the
proof is completed. O

4. Numerical Example

Example 1. Consider the T-S fuzzy impulsive dynamic equa-
tions as follows.
Fuzzy Rule 1:

IF w,(t) is 1/e~>*), THEN

PO B () +C,f (x(0) + Dig (et - T0),
£20, t#t k=12
x(te) - x(t) =p(x(t), k=1,2...
x(@)=¢0), 0c¢c][-r1,0],
Fuzzy Rule 2:
IF w,(t) is 1 — 1/e 21", THEN
d’;it) = “Bx (1) + Cof (x (1)) + Dyg (x (t - 7 (1),
£20, 4t k=120
x(t)—x () =p(x(ty), k=1,2,...
x(@)=¢0), 0c¢l-1,0],

03 0
. = < 0 —0.1> =D, (44)

0.1 0 0.7 0
= (0 0.2>‘G’ H‘<0 0.6>'
Let § = 1.5. Then we can use Matlab LMI toolbox to solve
the LMI condition (10) and obtain t min = -0.0046 < 0

which implies it is feasible (see [10, Remark 29(3)] for details).
Further, extracting the datum shows

A = 0.9883, (45)

which means 0 < A < 1. Thereby, we can conclude from
Theorem 8 that this impulsive fuzzy dynamic equation is
exponentially stable in the mean square.

5. Conclusion

By formulating a contraction mapping and the matrix expo-
nential function, the author applies linear matrix inequality
(LMI) technique to investigate and obtain the LMI-based
stability criterion of a class of time-delay Takagi-Sugeno (T-
S) fuzzy differential equations. It is the first time to obtain the
LMI-based stability criterion derived by a fixed point theory.
The LMI methods have high efficiency and other advantages
in large-scale engineering calculations. And the feasibility of
LMI-based stability criterion can efficiently be computed and
confirmed by computer Matlab LMI toolbox. A numerical



example is presented to illustrate the effectiveness of the
proposed methods. In the end of this paper, we have to point
out that there are still many difficulties in obtaining the LMI-
based stability criteria for some other dynamics equations,
such as Cohen-Grossberg neural networks (see, e.g., [11, 19])
and other neural networks. These problems remain open and
challenging.
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