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We consider the existence, uniqueness, and asymptotic behavior of a classical solution to the initial and Neumann boundary value
problem for a class nonlinear parabolic equation of Monge-Ampeére type. We show that such solution exists for all times and is
unique. It converges eventually to a solution that satisfies a Neumann type problem for nonlinear elliptic equation of Monge-

Ampere type.

1. Introduction

Historically, the study of Monge-Ampére is motivated by the
following two problems: Minkowski and Weyl problems. One
is of prescribing curvature type, and the other is of embedding
type. The development of Monge-Ampére theory in PDE is
closely related to that of fully nonlinear equations. Generally
speaking, there are two ways to tackle the problems. One is
via continuity method involving some appropriate a priori
estimates, and the other is weak solution theory. Monge-
Ampere equations have many applications. In recent years
new applications have been found in affine geometry and
optimal transportation problem.

Many scholars have studied this kind of equations (see,
e.g., [1-5] and the references given therein). Their main work
is directed at the first or the third boundary value problem.
But concerning Neumann boundary value problem, there is
lack of research. In this paper, we consider the existence,
uniqueness, and asymptotic behavior of a classical solution to
the initial and Neumann boundary value problem for a class
parabolic equation of Monge-Ampere type as follows:

i = det'” (Diu) - g, (xu) in Qx(0,T],
on 0Q x [0,T], (1)
in Q,

u, =@ (x,u)

Ul =ty

where 7 = Ju/0t and Q is a bounded, uniformly convex
domain in R” with the boundary 0Q € C***. v denotes the
unit inner normal on 0Q which has been extended on Q; to
become a properly smooth vector field independent of t. For
some Ty, Ty € (0,T), when t € (0,T;], g,(x,u) = g,(x,u),
and when t € (T, T], g,(x,u) = g,(x,u). The function g, €
C****(QxR),0=1,2. For each x € Q, lim, _, T gr(x, u(x, 1) =
9,(x, u(x, Ty)). Here ¢ € C******(Q x R) and u, € C*"*(Q).
The initial value u, is a strictly convex function on Q. In the
sequel we assume for simplicity that 0 € Q.

To guarantee the existence of the classical solutions for (1)
and convergence to a solution with prescribed curvature, we
have to assume several structure conditions analogous to [6].
These are

_ 09 (x,2)
., = T > o >0, (2)
9:>0, (9,), = 99, (x:2) >0, foro=12 (3)
0z
det'’" (Diuo) - g(x,uy) > 0. (4)

Moreover, we will always assume the following compati-
bility conditions to be fulfilled on 0Q x {t = 0}:



(“o)v =¢ (x, ”0) >
(detl/n (Diuo) - g (% uo))v (5)

= ¢, (x,u) (detl/n (Diuo) - g (% “0)) .

Elliptic equations of Monge-Ampére type have been
explored in [7-10] by using the continuity method. Some of
the techniques used there will be applied in our paper as well.
For the parabolic case, Schniirer and Smoczyk [6] consider
the flow of a strictly convex hypersurface driven by the
Gauss curvature. For the Neumann boundary value problem
and for the second boundary value problem, they show that
such a flow exists for all times and converges eventually
to a solution of the prescribed Gauss curvature equation.
Zhou and Lian [11] proved the existence and uniqueness of
classical solutions to the third initial and boundary value
problem for equation of parabolic Monge-Ampere type of the
form —ou/ot + detl/"(Diu) = f(x,t). In this paper we will
consider more general case than [11] under the structure and
compatibility conditions analogous to [6] and extend some
results in [7] from elliptic case to parabolic case.

The organization of this paper is as follows. In Section 2,
we will review some notations, definitions, and results. In
Section 3, we will obtain the uniqueness of the strictly convex
classical solutions by the comparison principle. In Section 4,
we shall prove uniform estimates for |s]. This will be used
in Section 5 to derive C’-estimates. C' -estimates then follow
from [7]. In Section 6, we shall derive C*-estimates and the
C*PIHPI2_estimates. In Section 7, we will give the proof of
Theorem 1.

Our main result is as follows.

Theorem 1 (the main theorem). Assume that Q is a bounded,
uniformly convex domain in R" with the boundary 0Q €
C***. v denotes the unit inner normal on 9Q which has been
extended on Qp to become a properly smooth vector field
independent of t. Let g, € C*™*™(Q x R), 0 = 1,2, and
@ € CT(Q x R) that satisfy (2)-(3). Let u, € C*"(Q)
be a strictly convex function that satisfies (4). Moreover, the
compatibility conditions (5) are fulfilled. Then there exists a
unique strictly convex solution of (1) in K*** for some o €
(0, 1), where

K" = {v () | v(x,1) € C (Qr) nC™ (Qr)

and v (-, t) is strictly convex for every time
(6)
te [0, T] } n C4+0c,2+zx/2 (QT) ,

Q= Qx(0,T].

Ast — oo, the functions ul, converge to a limit function

u® such that u®™ is of class C*(Q) and satisfies the Neumann
boundary value problem

et (D2u®) = g, (x,u®) in Q
(7)

u? (x) = @(x,u™) on 0Q,

where v is the inward ponting unit normal of 0C).
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Proof. Uniqueness of the strictly convex classical solution is
given by Theorem 5. From the estimates obtained in Sections
4-6, we get the existence and the asymptotic behavior of the
classical solution in Section 7. O

2. Review of Some Notations, Definitions,
and Results

We first review some notations and definitions as follows:

R" is the n-dimensional Euclidean space with n > 2;

Q is a bounded, uniformly convex domain in R", and
0() denotes the boundary of (;

Qr = Q x (0,T], and 0pQ; denotes the parabolic
boundary of Qy, 0pQr = Qp — Qs

i = u/ot, it = O°u ot

u; = Dyu = ou/ox;, Du = (Dyu,...,D,u);

|Du|2 = z:‘:l |Di1/l|2, Dl] = az/axixj;

(uij ) denotes the inverse of (uij);

tr(Diu) denotes the trace of the Hessian matrix (u,-j);

det(Diu) denotes the determinant of the Hessian
matrix (uij);

Cl’k(QT) = {u(x, t) | D;u and D{ u are all continuous
inQr(0<i<,0<j<k}

cArebral2 - 1y DPDIu € C***(Qy), for all fand r
that satisty || + 2r < 21} with the norm

.
|u|2l+oc,l+oc/2;QT = Z |DﬁDtu

|B|+2r<2i w50 ®
+2r<

Indices z and p; denote partial derivatives with respect
to the argument used for the function u and for its gradi-
ent, respectively. This paper adopts the Einstein summation
convention and sums over repeated Latin indices from 1 to 7.
For example, u;»' means Y u;»'. We will say “a constant C
under control” or “a controllable constant C” if the constant C
(independent of T') depends only on the known or estimated
quantities, for example, the C* normal of u, and n-the
dimension of R". We point out that the inequalities remain
valid when C is enlarged.

Now, we state existence results.

Lemma 2 (see [11]). Let F(Diu) = detl/”(Diu), Fij(Diu) =

8F(Diu)/8uij; then F(Diu) is a concave function, (Fij(Diu))

is a positive matrix, and tr(Fij(Diu)) =y, F”(Diu) > 1.

Lemma 3 (see [12]). If f € C*([0,1]), then there exists a
constant M which is independent of f, such that

7T b (et + D) ©)

where || f|| = max{| f(x)| : 0 < x < 1}.
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3. Comparison Principle and Uniqueness

This section is concerned with the uniqueness of the strictly
convex classical solution for (1). First of all, we will prove a
comparison principle as follows.

Lemma 4. Assume that u,v € CZ’I(Q_T) and u(-, t), v(-, t) are
all convex for every time t € (0,T]. For some T,, T, € (0,T),
whent € (0,T,], g,(x,u) = g,(x,u), and when t € (T,,T],
o, u) = gy(x,u). Let g, € C*?(QxR),0 = 1,2, and (9y), =
09,(x,2)/0z = 0. Moreover, assume that

1) -u + detl/”(Diu) - g,(x,u)
go(x,v) in Qx (0,T],

(2) if u> v, thenu, > v, on 0Q x [0, T],

B)usvonQx{t=0}

> —i + det'/"(D?v) -

where v is the inward pointing unit normal of 9Q); then u < v
in QT‘
Proof. Consider

—u+det1/"( ) go (x,u)— (i)+det1/"( ) 9o (%, v))

=~ (-9

1 9det'’" [sD2u + (1 - 5) DZv ]
+IO a(su +(1- )vij)

ij
19g, (x,su+(1-s)v)
_L o(su+(1-s)v)

ds(u - v);;

ds(u-v)

:—(a—i/)+aij(u—v)ij—b(u—v),
(10)

where "/ j (adetl/"[sDzu + (1 - s)Dzv]/a(su + (1 -

s)vij))ds, b= _[0 (09, (x, su+ (1 = s)v)[0(su + (1 — s)v))ds.

From the assumptions and Lemma 2, we obtain that (@)
is a positive matrix and b > 0.

Combining (10) with condition (1), we infer that
bu-v)=0

—(@u-v)+a’(u-v); - in Ox(0,T];

(11)

an application of the weak parabolic maximum principle
gives maxg- (u —-v) < maxaPQT(u — v)". In addition, from
condition (2) u — v cannot admit a positive maximum on
0Q x [0, T]. And from condition (3), u < von Q X {t = 0}. So
we obtain that u < vin Q. O

Theorem 5. Under the assumptions of Theorem 1, there exists
a unique classical solution of (1).

Proof. Assume that u,v € C*>'(Qy) are two classical solutions
of (1). Then we have
azdetl/"( ) go (x,u) in Qx(0,T],

(12)

u=1uy(x) on Qx{t=0};

3
meanwhile,
i/:detl/"( ) go (x,v) in Qx(0,T],
(13)
v=uy(x) on Qx{t=0}.
Thus,
—L'¢+det1/"( ) Jo (x,1)
= —i+det'’" (D ( ) gy (x,v) inQx(0,T], (14)
u=v on Qx{t=0}.

It follows that conditions (1) and (3) in Lemma 4 are satisfied.
From u, = ¢@(x,u) on 0Q x [0,T] and the structure
condition (2), we obtain that condition (2) in Lemma 4 is
satisfied.
Since g, (Q x R) and the structure condition
(3) is satisfied, we obtained from Lemma 4 that u = v for all
(x,t) € Q_T O

€ C2+o¢,2+zx

4. u-Estimates

The proof of the ii-estimates can be carried out as in [6]. For
a constant A we define the function r = *(1)?; thus

# = e (@)? + 2¢Muii

= Ar+ ZEAtu% (detl/” (Diu) - g, (x, u))

2 M. i n (2
= Ar+ e i - det " (Dxu) -2r(9g,),

< e i) et (D20) - 2(s,),

i eMdet!" (D u) wii,

+(A-2(g,).) -

" 2
detl/ (D u)u Ty — E i
(15)

So (1) implies the following evolution equation for 7:

1 2
det "(D u)u rij = e

i 2 M degh/n (D u)u Wt

" e)

+(A-2(g,).) -

Theorem 6. As long as a strictly convex solution of (1) exists,
one obtains the estimates

litlyg, < M, (17)
where M is a controllable constant.

Proof. If (i1)* admits a positive local maximum in x € Q) for
a positive time, then we differentiate the Neumann boundary
condition and obtain from (2) that

(@?), = 2u(i), = 20 (i,) = 2()°p, >0 (18)

which contradicts the maximality of (11)? at x.



Now we choose A = 0 in (16) and get

dw)?®
dt

Lt () (@),

- %uijdetl/” (D2u) i, - 2(g,), (@) 19)
| YT i, N2 \2
< ;det (Dxu)uj((u) )ij -2(g,),@)".

Since det Du > 0, (g,), > 0, we obtain from the parabolic
maximum principle that

+

%ax(a)z < max( () (20)

PT

From the aforementioned a positive local maximum of (11)?
cannot occur at a point of 0 for a positive time, so

(1)* < ntq_%x(a)z = || < max i (21)

From the fact that the solution is smooth up to the initial time
t =0, we get

i = det'/" (Diuo) ~g1(xuy) on Qx{t=0}. (22)

By (21) and (22), there exists a controllable constant M such
that IL'tIOET < M. Here we have used the fact that Uy € cHQ).
O

Lemma 7. If0 < ti(x,0) # 0 fort = 0, then a solution of (1)
satisfies 11 > 0 or equivalently detl/”(Diu) - g, (x,u) > 0 for
o=12andt > 0.

Proof. We use the methods known from [6]. Differentiating
the equation

i = det'" (Diu) - g, (x, 1) (23)
yields
Ll 2 Y .
il = ;det (Dxu) uiy; —(g,) 1 (24)
From (24) and parabolic maximum principle, we see that
inf (i) > inf (21)_
igf 0> jnf @)
where (i7)_ = min{z, 0}.
If & admits a negative local minimum in x € 0Q for a

positive time, then we differentiate the Neumann boundary
condition and get from (2) that

@), = (&,) =9, <0 (26)

which contradicts the minimum of (1) at x. Since 0 < u(x;, 0),
it follows that inf 9,0y (z1)_ = 0. That is,

l(li)le () > alngfT(u)_ =0. (27)
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So 11 > 0 or equivalently detl/”(Diu) - go(x,u) = 0foro =
1,2and t > 0.

From (24) and the strong parabolic maximum principle
[13], we obtain that i has to vanish identically if it vanishes in
(x9>tg) € Q% (0,T], contradicting &t # 0fort = 0.1fiz = 0
for x,, € 0Q), the Neumann boundary condition implies that

(u)v = (l/l) (Pz = 0’ (28)

but this is impossible in view of the Hopf lemma applied to
(24).

Consequently, if 0 < #1(x, 0) # 0fort = 0, then a solution
of (1) satisfies t1 > 0 or equivalently detl/"(Diu)—go(x, u)>0
foroc=1,2andt > 0. OJ

5. C’- and C'-Estimates

In this section we derive the C°- and C'-estimates of the
solution to problem (1).

Theorem 8. Let Q) be a bounded, uniformly convex domain in
R". Also, u € CZ’I(QT) n CI’O(Q_T) is a strictly convex solution
of (1). Then there exists a controllable constant M, such that
IMlO’@ < MO‘

Proof. Since (4) is satisfied, we obtained from Lemma 7 that
i > 0in Qp. Sou(x, t) > u(x,0) = uy(x). Asuy(x) € C**(Q),
then there exists a controllable constant N, such that

u(x,t) >N, in Q. (29)

Next we will prove that u is uniformly a priori bounded
from above.
Ata maximum of u, which necessarily occurs on 02 since
u is convex, we have 1, < 0. Since u,, = ¢@(x,u) on 0Q x [0, T1],
then
@(,u)<0 (x,t) €0Qx][0,T]. (30)

From (2) we get that ¢(-,z) — oo uniformly asz — oo.
Then we can deduce that ¢(x,z) > O forall x € 0Q and z >
N,, where N, is controllable constant. Combining (30) yields

u < N,. (31)
This completes the proof of the theorem. O

Theorem 9. Let Q) be a bounded, uniformly convex domain in
R" andu € C*? Qp)n cto (Qq) is a strictly convex solution of
(1). Then one has

sup |Du| < M, (32)
Qr

where M* is a controllable constant.

Proof. For any t, € [0,T], u(x,t,) is a continuous differ-
entiable, convex function. From u, = ¢(x,u) and the -
estimates, we get

> -M, (33)
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where M is a controllable constant. Then using Theorem 2.2
in [7], we have

|Du (x,t))| < M; on Q. (34)
Since ¢, is arbitrary, we obtain that
|Du| < M, (35)

where M™ is a controllable constant. This completes the proof
of the theorem. O

6. C*- and C**P1*P/2_Estimates

This section is concerned with the C?-estimates and the
CHP1+BI2_estimates of the solution to problem (1).

Theorem 10. Assume that Q is a C* bounded, uniformly
convex domain in R" and u € C4’2(Q_T) is a strictly convex
solution of (1). Let g,, € C*?(QxR), 0 =1,2, Qe C>(QxR).
Then one has

ngp |Diu| < M”, (36)

where M"" is a controllable constant.

Proof. Let& € S"". First we observe that Dggu > 0, since u is
strictly convex. So we only need to prove the fact that Dg;u is
a priori bounded from above.

We define for (x,t,&) € Q x [0,T] x S*! that

w (x,t,€) = Dgu —V (x,1,€) + K|x%, (37)
where V(x,&,t) is given by
V(x,E1) = 2(E) & (D;p — DyuD;vy) . (38)

Here v is a smooth extension of the inner unit normal on 0Q
that is independent of ¢. ' is given by

E=E- (&), (39)

K is a constant to be chosen, and D indicates that the chain
rule has not yet been applied to the respective terms.
Let

a=2(&v) (G"zlec - E;Dﬂ’k)’

b=2() g,

(40)

then
V(x,&t) = auy + b,
(41)
@ (x,t,8) = Dggtt — ayuty. — b + K|x|.
We compute that

a ..
_a_(: + F'Dyjw = — Dggyut + @Dyt + Dy - wy + Dyb

+ F'Dygeu — ay F7 - uy — 2F Dyay - g

_Fi. we D, ~ File.jb + 2Kpijaij.
(42)

Next, we estimate the right-hand side of (42), respectively.

Let F(Diu) = detl/"(Diu). From Lemma 2, we have that
F (Diu) is a concave function, (F” (Diu)) is a positive matrix,
and tr(F7(Du)) = YL, F'(D2u) > 1.

Differentiating the equation

u=F (Diu) - gy (x,1) (43)
twice in the direction &, £ € §"™!, we therefore obtain

. ikl
—Dt&'u + Fl]Dij&::u + FY Dijquklfu = D{E.% (X, u) .

(44)
Using the concavity of F, we have
FM D euDygsu < 0; (45)
then
—Dygeu + FijDiﬁEu > Dgrg, (x,u). (46)
Differentiating the equation
u=F (Diu) - gy (x,1) (47)
in the kth coordinate direction, we obtain
~Dyu + F'Du = Dyg,. (48)

From (FY) = aF(Diu)/auij = (F(Diu)/n)uij, where (1) is
the inverse of (u;j), we have

F(Du) F(DZu)

Uy - D,a, = ——D;a;.

if —
F Diak'ukj = " i%

(49)

Using the estimates of i and u, we obtain that F(D2u) = ti+g,
is bounded. From

! !
Djaj = zlele (q’zfj - fiDiVj)

+2 <£’ V) [(q)zj + ¢zszu) E; - E;D]'iv]'] >

as well as C°- and C'-estimates, it follows that |Dja;| is
bounded. Thus there exists a controllable constant C such that

'FijDiak -ukj| <C. (51)

(50)

Since (F7) is positive definite, we can get that
[Pl < 3 (B + ). (52
Applying (52), C'-estimates, and the following equality:
Djpar = 2§Dy, (‘szzi - E:D;‘Vk)
+2§ D, [(%h + @) & — E;Dihvk]
+ 28Dy, [(‘sz + (Pzzuj) & - Ei,Dijvk]
+2(& ) { [(‘szh + (szzuh> + (P + Pazstin) U

+‘Pzz”jh] f;lc - fi’Dithk} >
(53)



we obtain that

. Mthjak' s |”thj2 (&) %Z”jhfﬂ +C |th|

(Diu

F : .
= [2u (6.7) 9228 " )uhjujh +C|FY|

< C+Cytr(FY),
(54)

where C, and C, are positive controllable constants.
From (51), (54), and the estimates like these, it follows that

|Dtak u, +D,b— 2FijD,'ak U~ Fi. ukDijak - FijDijb|
<qgtr (Fij) +6,
(55)

where ¢, and ¢, are positive controllable constants. Then using
(46) and (48), we can obtain

Jw ii
T + F]Dijw > Dge gy — %Dy g,

~(atr(F7) + &) + 2KF5,

= (9o)ee + 2(0) g, g + (9o) . 1t
+(90),uge = a ((90) + (96) )
— (e tr (F7) + ¢,) + 2KF5,;

> (9o )ee + 2(90) g, g + (90) Mk
—a ((9o)y + (95) )
- (cl tr (Fij) + cz) +2KFi8

ij>
(56)

where we have used the structure condition (3) and the
convexity of u. Using C°- and C'-estimates, there exist
positive controllable constants ¢; and ¢, such that

a(() ii ii
-5, tF'Djez (2K - ) tr (F7) = ¢, (57)

Since tr(F7) > 1, we fix K > (1/2)(¢; + ¢4 + 1) and deduce
that

2 ;)
—a—‘:’ +FIDjw> 1. (58)

Thus by the parabolic maximum principle, we have

w < supw.
aP(QT (59)

Aswisknown on Q x {f = 0} xS™ !, we need only to estimate
wondQ x [0,T] x S,
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The estimation of @ on 9Q x [0,T] x S"* splits into
four stages according to the direction . The first three stages:
(i) the mixed tangential normal second derivatives of u on
0Q x [0,T] x §"*, (ii) & tangential, and (iii) £ nontangential,
can be carried out as in [7]. The details of this procedure could
be seen in [7]. Stage (i) is readily estimated. Stages (ii) and
(iii) are reduced to the purely normal case. So we only give
the proof of the fourth stage: (iv) £ normal. We extend the
argument given in [2] and modified for the parabolic case.

Set h(x,t) = v .Diu — ¢(x,u) = D,u — ¢(x,u). By (48), a
direct calculation yields

Lh=-D,h+ F'Dyh
=-Du+¢,Du+ kaijDijku
+2F' DDy + F'Dyw Dy - F'Djgp
(60)
=Y ((ga)k + (go)zuk) + (Pthu
+ 2F' DD + FIDyw Dy
- FY (‘Pij + 20U + @ uu; + S"z“ij)~

Thus, using (F7) = (F(Diu)/n)uij, (52), and our a priori
estimates, we have

|Lh| = |-D;h+ F'D;h| < Cy (1+tr (F”)) < Ctr (F7),
(61)
where C is a controllable constant.
Let (x,t,) € 0Q x [0,T], and (x,¢,) is arbitrary. We

observe that Q) is a bounded, uniformly convex domain in R",
so there exists a uniformly closed ball By(x*) such that

Q c By (x*) c R",
(62)
0By (x*) N0Q = {x,}.

Meanwhile, we assume that |x — x*| > 1 for all x € Q.
We consider the auxiliary function in Bg(x™) x [0,T]

%2
q(x,t) = SR Kb (63)

where K| is a positive constant to be determined.
If we choose K, sufficiently large, it is easy to see that
q(x,t) > h(x,t) on 0pQy. For sufficiently large K, we have

9 e
_a_‘z + FID,q = —2K, tr (F) Kl

_ 4KfFij(x _ x*)i(x _ x*)jeKllx—x*lz
< -2Ktr (Fij) ke

< -Ctr(F7),
(64)

where we have used the fact that (F7) is positive definite.
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By (61) and (64), we get

9(q-h)

=+ F'D;;(q-h) < 0; (65)

thus we obtain g—h > inf; o (g—h) = Oon Qr inview of the
parabolic maximum principle. Since q(x,, t,) = h(x,, t,) = 0,
it follows that

(q=h) (xo+pv) = (a-h) (x0t0)

>0 (66)
P
thus
—h —(g—h) (xpt
i @M Gt =@ R Got) o
p—0* P
Therefore,
D, (q-h)(xp.ty) 2 0. (68)
Hence,
h, (xo.to) < 4, (x0.t0) < s (69)
where ¢, is a controllable constant.
For —g, in a similar fashion we can obtain
h, (x0.t0) 2 =6, (70)
where ¢, is a controllable constant.
Since (x,,t,) € 0Q x [0, T] is arbitrary, we obtain
sup D,u<C, (71)

2Qx[0,T]

where C is a controllable constant.

Combining the estimates of the four stages, we obtain that
there exists a controllable constant C such that Dg;u < C on
Qr-

Since & is an arbitrary direction in $"7', now let & =
et ej/21/2, where e; = (0,0...,1,...0) = ith standard coor-
dinate vector. Thus we can get the required bounded for D>u
immediately. This completes the proof of the theorem. [

From the uniform C’-estimates, ii-estimates, and the
assumptions on g,, o = 0,1, we can conclude that F(D*u)
has a priori positive bound from below. And using the
uniform C*-estimates for u, we obtain that (1) is uniformly
parabolic. So we can apply the method of [14] to obtain
the C**P1*P/2 interior estimates and the estimates near the
bottom. Using the estimates near the side in [15], we can get
the Hélder seminorm estimates for &2 and D2u. Thus we have

the C*P1*P/2_egtimates.

7. The Proof of Theorem 1

In Section 3 we proved the uniqueness of the strictly convex
solution for (1). The existence of the strictly convex solution
for (1) is obtained by using the continuity method. Applying

Theorem 5.3 in [16], the implicit function theorem, and the
Arzela-Ascoli theorem, we can get the desired result. Then
the standard regularity of parabolic equation implies that u €
CHP2P2(Q,). Since there are sufficient a priori estimates,
we can extend a solution of (1) on a time interval [0,T] to
[0,T + €) for a small € > 0. In this way we obtain existence
for all + > 0 from the a priori estimates. We then need
the following lemma to prove the asymptotic behavior of a
classical solution of (1).

Lemma 11. If a solution of (1) exists for all t > 0 and (4)
is satisfied, then ast — oo, the functions ul|, converge to a
limit function u™ (x) such that u™(x) satisfies the Neumann
boundary value problem

det'’" (D2u®) = g, (x,u™) x€Q,
(72)
(o) (o)
u,” =@ (x,u”)
where v is the unit inner normal on 0C). Moreover, u(x,t) —
u®(x) in C*-norm.

x € 0Q),

Proof. We may assume that(-,0) # 0and proceed asin [17].
Integrating the equation

i = det!/" (Dﬁu) - g, (x,u) (73)
with respect to f yields
u(x,t) —u(x,T,)

i (detl/" (Diu (x, T)) - g, (xu(x, T))) dr.

B jt (74)

The left-hand side is uniformly bounded in view of the
C’-estimates. By applying Lemma 7, detl/”(Diu) - g, is
nonnegative, and we can find that t, = t,(x) — o0 such
that

1/ 2
(det " (Dxu) - gz)L:tk — 0. (75)
On the other hand, u(x, -) is monotone, and therefore
Jm w(x0) = u (x) (76)

exists and is of class C*(Q) in view of the a priori estimates.
From differential interpolation inequality in Lemma 3, we
can obtain the interpolation inequality of the form

IDa| < C @l - (| D3 + Il ) (77)

for i = u — u®, where | - || denotes the sup-norm.

Dini’s theorem and interpolation inequalities of the form
(77) yield u(x,t) — u*(x) in C*-norm. We finally, obtain
in view of (75) that u® is a solution of the problem (72). This
complete, the proof of the lemma.

Now we completed the proof of Theorem 1. O
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