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We propose a projection-type method for multivalued variational inequality. The iteration sequence generated by the algorithm
is proven to be globally convergent to a solution, provided that the multivalued mapping is continuous with nonempty compact
convex values. Moreover, we present a necessary and sufficient condition on the nonemptiness of the solution set. Preliminary

computational experience is also reported.

1. Introduction

We consider the following multivalued variational inequality,
denoted by GVI(T, K) to find x* € K and w* € T(x") such
that

(w',y-x")>0, VyeKk, (1)
where K is a nonempty closed convex set in R”, T is a
multivalued mapping from K into R" with nonempty values,
and (-,-) and || - | denote the inner product and norm in R",
respectively.

Projection-type algorithms have been extensively studied
in the literature; see [1-8] and the references therein. Ref-
erence [2] proposes a subgradient extragradient algorithm
for solving single-valued variational inequality in which
the next iterate is a projection onto a halfspace whose
bounding hyperplane supports the feasible set K at a certain
point. Reference [6] proposes a projection method for varia-
tional inequality problems in which the hyperplane strictly
separates the current iterate from the solution set of (1).
Theory and algorithm of multivalued variational inequality
have been much studied in the literature [1, 9-18]. Various
algorithms for computing the solution of (1) are proposed.
The well-known proximal point algorithm [19] requires the
multivalued mapping T  to be monotone. Relaxing the mono-
tonicity assumption, [12] proposed the double projection

algorithm for solving (1); also see [5]. Assume that T is pseu-
domonotone; [20] described a combined relaxation method
for solving (1); see also [21]. Recently, [22] proposed an
extragradient method for generalized variational inequality.
In [22], the next iterate is the projection of the current iterate
onto the feasible set K; also see [23].

In this paper, we introduce a projection-type method for
multivalued variational inequality in which the next iterate
is a projection of the initial iterate onto intersection of two
halfspaces containing the solution set. We obtain a global
convergence theorem, assuming that T is pseudomonotone
on K with respect to the solution set; see (3) in the following.
Moreover, we show that the iterative sequence diverges if and
only if the solution set is empty. We also present numerical
results of the proposed method. Now let us compare our
algorithm with algorithms in [5, 12, 22, 23]. First, the next
iterate in our method relates to the initial point. In [5, 12],
the next iterate is the projection of the current iterate onto
the intersection of the hyperplane and the feasible set K.
Secondly, the next iterate in our method is a projection of
the initial point onto the intersection of the two hyperplanes
and the feasible set K. In addition, our Armijo-type linesearch
procedure is also different from those in [12, 22, 23].

The organization of this paper is as follows. In the next
section, we present the algorithm details and some lemmas.
We prove several preliminary results for convergence analysis
in Section 3. Numerical results are reported in the last section.



2. Algorithms

Let us recall the definition of continuous multivalued map-
ping. T is said to be upper semicontinuous at x € K if,
for every open set V containing T(x), there is an open set
U containing x such that T(y) ¢ Vforally ¢ KNnU.T
is said to be lower semicontinuous at x € K if, given any
sequence {x;} converging to x and any y € T(x), there exists
a sequence y; € T(x;) that converges to y. T is said to be
continuous at x € T if, it is both upper semicontinuous and
lower semicontinuous at x. If T is single valued, then both
upper semicontinuity and lower semicontinuity reduce to the
continuity of T.
T is called pseudomonotone on K in the sense of
Karamardian [24], if, for any x, y € K,
(vx=y)>0, YWeT(y)= (u,x—y)

(2)
>0, YueT(x).

Let S be the solution set of (1), that is, those points
x* € K satisfying (1). Throughout this paper, we assume
that the solution set S of the problem (1) is nonempty and
T is continuous on K with nonempty compact convex values
satisfying the following property:

({,y-x)>0, VyeK, {eT(y),¥xeS.  (3)

The property (3) holds if T is pseudomonotone on K.

Let ITx denote the projector onto K, and let 4 > 0 be a
parameter.

Proposition 1. x € K and & € T(x) solves the problem (1) if
and only if

7, (6,8 == x — Tl (x — p) = 0. (4)

Algorithm 2. Choose x, € K and three parameters ¢ >
0, u€(0,1/0),and y € (0,1). Seti = 0.

Step I If r,(x;,w) = 0 for some w € T(x;), stop; else take
arbitrarily w; € T(x;).

Step 2. For
HT(xi—ykr#(xi,w,-)) (wl)

every positive integer k, let y, =

Step 3. Let k; be the smallest nonnegative integer k satisfying

o (o) 2 o () ©
Set#; =y’ and z; = x; - 17 (3 wy).

Step 4. Compute x;,; = Hppqpar(X,), where

H : {x €R": <yki,x—z,-> SO},

(6)

H?

Fi= {x e R": (x - x;,x9 — x;) < 0}.

Leti:=i+ 1, and go to Step 1.
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Remark 3. Let us compare the previous algorithm with
Algorithm 3.1 in [11]. First, the parameter o > 0 is required
to be strictly less than 1, and u is assumed to be equal to
1 in their Algorithm 3.1. In our Algorithm 2, the parameter
o can take any positive scalar and ¢ € (0,1/0). Secondly,
since T has compact convex values, T has closed convex
values. Therefore, y; in Step 2 of our algorithm is uniquely
determined by k. Hence, it is easy to compute the value of
v, satisfying (5). In Step 1 of their Algorithm 3.1, since F
is a multivalued mapping, it is very difficult in practice to

compute the value of k satisfying (' ke F(x* —ymr(xk, &y)and

((k, r(xk,fk)) > olr(xF, Ek)ll2 at the same time. In addition,
we report numerical results concerning our algorithm, while
[11] does not present numerical experiments for the proposed
algorithm. Finally, we compare the performance of our
algorithm and Algorithm 3.1 in [11] (see Table 4).

Lemma 4. The sequence {y,} generated in Step 2 has the
following properties:

yeT (xi - Yk”u (x5 wi)) > klingOYk =w.  (7)
Proof. See Lemma 2.1in [5]. O
Lemma 5. For every x € K and w € T(x),

<w, 7. (x, w)> > y_1||ry (x, w)||2. (8)
Proof. See Lemma 2.3 in [5]. O

We show that Algorithm 2 is well defined and imple-
mentable.

Lemma 6. Ifr,(x;,w;) #0, there exists k satisfying (5).

Proof. In view of Lemma 4, we have lim, _, y, = w;
Therefore,

klingo <,'ka , (xi’wi)> = <wi’ru (xi’wi)>
2 .“_1"”,4 (xi’wi)"z ©)

2
» ol o]

where the first inequality follows from Lemma5 and the
second one follows from y~' > o and ru(xp w;) #0. O

Lemma?7. Let K be aclosed convex subset of R". Forany x, y €
R" and z € K, the following statements hold:

(i) (Mg (x) - x,z = g (x)) = 0,

(i) | Mg (x) = TeOI? <l x = pl*= I TTg(x) = x + y =

HK(}’)||2~
Proof. See [25]. ]
Lemma 8. Let x* € S and hi(x) = (y,.x - z). If
r,(x;;w;) # 0, then the hyperplane
OH, = {x e R" : h; (x) = 0} (10)

strictly separates x; and the solution set S.
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Proof. Since z; = x; — 1;7,,(x;, w;),
h(x;) = (Vi Xi = 23)
= 1Yk Ty (x> w;))
2 0771"7,4 (xi’wi)"z
> 0,

where the first inequality follows from (5) and the last one
follows from r#(xi, w;)) # 0. Since T satisfies the property (3),

hi(x*) <0. O
Lemma9. IfS#0, then S ¢ H' n H NK.

Proof. It follows from Lemma 8 that S ¢ H,' N K. Next, it is

sufficient to prove that S ¢ H; for all i > 0. The proof will be
given by induction.
Obviously, S ¢ H; = R". Suppose that

SCHI.Z, fori=m>0. (12)
Then, S ¢ H, N H> N K.
Let x™ € S. Since
Xmi1 = g a2 ake (x0)> (13)

it follows from Lemma 7 (i) that

(X" = X1 X0 = Xpi1) < 0. (14)
Thus, S C an +1- Therefore, we obtain that S ¢ Hi2 for all
i. O

Lemmal0. Let K C R” be a nonempty bounded closed convex

set, and let the mappingT : K — 2% be lower semicontinuous
with nonempty closed convex values; then, the solution set S of
GVI(T, K) is nonempty.

Proof. See Lemma 2.9 in [22]. O

The following lemma says that if the solution set S is
empty, then H; N H? N K is a nonempty set, which implies
the feasibility of Algorithm 2.

Lemmall. Let T : K — 2% be continuous with nonempty
compact convex values on K, and suppose that S = 0; then,
H} nH} N K#0 for all i.

Proof. On the contrary, suppose that there exists i, > 0 such
that Hiz n Hl.zu N K = 0. Then, there exists a positive number
M such that

{x;:0<i<iy} €B(xy M), (15)
where

B(xg, M) :={x € R" : |x — x,|| < M}. (16)

Since T(x) is continuous with compact values, Proposi-
tion 3.11 in [26] implies that {T'(x;) : 0 < i < iy} is a bounded
set, and so {x; — pw; : w; € T(x;), 0 < i < i} is bounded.
Without loss of generality, we assume that
{x;—pw, :w,; € T(x;), 0<i<iy} SB(xe,M). (17)
Consider the variational inequality GVI(T, C), where
C =KnB(xy2M). (18)

It follows from Lemma 10 that the solution set of GVI(T, C),
denoted by S, is nonempty. We denote the three sequences
{H'},{H}, and {x;} by {H'},{H}, and {X}, respectively,
when Algorithm 2 is applied to GVI(T, C) with starting point
Xo. We claim that

(i) the set {X;} has at least i; + 1 elements;

" = 771 _ 71 2 _ .
(i) x; = X;, H; = H;, and H = H; for 0 <i <i;
(iii) x;, isnota solution of GVI(T, C).

Items (i) and (iii) are obvious. Next we prove the item (ii).
It is sufficient to prove that

g (x; — pw;) = T (x; - pw;) (19)

where w; € T(x;),0 <i <i,.
Since

0 = T (o = pw;)|| <[220 = T ()

+ "HK (%) = Tg (x; = I/‘wi)“

< "xo - X || T o = (x; = ;)|
< 2M,
(20)
where the second inequality follows from x; € K and

Lemma 7 (ii), so Ig(x; — pw;) € B(x0,2M)U, and hence,
Ik (x; — pw;) € K N B(x,,2M) = C. Therefore,

Mg (x; — pw;) = T (x; - pw;) . (21

Since S, # 0, it follows from Lemma 9 that H; NH nC # 0.
Therefore, Hi1 n Hi2 N K +0for 0 < i < i,, which contradicts
the supposition that H, n H, N K = 0. O

3. Main Results

Theorem 12. Let T : K — 2% be continuous with nonempty
compact convex values on K satisfying condition (3). Suppose
that Algorithm 2 generates an infinite sequence {x;}. If the
solution set S of GVI(T,K) is nonempty, then {x;} globally
converges to a solution x* of GVI(T,K) satisfying x* =
ITg(x).

Proof. Since x;,; = Hpiqpeak (%0), by Lemma 9 and the defi-

nition of projection, it follows that
s = x|l < |x" = %0, VX" €S. (22)

Therefore, {x;} is a bounded sequence.



Since x;,; € H} N H; NK € H}, Prp(x;,,) = X, Since

(z-x,% -x)<0, VzeH, (23)
it follows that
x; = pp (%) (24)

Thus, it follows from Lemma 7 (ii) that

I (1) — T ()|

< %1 = %o (25)

2
- ”HH} (Xi41) = i1 + %0 = Hpp (xo)" ;

that is,

41 = xi”z < iy - x0||2 = [|lx: - xo||2- (26)

Thus, the sequence {|lx; — x, ||} is nondecreasing and bounded
and hence convergent, which implies that

lhm sy — xi"2 =0. 27)

On the other hand, since

<yk,~’ Xi — Zi>

> V. (28)
[l

g (x) =x; -

and since x;,, € H;, we have
I = %01 = ”xi =g (xz)"

<yk » X >

llyk,.ll (29)

o Gwl
Ika ||

l >

where the second inequality follows from (5). Therefore, it
follows from (27) that

I G )|

lim #; =0. (30)

met Il

Since T is continuous with compact values, Proposition 3.11
in [26] implies that {T'(x;)} is a bounded set, and so the
sequences {w;} and {z;} are bounded. Thus, the continuity
of T implies that {T'(z;)} is a bounded set. Therefore, { )’k,-} is
bounded. It follows that
2
lim ni"r# (x; w,~)|| =0. (31)
i— 00
By the boundedness of {x;}, there exists a convergent subse-
quence {x,-j} converging to X.

Abstract and Applied Analysis

If X is a solution of the problem (1), we show next that the
whole sequence {x;} converges to x. Let x™ = TIg(x,). Since
x" € §, by Lemma 9,

x*€H,  NH_ nK, VjxLl (32)
Therefore,
"xij - x0|| < x" = x] - (33)
Thus,
L2 2 a2
'xij x| = ||xi]- - x0|| + [0 = %7

+2<

< 2y - x°|* + 2 <xij — Xgs X —x*>.

— X, Xo — * > (34)

Letting j — oo in (34), we have

%= x"|* < 2flxo = x*| +2 (%= x00 0 — %)
=2(x-x",xy—x") (35)
<0,

where the last inequality follows from Lemma 7 (i) and the
fact that x* = Ig(x,) and x € S. Therefore,

x=x" =T (x,)- (36)

Thus, the sequence {x;} has a unique cluster point IIg(x,),
which shows the global convergence of {x;}.

Suppose now that X is not a solution of the problem
(1). We show first that k; in Algorithm 2 cannot tend to co.
Since T is continuous with compact values, Proposition 3.11
in [26] implies that {T(x;) : i € N} is a bounded
set, and so the sequence {w;} is bounded. Therefore, there
exists a subsequence {wi]_} converging to w. Since T is upper
semicontinuous with compact values, Proposition 3.7 in [26]
implies that T'is closed, and so w € T(x). By the definition of
k;, we have

2
(o, (0 w7)) < U”rﬂ (xi’wi)" ’

Vui = HT(xi—yki’lrM(x,-,w,')) (wl) .

(37)

ki —1 _
If k,-j — 00, then X =y rM(x,-j,w,-]_) — X. The lower

continuity of T, in turn, implies the existence of w;, €
k.
T(x;, =y

uii - 1_IT(x —ykifilr (x W ))

-1 J— —_— .
r,(x; ,w; ) such that w; converges to w. Since
J 7 7
(w; ), we have u; € T(x; -
] ] J

K, — _
yi =5 (x, ,w; )) and IIu wijll < IIw,»j

J
= w and

Uipp Ty (x,-j, w,-j)> < a"rH (x,»j, w’}')“z‘ (38)

- w; |l. Therefore

lim; — oo, =

P
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Letting j — oo in (38), we have
(w.r, &) <ofr, @0, (39)
with r,,(-, ) being continuous. It follows from Lemma 5 that
;,t_l“ry x, E)“Z < o“rH (x, E)“z. (40)

Thus, we obtain the contradiction because y < 1/0. Therefore,
{k;} is bounded and so is {r;}.

By (31) and the boundedness of {;}, we obtain that
lim,-_>oo||rﬂ(xi,wi)|| = 0. Since r,(-,-) is continuous and
the sequences {x;} and {w;} are bounded, there exists an
accumulation point (x,w) of {(x;, w;)} such that r#(E, w) =
0. This implies that x solves the variational inequality (1).
Similar to the preceding proof, we obtain that {x;} globally
converges to x = ITg(x,). O

Remark 13. In [11], the mapping F is required to be pseu-
domonotone. Since the pseudomonotonicity implies condi-
tion (3), our assumptions of the mapping T are more general.

Theorem 14. Let T: K — 2% be continuous with nonempty
compact convex values on K satisfying condition (3). Suppose
that Algorithm 2 generates an infinite sequence {x;}. Then the
solution set S of GVI(T, K) is empty if and only if the sequence
generated by Algorithm 2 diverges.

Proof. In view of Theorem 12, it is sufficient to prove that
if the solution set is empty, then the sequence generated by
Algorithm 2 diverges. Since inequality (26) also holds in this
case, the sequence {||x; — x, ||} is still nondecreasing. We claim
that

lim ||x; - xO"2 = 0. (41)
11— 00

Otherwise, {x;} is bounded, and hence it follows from (26)
that

Jim [, x| =o. (42)

A similar discussion as in Theorem 12 would lead to the
conclusion that every cluster point of {x;} is a solution of
GVI(T, K), which contradicts the emptiness of the solution
set to GVI(T, K). O

4. Numerical Experiments

In this section, we present some numerical experiments for
the proposed algorithm. The MATLAB codes are run on
a PC (with CPU Intel P-T2390) under MATLAB Version
7.0.1.24704(R14) Service Pack 1. We compare the performance
of our Algorithm 2 and the algorithms in [5, 11, 12, 22]. In
Tables 1, 2, 3, and 4, “It” denotes number of iteration, and
“CPU” denotes the CPU time in seconds. The tolerance ¢
means that when [, (xw)ll <& the procedure stops.

Example 15. Letn = 3,

K::{xeRi:ix,:l}, (43)

5
TABLE 1: Example 15.
c Algorithm 2 (5, Algorithm 1]
It. (no.) CPU (Sec.) It. (no.) CPU (Sec.)
1077 23 0.34375 80 1.01563
107° 17 0.3125 57 0.828125
107 10 0.265625 34 0.5625
TABLE 2: Example 15.
. Algorithm 2 [12, Algorithm 1]
It. (no.) CPU (Sec.) It. (no.) CPU (Sec.)
1077 23 0.34375 35 0.375
107° 17 0.3125 25 0.3125
107 10 0.265625 15 0.28125
TaBLE 3: Example 15.
e Algorithm 2 [22, Algorithm 2.2]
It. (no.) CPU (Sec.) It. (no.) CPU (Sec.)
107 23 0.34375 27 0.390625
107 17 0.3125 21 0.375
107° 10 0.265625 14 0.3125
TABLE 4: Example 15.
e Algorithm 2 (11, Algorithm 3.1]
It. (no.) CPU (Sec.) It. (no.) CPU (Sec.)
1077 23 0.34375 190 1.15625
107° 17 0.3125 134 0.875
107 10 0.265625 79 0.5625
andT: K — 2% be defined by
T (x):={(t,t —x;,t —x,) : t € [0,1]}. (44)

Then, the set K and the mapping T satisfy the assumptions
of Theorem 12, and (0, 0, 1) is a solution of the multivalued
variational inequality. Example 15 is tested in [5, 12, 22]. We
choose 0 = 0.8,y = 0.6, and ¢ = 1 for our algorithm
and Algorithm 1in [5]; 0 = 04,y = 0.9,and ¢ = 1 for
Algorithm 1 in [12]; 0 = 4,y = 0.8, and y = 0.01 for
Algorithm 1in [22]; 0 = 0.9,y = 0.4 for Algorithm 3.1 in
[11]. We use x,, = (0, 1, 0) as the initial point (Tables 1- 4).
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