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We consider the weighted sinh-Poisson equation Au+26*|x[**sinhu = 0in B,(0),u = 0 0n 0B, (0), where € > 0is a small parameter,
a € (~1,+00) \ {0}, and B, (0) is a unit ball in R?. By a constructive way, we prove that for any positive integer 1, there exists a
nodal bubbling solution u, which concentrates at the origin and the other m-points g; = (A cos (27(I — 1)/m), A sin 2n(l - 1)/m)),

I=2,...

m+1

,m+ 1, such thatase — 0, 2¢%|x|**sinh u, — 8m(l +a)dy + )., 8n(—1)l_18;11, where A € (0,1) and m is an odd integer

with (1 + «)(m + 2) — 1 > 0, or m is an even integer. The same techniques lead also to a more general result on general domains.

1. Introduction

We are concerned with stationary Euler equations for an
incompressible, homogeneous, and inviscid fluid on a
bounded, smooth planar domain Q, consider

wW-V)w+Vp=0, inQ,
divw:=V-w=0, in Q, 1)
w-v=0, on 0Q,

where w is the velocity field, p is the pressure, and v is the
unit outer normal vector to 0. Let us introduce the vorticity
w = curl w. By applying the curl operator to the first equation
in (1), we have

w-Vw =0, in Q. (2)

On the other hand, the second equation is equivalent to
rewriting the velocity field w as

w=(Vy)" = (-0,9:0,¥). (3)

In return, the vorticity w is expressed as w = —Ay in term of
Y, the so-called stream function. Now, the ansatzw = w(y)
guarantees that (2) is also automatically satisfied, and then the
Euler equations reduce to solving the Dirichlet elliptic prob-
lem as follows

Ay =w(y), inQ,

v =0, on 0Q.

Over the past decades, some vortex-type configurations
for planar stationary turbulent Euler flows have aroused wide
concern among the people (see [1-3]). Many functions w(y)
have been chosen in the physical perspective to describe
turbulent Euler flows with vorticity w concentrated in small
“blobs” For example, on the basis of the statistical mechanics
approach, Joyce and Montgomery proposed the Stuart vortex
pattern w(y) = &%e¥ with a small positive parameter &
to describe positive vortices (see [4-8]). Meanwhile, they
also proposed the Mallier-Maslowe vortex pattern w(y) =
2¢” sinh y to describe coexisting positive and negative vor-
tices (see [9,10]). Recently, Tur and Yanovsky in [11] have used
the singular ansatz w(y) = e’e¥ — 47N, 8, to describe vortex

(4)



patterns of necklace type with N+1-fold symmetry in rational
shear flow, where N € N and §, denotes the Dirac mass at
q € Q. Now, we adopt another new singular ansatz in [12]
w(y) = 262 x| sinh y with & € (-1, +00) \ {0} to study the
corresponding vortices with concentrated vorticity. To do it,
we hope to investigate the effect of the presence of the weight
|x** on the existence of nodal bubbling solutions for the
weighted sinh-Poisson equation as follows:

sinhu =0,

Au + 2£2|x|2“ in B, (0),

©)

u=0, on 0B (0),
where ¢ > 0 is a small parameter, « € (—1,+00) \ {0}, and
B, (0) is a unit ball in R2.

Let us first recall the two-dimensional sinh-Poisson equa-
tion as follows:

Au +2¢* sinhu = 0, (6)

which relates to various dynamics of vorticity with respect
to geophysical flows, rotating and stratified fluids, and fluid
layers excited by electromagnetic forces (see [13-15] and the
references therein) and the geometry of constant mean cur-
vature surfaces studied by many works (see [16-20] and the
references therein). Recently, the asymptotic behavior of solu-
tions to (6) has been studied on a closed Riemann surface in
[21, 22], and the authors applied the so-called “Pohozaev
identity” and “symmetrization method,” respectively, to show
that there possibly exist two different types of blow up for a
family of solutions to (6). Furthermore, Grossi and Pistoia in
[23] exhibited sign-changing multiple blow-up phenomena
for the Dirichlet problem (6), more precisely, if 0 € Q2 and Q
is symmetric with respect to the origin, for any integer k if ¢ is
small enough, there exists a family of solutions to (6), which
blows up at the origin, whose positive mass is 4k(k — 1) and
negative mass is 47k(k+1). This gives a complete answer to an
open problem in [21]. Besides, for a similar equation, precisely
the Neumann sinh-Gordon equation on a unit ball, Esposito
and Wei in [24] also constructed a family of solutions with a
multiple blow up at the origin. On the other hand, Bartolucci
and Pistoia in [25] tried to construct blow-up solutions of (6)
with Dirichlet boundary condition, and proved that for e > 0
small enough, there exist at least two pairs of solutions, which
change sign exactly once, concentrate in the domain, and
whose nodal lines intersect the boundary. Furthermore,
Bartsch et al. in [26] obtained the existence of changing sign
solutions for this equation on an arbitrary bounded domain
Q, which have three and four alternate-sign concentration
points. In particular, when Q has an axial symmetry they
proved for each N € N there exists a nodal bubbling solu-
tion, which changes sign N-times and whose alternate-sign
concentration points align on the symmetric axis of Q. For
(6) with Neumann boundary condition, Wei et al. in [27]
constructed a family of solutions concentrating positively
and negatively in the domain and its boundary. As for the
presence of the weight |x|**, the authors in [12] showed that
there exists a family of nodal bubbling solutions u, to (5) only
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involving 0 < « ¢ N, such that 2¢*|x|** sinh u, not only devel-
ops many positive and negative Dirac deltas with weight 87
and -8, respectively, but also a Dirac data with weight 877(1+
«) at the origin.

We mention that an analogous blow-up analysis can be
applied to multiple blow-up solutions for the Liouville equa-
tion with or without singular data as follows:

M
—Au = %" — 4”2“1'5%’ in Q,
i=1 (7)
u=0, on 0Q,

where ( is a smooth bounded domain in R*, M > 0, «; >

-1, g; € Q, 4, defines the Dirac mass at q;, and ¢ > 0
is a small parameter For the past decades, the asymptotic
analysis for blow up solutions of problem (7) has been deeply
studied in the vast literature (see [28-33] and the reference
therein), which exhibits the quantiaztion properties of the
weak limit of e%¢* as ¢ — 0 if & j e" remains uniformly
bounded, and characterizes the location of concentration
points as critical points of a functional in terms of Green’s
function. Reciprocally, an obvious problem is how to con-
struct solutions of (7) with these properties. In [34, 35], the
authors use the asymptotic analysis to construct solutions
with multiple interior concentration points for (7) with M >
0and 0 < «; ¢ N. More generally, by a constructive way,
similar results related to —1 < «; can also be obtained in
[36-40] under some milder notions of stability of critical
points. In particular, when M > 1 and «;s are positive
numbers, D’Aprile in [37] recently established a family of
solutions to (7) consisting of N := fol N; blow up points
in Q\{q;,....qp) aslong as N; < 1 + «; for any i, provided
that the weights «; avoid the integers 1,2,..., N — 1, and so
the result of del Pino et al. in [39] can be extended to the case
of several singular sources.

In this paper, we will continue the study of the existence
of solutions to (5). We prove that there exists a family of solu-
tions u, concentrating positively and negatively at the origin
and outside the origin aslongas & € (-1, +00)\ {0}. Concern-
ing the sign-changing concentration at the origin and outside

the origin, if we introduce the function f(4) : (0,1) —» R
defined as

m+1
fA=-16r{ Y (-1)"x [ log < +1-2A°

Lj=2,l#j

)
)

Az] log A

—log

+[(1+ @) (m-24) -

+ mlog(l —)Lz) )

(8)
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with A = ergl(—l)l“, our main result for problem (5) can
be stated as follows.

Theorem 1. For any positive integer m, there exists a nodal
solution u, to problem (5) which concentrates at the origin and
the other m-points q; = (Aycos(2n(l — 1)/m), Ay sin(2r(l -

1)/m)),l=2,...,m+ 1, such thatase — 0,
m+1
26| x|** sinhu, — 87 (1 + &) &, + Z 8n(—1)l_16%, 9)
1=2

weakly in the sense of measures in B,(0), where A is an abso-
lute minimum point of f(A) in (0,1), m is an odd integer with
(1+a)(m+2)—1 >0, or mis an even integer. Moreovet, for
any 8 > 0, u, remains uniformly bounded on B,(0) \ (Bs(0) U

m+1

I Bs(), and ase — 0,

supu, — +00,
Bs(0)
(10)

sup (—I)Hus — +00 VI=2,...,m+1.

Bs(@)

Theorem 1 is based on a constructive way which also
works for the more generally weighted sinh-Poisson equation
as follows:

M
Au + 2¢°¢ (x) l_“x - qi|2a’ sinhu=0, in Q, a
i=1 11

u=0, on 0Q,
for ¢ > 0 small, where Q is a bounded smooth domain in
R> M = n+kwith M > 0, {qy,...,qy} are different
singular sources in Q, {«,,...,,} € (=1,+00) \ (N U {0}),
(&1 >opt ¢ N,andc: Q — Risa continuous function
such that c(g;) > O foranyi=1,..., M.

To further state our results, we need to introduce some
notations. Let G(x, y) be Green’s function of A , such that for
yeQ,-A,G(x,y) = (Sy(x) in Q and G(x, y) = 0 on 0}, and
let H(x, y) be its regular part defined as H(x, y) = G(x, y) +
(1/2m) log |x— y|. Besides, let us denote S(x) = Hf\fllx—qilz""’,
Q' ={xeQ:clx)>0,T = {g--5q.5 T, = 1{1,...,n},
I, =1{n+1,...,n+k}, J; = {n+k+1,...,n+k+m},and A, =
{(@ns1> - > Guskim) : g = q; for some i# j}, wherem > 0 is

an integer. In what follows, we fix n different points g;,7 € J;,
and define

(PZ,m (@) =~ Z d; ‘l Zaiajde (%’»‘Ij) + %diH (a5 4:)
i€],UJ; Jj€h

)

j€LVlsj#i

- Z d;logc (q;),

3
iU, Js

%“i“jdjc (99;) }

(12)

3
which is well defined on the following domain:
k+m
Q'\T
Ay, = L (13)
’ Ak+m
where g = (@15 > Gupam) & = 0fori € J;, ¢(x) =

c(x)S(x)/Ix — qI* for i € Up,Jp d; = 8n(1 + a;) for
ielJ., Jyanda; = +1forie|J, )

Definition 2 (see [41]). We say that q* is a C?-stable critical
point of ¢, in A, if for any sequence of functions y/; such
thaty; — ¢{ , uniformly on the compact subsets of A . ,,,, y/;
has a critical point fj such that v/j(Ej) = Qem(@)

In particular, if g* is a strict local maximum or minimum
point of ). ., g" is a C-stable critical point of ¢ .

Theorem 3. Assume that {n,k,m} < N U {0} and q° =
(@15 - > Argam) is @ C'-stable critical point of ¢}, in Ay,
with k + m > 1. Then, for any sufficiently small € > 0, there
exists different points q,; € Q'\T, 1 € J,U]J,, away from 0QUT,
so that problem (11), for q; = q.;,1 € J,, has a nodal solution
u, such thatase — 0,

M
26%¢ (x) H|x — g sinhu,
i=1

- Y add,, — Yads,,
LUJ;3 Ui

(14)

weakly in the sense of measures in Q. Moreover, up to a subse-
quence, there exists § = (G, 15+ - > Qngim) € Ny SUch that

Pem (@ =91 (@),
(15)
d(qg.,q) — 0, Vle],UJs ase— 0.

Besides, u, remains uniformly bounded on Q \ (Uies, Bs(g)) U

(Uies,ur, Bs(@y)) for any & > 0, and for any points q;,1 € J,
and?jl,fe J,UJsase — 0,

sup au, — +00,
QnBs(q;)

sup au, — +00.

QnBy(3;) (16)

Note that for the casen = land k = 0 (orn = k = 0),
Theorem 3 was partly proved in [12] (or [25]) only when
c(x) = land o € (0,+00) \ N, [ € J;. In contrast with the
results of [12, 25], this theorem provides a more complex con-
centration phenomenon involving the existence of changing-
sign solutions for problem (11) with both positive and nega-
tive bubbles near the singular sources g;,1 € J; U J,, and some
other discrete points. Unlike the concentration set in [12] only
contains singular sources g; with o € (0,+00) \Nand/ € J,,
and no singular source points in the domain, our concen-
tration set also contains some singular sources g; with o €
(-1,0) and I € J;, except for singular sources gq;,/ € J,,
where concentration points and singular sources coincide at
the limit. As for the latter exception, which till now is a similar



but very simple concentration phenomenon it appears only
in [38] for the study of the Liouville equation with a singular
source of integer multiplicity.

In order to obtain multiple sign-changing blow up solu-
tions of problem (11), we use a Lyapunov-Schmidt finite-
dimensional reduction scheme and convert the problem into
a finite-dimensional one, for a suitable asymptotic reduced
energy, related to ¢, in (12). Thus, a stable critical point of
@) leads to the existence of multiple sign-changing blow up
solutions to (11). However, in view of different signs of Green’s
functions in (12), it seems very difficult to find out a stable
critical point of ¢, for a general bounded domain Q. A
simple approach can help us to overcome this difficulty by
imposing the very strong symmetry condition on the domain
of the problem, namely, we use the symmetry of the unit ball
B,(0) to reduce the problem of finding solutions of (5) to that
of finding an absolute minimum point of (A1) defined in (8),
and so we get the existence of nodal bubbling solutions for (5)
in Theorem 1. On the other hand, motivated by the obtained
results in [23], we believe that Theorem 1 should be valid for
a general domain than a unit ball. More precisely, we suspect
that, if 0 € Q and Q is symmetric with respect to the origin,
it is possible to construct a family of sign-changing blow up
solutions whose maxima and minima are located alternately
at the origin and the vertices of a regular polygon, and so
Theorem 1 will be a consequence of this general result.

It is important to point out that to prove the above results,
we need to use classification solutions of the Liouville-type
equation to construct approximate solutions of problem (5)
(or (11)) as follows:

Au+ x| e =0, in R?

(17)
J Ix|**e" < +00, a € (-1,+00).
RZ

In complex notations, a complete classification of the
solutions of (17) takes the following form:

8(1 + )?5°
(52 + |zt - )

u(z) = log (18)

where 8 > 0,§ € Cifa ¢ NU{0}and& = 0ifa €
(-1,+00) \ (N U {0}) (see [33, 42-44]). Using classification
solutions scaled up and projected to satisfy the Dirichlet
boundary condition up to a right order, the approximate
solutions can be built up as a summation of these initial
approximations with some suitable signs. Thus, the nodal
bubbling solutions can be constructed as a small additive
perturbation of these approximations through the so-called
“localized energy method,” which combined the Lyapunov-
Schmidt finite dimensional reduction and variational tech-
niques. Here, we follow [12, 25], but we will overcome some
of the difficulties that the nodal concentration phenomenon
brings by delicate analysis.

2. Construction of the Approximate Solution

In this section, we will provide a first approximation for the
solutions of problem (11). Given a sufficiently small but fixed
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number § > 0, let us first fix n different points g;, i € Jj,
and assume that points ¢ = (G415 > Guiksm) € Agm(6),
where

‘min d (qi, 0 (Q' \ F)) > 26,

i€J,U];

A ®): = {quk,m:

min d|(g;,q;)>28}.
ijel,Ul5i# j (q, q]) }

(19)

Suppose that y;, i € U13:1 J;» are positive numbers to be
chosen later, we define

py = @D /D)
8u2(1+a;)’ (20)
u; (x) = log T
1+a;
6 (q:) |12 + |x - q "]
The ansatz is
U, (x) = Z a;Pu; (x), 1)

B
’€U1:1 /l

whereag; = +1, P : HY(Q) - HS(Q) is a linear operator such
that for any u € HY(Q), APu = Auin Q, and Pu = 0 on 9Q.
By harmonicity, we easily get that

Pu; (x) = u; (x) + d;H (x, q;)

8/";'2(1"'“1')2 I (22)
W+O(p), inC (Q),

Pu; (x) = d;G(x,9;) +O(p), in Cy, (5\ {‘Zi}) , (23)

- log

B
where p := max{p, :i € |J_, J;}.
Consider that the scaling of solution to problem (11) is as
follows:

v(y)=u(ey), VyeQ, (24)

where Q, = (1/€)Q, then v satisfies

Av +2¢e*c(ey) S(ey)sinhv =0, in Q,,
(25)

v=0, on 0Q,.

We will seek solutions of problem (25) of the form v =
V, + ¢, where

Vq (y) = Uq (Sy) = UZ aipui (sy)> Vy eﬁs' (26)
icU i
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In terms of ¢, problem (11) (or (25)) becomes

L($) = g+ Wy

=-[R,+N(¢)], inQ, (27)
¢=0, onodQ,
where
W, = 2¢*c (ey) S (ey) cosh V,, (28)
R, is the “error term™
R, = AV, + 2¢*c (ey) S (ey) sinh V7, (29)

8(1+ “i)z [1+0(p, |Zi|) +0(p)]

and N(¢) denotes the following “nonlinear term”:

N (¢) = 2¢"c () S (ey)

(30)
X [sinh (Vq + (/5) —sinhV, — ¢ cosh Vq] .

Finally, in order to make R, sufficiently small, we choose
the parameters p;,i € |, J;, as

812(1 + a.)?
S+ o) dH (q,4) + Y aad,G (44;), (3D

log
G (4:) j#i

so that from Appendix, we have

+ 0(84) , if |z < 3(vip,)

&€ 2 20
W= Vo |Zi|
q= iPi

[1+ | (32)
0] (54) , otherwise,
2 2
(i) lzilzm 8a;(1+a;)" [O(p; |Zi|)2+O(P)] +O(s4) if |Zi| < 5(ViPi)_1)
Rq = Vipi [1 + |Zi|2(1+°‘i)] (33)

0(84),

z; = (1/v;p)(ey — qy).

3. The Linearized Problem and
the Nonlinear Problem

In this section, we will first prove the bounded invertibility of
the linearized operator L under suitable orthogonality condi-
tions. Let us define

8(1 + o)’ |2

3
L;(¢) =g+ 3¢ vie
[1 + |z|2(1+“")] =1
1 |Z|2(1+0<,~) -1 3
0= ———— Viel |
i0 1 |Z|2(1+a,~) +1 ZLJ (34)
4Re(2'") 0
zy= —————-=~ Viel|l |
il |Z|2(1+Dci) + 1 et
4Tm (') 3
Z,= ———— Viel| |
i2 |Z|2(1+tx,~) 1 IL:J

The key fact to develop a satisfactory solvability theory
for the operator L is that L formally approaches L; under dila-
tions and translations, and any bounded solution of L;(¢) = 0
in R? is a linear combination of z;y, z;;, and z;, fori € J, U J;

otherwise,

(see [34, 45, 46]), or proportional to z;, for i € J; (see
[35, 36, 41]). Let us denote

3
Ziy ()’) =2y (Zi) , Vie U]z,
=1

3
Zi(y) =z (z), Viel ], j=12
J ' 1L=Jz (35)

6, (y) =arg(z), Viel,

3
x()=x(al), vie U]l’
=1

where y(r) is a smooth, nonincreasing cut-off function such
that for a large but fixed number R, > 0, x(r) = 1if r < R,
and y(r) =0ifr > Ry + L.
Additionally, we consider the following Banach space:
€, =1{h:|hl, < +oo}, (36)

with the norm

Ikl = sup < lh()|

yEQS
e \2
2
«(2+ Y (_)
a,<0,iej, N ViPi



20
|=i]

X i|)4+20c+20c,-

(1+]z

2
Z €
i <_>
a;20,icf,u,u]; \ ViPi
i=Y 1 2 3

1 -1
X | |
(1+]z]) > >

where & € (-1, ) and o, := min{e; : i € [J, J;}.

Given that h € €, and q € Ay,,(5), we consider the lin-
ear problem of finding a function ¢ and scalars ¢;;, i € J, U J;,
j = 1,2, such that

(37)

2 nt+k+m

1
L(g)=h+) Y cxcos’ <_"‘i9i> Zip  in Qg
j=li=nt1 2
¢=0, on 0Q,

J )(,-cos2 (%aﬂi) Zijpdy =0, Vie,UJ; j=12
QE
(38)

Our main interest in this problem is its bounded solvabil-
ityforany h € €., uniform in small e and points g € A ,,(5),
as the following result states.

Proposition 4. There exist positive numbers &, and C such that
forany h € €, there is a unique solution ¢ € L™(Q,), scalars
Gj € R,i€J,UJs j=1,2, to problem (38) for all € < & and
points q € Ay ,,(5), which satisfies

1
4., = (1og ¢ ) .. (9)

Moreover, the map q' + ¢ is C', precisely for | € J, U J,,
s=12,

Joi ol =5 (1082 ) . (40)

where q' = (1/e)q = (1/)Gpi1> - - - » (1/€)Gpiseim)-

We begin by stating a priori estimate for solutions of (38)
satisfying orthogonality conditions with respect to Z,;,i € J;,
and Z,,i € J,U 5, j=0,1,2.

Lemma 5. There exist positive numbers &, and C such that for
any points q € A ,,,(5), h € G, and any solution ¢ to the fol-
lowing equation:

L(g)=h
¢ =0,

with the orthogonality conditions

in Q,
(41)
on 0Q,,

J XiZiopdy =0, Vie€],
QS
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J y;cos” <loci9i> Zi¢dy =0,
Q. 2 !
Vie,UJs; j=0,1,2,
(42)

one has

6]l < Cll., (43)
foralle < g,
Proof. We have the following steps.

Step 1. We first construct a suitable barrier. To realize it, we
claim that for € > 0 small enough, there exist R; > 0 and

n+k+m
v\ | By —R (44)
i=1
positive and uniformly bounded so that
nt+k+m e 2 1 5
=Y e
Z Vipi |Zi|2 +4

i=1

where -1 < a < o and B; p, = {y € Q, : |z;| < R;}. Take

|22+ — 1 1 (1/2140))
(z2) = ———o, R,==3 ,
% 12205 4 1 “d (46)
91 () = go(dlz]), where |z;| =R,
Thus, we have 1/2 < g,;,(y) < 1, and
2 2 2a
€ 8(1 + a)°|dz;
Agyi (y) = —<—> d’ —||2
ViPi [1 + |dzi|2(1+“)]
x g (d2]) “7)
( e >2 d—2(1+o¢)(1 N oc)2
< — —_— —_—
Vipi |zi|20¢+4
By (32),
n+k+m < 2 1
W <C <—> —>
q 1 ; Vipi |Zi|20¢,-+4
(48)

n+k+m

Vye Q. \ ] Big,.

i=1

So, if d is taken small and fixed, by (47)-(48), it follows
that for |z;| > R,

i=1

n+k+m < 2 1
L(gi) () <= ). <—> —— <0, (49)
Vibi/ |z
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Let g, be a positive, bounded solution of ~Ag, = 1in Q
and g, = 0 on 0Q. Set g,(y) = g,(ey). Then, g, is a positive,
uniformly bounded function in Q, such that

-Ag,(y)=¢', inQ,
(50)
g, =0, on 0Q,.
Consider
n+k+m
v()=C Y g:(»)+9 1),
i=1
(51)

n+k+m

vy e\ (J Big,s

i=1

where C, > 0 is a sufficiently large constant. Obviously, y is a
positive and uniformly bounded function. Moreover, in view
of (48)-(50), it is easy to check that y satisfies the estimate
(45), and the claim follows.

Step 2. Consider the following “inner norm”:

”¢“l = sup |¢| : (52)

ntk+m
Ui ™ Bir,

Let us claim that there exists a constant C; > 0, such that

I6lee < Cs (lll, + L. (53)
Let us take
¢(») = Cay (») (gl + IRl
T arkem (54)

Vy e\ (J Big,

i=1

where C, > 0 is chosen larger if necessary. Then, for y €
n+k+m
O N\UiZr 7 Big,

L(¢+¢)(y)<-Ci(¢], + Inl.)

[n+§m< e >2 1 2:|
X — | ——=— t €&
i=1 ViPi |Z,-|2oc+4 (55)

+h(y)
<-lh()|£h(y) <0,
for y € 90,
(6+¢)(»)=¢(» >0, (56)
and for y € J/ """ 0B, ,
(6+¢) () > ol £¢(») 2 0. (57)

From the maximum principle, it follows that —¢(y) <

$(») < ¢(y) on Q, \ [ JHF B; z,» which provides the esti-
mate (53).

Step 3. We prove the priori estimate (43) by contradiction. Let
us assume the existence of a sequence ¢; — 0, and points
qj = (qi+1,...,qi+k+m) € Ay (), functions h]- with ||h]-||* —
0, solutions ‘/5]' with ||(/5j||00 = 1, such that (41)-(5) hold. From
the estimate (53), ||¢>j||l > « for some ¥ > 0, namely,
supp  |¢;| > x for some i. To simplify the notation, let us
1. d . .
denote ¢ = ¢;and g; = q]. Set $i(z) = ¢;((vipz + g;)/¢) and

fzj(z) = hj((vipiz +g;)/¢€). By (32), $j satisfies

2 X
s S0P

1+ 0O (p;
J [1+|Z|2(1+oc,')]2 [ " (pl |Z|)

(58)
- v;p; 2
+0(p)] g = (") B,
forz € BRd(O). Obviously, for € [1,—-(1/«)], (vipi/s)zﬁj —
0 in LF(Bg (0)). Since 8(1 + )|z /[1 + [z]*"**)]* is
bounded in L? (BR,,, (0)) and ||<Ej||00 = 1, the elliptic regularity
theory implies that ¢ ; converges uniformly over compact sets

near the origin to a bounded nontrivial solution of L;(¢) = 0
in R?. Then, ¢ is proportional to z;, fori € J, (see [35, 36, 41]),
or a linear combination of z;y, z;;, and z;, fori € J, U J5 (see
(34, 45, 46]). However, our assumed conditions (5) on i and
¢; pass to the limit and yield J XZiopdz = 0 fori € J;, or

| xcos*((1/2)e0)zy¢dz = 0 fori € J, U J5, 1 = 0,1,2, which
implies that ¢ = 0. This is absurd because ¢ is nontrivial. ]

We will give next a priori estimate for the solutions of
(41) satisfyipg orthogonality conditions with respect to Z;,
ieJ,UJ;j=1,2.

Lemma 6. There exist positive numbers &, and C such that for

any pointsq € Ay ,,.(8), h € G, and any solution ¢ to (41) with
the following orthogonality conditions:

J )(,-cos2 (%oc,-@,-) Zygdy =0, Vie,UJ; j=12,
QE
(59)

one has

1
4l = (1087 ) .. (60)

forall e < g,

Proof. Consider the radial solution v;,i € U13:1 J;» for the
following equation:

-1

Ay;(r)=0, inR<r<d8(vp,)
v;(r)=1, on r=R, (61)
¥, (=0, onr=8vp)



where R > R, + 1 is a large number. Then, ;(r) is explicitly
given by

log [6(v,p,) '] -1
. og (vzp,)_l] 08" )
log[8(v;p;) '] - log R

Let 77, and 77, be radial smooth cut-off functions on R* so
that

0<m <1 |Vp|<C in R%

n =1 in BR(0);

7, =0 in R*\ Bg,, (0);
(63)

0<m <l |Vmp|<C inR%

m, =1 in Bgyy (0);

7, =0 in R*\ B;(0).
Set
v (y)=vi(z),
mi (¥) = m (), (64)
i (¥) = 1, (vipiz;) -

Besides, let us define
_ n+k+m _
¢=¢+ Z diZi, (65)
i=1
where
ZiO (¥) = miZio + (1 = 1) Vi Zio» (66)

and d; is chosen such that fori € J;,
2
d; J XilZio|” + J XiZio$ = 0, (67)
Q, Q.
and fori e J, U J;,

dij )(,~cos2 (l(x,ﬂ,) Zizo
Q 2

€

(68)
+ J y;cos” (loc,@,) Ziod = 0.
Q, 2

Thus,

n+k+m
L(¢)=h+ d,LZ,, inQ,,
(%) ; ‘ (69)
$=0,
and ¢ satisfies the orthogonality conditions (5). By (43),

on 0Q,,

k+

"$||m <C {"h”* + ' Zm |dil - “LZ‘O“*} . (70)

i=1

Multiplying (69) by Z,,,i € Ul3:1 J;» and integrating by
parts, it follows that

(L(Zi).$) = (Zinsh) +di (L(Zis). Zop), (7))

Abstract and Applied Analysis
where (f, g) = JQ fg. Then, fori € U13:1 J;» by (70) and (71),

*}
_ n+k+m _
@S b I B

(72)

4 (L (Zia) Zio)| < Ul A1 + |1 (Zs)

Let us claim that fori € UZS:1 J;» there exists some constant
C > 0 independent of ¢, such that

= 1
[£(Zo)]. =0 (m) 73)

~ \ = C 1
<L(ZIO)’ZIO><_@{ 1+O<m>} (74)

Once these estimates (73)-(74) are proven, it easily follows
that

1
4] < ¢ (log ;> Il (75)

This, together with (65), (70), and (73), easily gives the
estimate (60) of ¢. O

Proofs of (73) and (74). Let us first define that

8(1+ ‘xi)zlzilzai
0= - - 2
[1+ ]2 (76)
Zio (1) = mzio + (1 =) m (vipiz:) ¥izio-
For r; := |z;| < R, by (32),
— & 2
L(Z0) = (5 ) Wozo (0 (=D +O ()}
I = J Zio ) L(~i0) 77)
;<R

) Lm Wiz [0 (p, 121) + O (p)] = O ().

ForR <1, < R+1,Z;(y) = mzip+ (L =n)¥izi0, 1 —y; =
O(1/|logel), and |Vy;| = O(1/|logel). Then,

L(Z,) = (&)2 2(1-v,) Vi, Vz,,
+2(1—ny) Vy,Vzyy — 22,0V, Vy;
+ (1= v;) 20 Ay
+ WaZo [0 (pi|zi]) + O (p)]} (=)

-(5) °l(mem)

(78)
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Furthermore,

L= JRSr,-sRH Zio- L (~i0)

= ~' 1 - i 7 A
JRSIZISRH Zo{(1=y) zo A, (79)
+2 (1= y;) Vi Vzio — 22,0V, Vi

+2(1 =) VyiVzphdz + O (p).

Integrating by parts the first term of I, it follows that

L= J 2(1=m)ZVyVzy
R<|z|<R+1

- zizoV‘/’ivﬂl - Zizo(l - ll’i)zlv’ﬁlz +0(p).
(80)

Integrating by parts the first term again, it also follows that

L= wleva
|z|=R+1

- J Zi20 |(1 -m) Vy; (81)
R<|z|<R+1

+(1=y,) V[ + 0 (p).

Then,

1
L= J v (|2 vz + O <—2> (82)
lzl=R+1 |log |

For R+ 1<, <8(4v;p) ", Z;i(y) = ¥;2;i(2;). Then,

2
= €
L (Zi0> = (7) {2Vy,Vz, + yidz
(83)
+ Wi¥izio [1 + O (p |zi])

+0(p)l} (z1)-

Note that [Vz,| < C/lzI™?, [Vyi| < C/(Iz;|log(1/¢)),
and [W,| < C/|z;|*"*%. Then,

— & 2 1
L( io)=<%> W

1

A0 ) 01D s 00}

(84)

9
Besides,
I = J 7 . 1.(7
3 R+1<r;<8(4v,;p;) " . ( 10)
= J _, Vi%io
R+1<|2|<6(4v;p;)
X {2Vy;Vz;y + Wioizi
(85)

x[O(pilzl) + O (p)]}

) <J|z|-5<4v,,p,,1 - Ll_RH> v/ (12D)

2
X‘l’izizo—J 1Zi20|V1//i| +0(p).

R+1<|z]<6(4v;p;)”

Some simple computations show that

1
J RACNZ O<—2>, (86)
lzl=8(4v;p)™! |log |

J Ziz()lvll’i|2
R+1<|z|<8(4v;p) ™"

log (8/4v,p;) —log (R + 1) (87)

(log (8/v;p;) ~ logR)*
Then, there exists some constant C > 0 independent of ¢
and R such that

7T
> —
2

Leo|  wltzbya
|z|=R+1

“out (o)}

For 6(4ViPi)_l <1 s 6(Vipi)_l’ ZJio()’) = m(vipz)¥izio-
Then,

2
L(Zio): £ {wiziAn, (vipiz:)
v

iFi

(88)

+2Vn, (vipiz;) Vyizi

+ 2y, Vi, (vipiz:) Vaio (89)
+ 21, (vipizi) VY Vzy

+ Wi, (vipizi) wizio

x[O(pi|z]) +O(P)]}
Note that y; = O(1/|logel), |Vy;| = O(p;/|logel), and
IVz;ol = O(p***). Then,

_ e 2 [ P

Furthermore,

ZO-L(ZO):O( ! 2). (91)
[log e

As a result, the estimates (73)-(74) can be easily derived
from (77)-(91). O

14 - J -1 -1
5(4v;p,) " <ri<8(v;p;)
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Proof of Proposition 4. We first establish the a priori estimate
(39). Testing (38) against 1,,Z;;, i € J U J; j = 1,2, and
integrating by parts, it follows that

ol <e(-5) (KoL (mz, )+ nmz,)). @2

Observe that

_(. & ’ Pi
L(Wzizij) - <ViPi> {O < (1+ |Zi|)2+oci >
(o))
(1+]z) ™™

+1, (vipiz;) Zij (Wq - Wio) .
Then,

<¢’L(’72izij)> =0(p|¢ll..) - (94)

Note that (h, 112,~Z,~]~) = O(|lAll,). This, together with (92)-
(94), implies that

ol sc(S) Wi olol). 09

By (60),

4l = C (108 7) {uhn*

Y

j=li=n+1

(96)

Combining this with (95), we find that the a priori esti-
mate (39) holds. Furthermore,

l|<c( )nhu*, (97)

which implies that there exists a unique trivial solution to
problem (38) with h = 0.

Next, we prove the solvability of problem (38). Consider
the following Hilbert space:

H={$eH,y(Q):

¢ satisfies the orthogonality conditions (59) } ,
(98)

endowed with the usual norm |yl H = IQ |V1//|2. Problem
(38) is equivalent to that of finding ¢ € H such that

JQ VoVy - W ¢y + hy =0, Vy € H. (99)

By Fredholm’s alternative, this is equivalent to the unique-
ness of solutions to this problem, which is guaranteed by (39).

Abstract and Applied Analysis

As a consequence, there exists a unique solution ¢ = T'(h),
scalars ¢;, i € J, U J3, j = 1,2, for problem (38) with h € €,
where T €, — L®(Q,) is a continuous linear map satis-

fying IIT(h)ll00 < C(log(1/e)) Al

Finally, we give the a priori estimate (40). Let us Differ-
entiate (38) with respect to the parameters 611’,s> le,Uuls,
s = 1,2. Formally, Z = 9, ¢ should satisfy

L(Z) =~¢ 3y W,

2 nt+k+m

3 Y ey,
j=1li=n+1
2 (1
X | x;cos (5“1‘91‘)21‘;‘]

+ dij)(icosz <%oc1«9i> Zi]} ,

—a/C

(100)

where (still formally) d;; The orthogonality condi-

tions now become

J x;cos” (%“i@') Z:Z
QS
1 101
= — JQ (lsaql/,s [XiCOSZ (E(X191> Zl]] 5 ( )

Vie ,UJ, j=1,2.

We consider the constants b, i € J, U J3, j = 1,2, defined

b; J XiC052 (
QE

as

0,)17,1

. (102)
— JQS ¢a%,,s [Xicosz <§“161> Zl]] .
By (31), it follows that |a : log u;| = O(e) uniformly holds
on Ay ,,(6), which implies that forie ,UJ; j=1,2,
C— ¢l ifi=1
|b;| < { A (103)
Cs||</>||oo, ifi#1.
Define
2 n+k+m
=Z- Z Z ]’721 ij>
j=li=n+1
2 n+k+m
f= Z Z {leaqz’s
j=li=n+l
(104)
/1
X | x;cos (Eaie,.) Zij]
L ()
- (/)Bqlf‘qu.
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We then have
2 n+k+m 1
. 2 .
L(Z) =f+ Z Z d;;xicos <E“i0i)’ in Q,,
j=li=n+l
¢ =0, on 9Q,, (105)
1 —
J y;cos” <—oci6i> Z;Z=0, Vie],UJ; j=12.
Q, 2 J
Thus, Z = aqz',s(p can be uniquely expressed as
2 ntk+m
Z z ]’721 ij* (106)
j=li=n+1

Furthermore, elliptic regularity theory implies that
¢ = T(h) is differentiable with respect to ql')s, I e
J, UJ; s = 1,2, Note that ||L(112,-Zij)||* = O(p),

105 Wl = O(p") [ [chosz((l/Z)aﬂz)sz]II* = O(p ™),
and lo,; [X,cos (1/2)a8; DZgll = Op ™) for i#1. This,
together with (39) and (97)- (106) implies that

2 n+k+m

121 < C (log )17 +CY. Y [
j=li=n+1
<C <log%>

x ikzm {( ) Il

j=li=n+1

1
X 10, [ icosz<—(xi6i>Z,~]
% X 2 s 107)
+ plb,-j|}
+C (1og ) I8l Jou, Wi
£
S gl
1P
1 2
<C = (log- ) Il.,
ViPy & €
which implies that the estimate (40) holds. O

Now, we solve the auxiliary nonlinear problem: for g €
A ,n(8), we find a function ¢ and scalars ¢;;,i € [, U J;, j =
1,2, such that

L(¢)=—[R,+N(¢)]

2 n+k+m

+ Z Z c,-j)(,-cos2 (%aﬂl) Z

=1 i=n+1

in Q,,

&

¢=0, on 9Q,,

1

oci9i> Zijpdy =0,

J 2 ( ;
;cos” | =
0, Xi >

Vie ,UJ, j=1,2.
(108)

The following result can be proved through arguments
similar to these of [39].

Proposition 7. There exist positive numbers &, and C such that
foranye < g, andpointsq € Ay, (), there is a unique solution
¢ € L™(Q,), scalars ¢; € R,i € J, U5, j = 1,2, of problem
(3), which satisfies

1
[l < Cplog - (109)

Moreover, the map q' + ¢ is C', precisely for 1 € J, U J,,
s=1,2,

o, 4] < Cp%(log %)2 (110)

where p = max{p

j ’GUZ ik

4. Variational Reduction

In what follows, we only need to find a solution of problem
(27) (or (25)) with k + m > 1, and hence to problem (3) if
points g € Ay, (5) satisfy

Gj (q’) =0, Vie ]2 U ]3, ] =1,2. (111)

To realize it, we consider the energy functional J, associ-
ated with problem (25), namely,

J, (v) = 1 J [Vv)* - 2¢* J c(ey)S(ey) cosh v,
2 Jo, o, (112)
Vu € Hy (Q,).
We define

F(q)=J.(V,+9) (113)

where V, is defined in (26) and ¢ is the unique solution of
problem (3). Critical points of F, correspond to solutions of
(111) for small €, as the following result states.

Lemma 8. For any points q € Ay ,,,(8), the functional F,(q) is

of class C'. Moreover, for € > 0 small enough, if DyF.(q) = 0,
then points q € Ay, (0) satisfy (112).

Proof. Observe thatforl e J,U J5,5s=1,2,
-1
3, F.(q) = 'DJ. (V, +¢)
X [aql/,s (Vq + (/))]
2 ntk+m

=<2 ) Kl

j=1i=n+1

(114)
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where
. 1
Ky (jrs) = J;) Xicos® (5“@) Zij (aq{,qu + aq{,sﬁb) dy
e (115)
Then, if D F,(q) = 0, we have
2 ntk+m
Y Y Ki(js)=0, VIeLUL, s=12 (1)
j=li=n+1
Set
R+l 16 (1 + 3(1+ey)
Flzjﬂ —( )7 >—x (r)dr,
0 [1 + 1,2(1+061)] (117)
Vie],U]J,.
A simple computation shows that
2
e A(l+a)alz| "z,
aqll,qu = V— 2(1+0€) + O (8) 5
P 1+ |z (118)
VieJ,UJs s=1,2.
This, together with the estimate (110) of 9, ¢, implies that
K (j»s)
Vi \? € 2 . .
— o) p%|logs| , Vitlor j#s,
~ we 2 . :
— |A;+O(p|l , Vi=land j=s,
. [ 1+ (p|0ge|)] i=land j=s
(119)
where
N ﬂalFl, Vl € ]3, (120)
=41
! [k, VL€,

Set

2
~ ViPi
- ()

Thus, (116) can be rewritten as: forany [ € J, U J5, s =
1,2,

Vie,UJ,; j=1,2. (121)

(122)
Vie,UJ, s=1,2.

This is a diagonal dominant system and we thus get¢; = 0
for all 4, j. O

Next, we give a precise asymptotic expansion of F,(q)
defined in (113).

Abstract and Applied Analysis

Lemma 9. The following precise asymptotic expansion holds

1
_Zdi {EdiH (95 9:)

i€],

)

j€h I#J

ala]dJG (5 qi)}
(123)
+ Z d; {log8(1 + o)
iUl Ji
-2(1+loge)}
+ #em (9) +O(p),

uniformly for any points q € Ay ,,,(8), where @i, (q) is defined
in (12).

Proof. Let us first give a priori estimate of 0,(q), where 0,(q) =
F,(q) = J.(V,). Using D](V, + ¢)[¢] = 0, a Taylor expansion
and an integration by parts, it follows that

0, (a) =~ [ D1, (7, + 50) [T

== [, ([, vrene

+2¢*c (ey) S (ey) (124)
X [cosh V, — cosh
X (Vq + s¢)] (/52) sds.
Note that [N, = OU¢lz), IR, = O(p),
and [2&*c(ey)S(ey)[cosh V, —cosh(V, +sp)lll_ = O(l4ll,)
These, together with (109), imply that 6,(q) = O(p?|loge|),

and so F.(q) = ]e(Vq) + O(p2| log e).
Next, we only need to give an asymptotic expansion of
Je (Vq). Observe that

L()=-3 ¥ a

J Pu;Audx — L W,dy. (125)
’JEUZ 111 ¢

By (22),
- JQ PujAu; = JQ e'ci(q;) [x - qf|2a]eu’

X {ui +d;H (x,q;)

(126)

8u; (1 + &)’
¢ (g:)

—log

+O(P)}

= II] + ]i"
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where
8(1+ “j)2|zj|2%

I..:
n [1elef

1
x log o 5dz;,
[P‘iz e+lvipzira-al ] (127)
. 8(1+a;) |z
b= Dy [1 + 'zj.z(““i)]z
x{diH (a4;) + O (ps[)]) + O (p)} dz
Note that
8(1 +a; ) |z 5
j —dz=dj+O(e), (128)

[1 + |Z|2(1+ocj)]

| mo(pﬂzodz:o(pj)m(g),
[1 + |z)? +vc,)]
(129)
and for i # j,
log [” P€ + vipizi+a; - qi|2(l+m)]
:2(1+“i)10g|‘1j“1i| (130)
+0(p; |Z | o(e).
Then, for any i # j, by (128)-(130),
I;; =—4(1+oc,»)djlog|qj—q,~|+0(p). (131)
By (128),
8(1 +a; ) |z|>%
i
Dvjes [1 + 2| ]
(132)
x log [1 + |z|2(1+“f)] dz
-4 [dj +0 (82)] log (ujs) .
Making the complex changes of variables w = z'™ with

w = |w|e?, we get

an(l+e) _ (ue) 8
P ]
0 0 [1+|wl]

x log [1 + |w|2] dlwl  (133)
—4d;log (yjs) +0(p)

= —4dlog (ujs) -2d;+0(p).

13
On the other hand, by (128)-(129), we have
J;; = did;H (q,-,qj) +0(p). (134)
Thus, by (131)-(134),
| Pu.Au.
[
_ {dide (959;) +0(p), Vi# ),
d; {de (qj,qj) —4log (yje) - 2} +0(p), Vi=j.
(135)
Besides, by (32),
¢ Uit Ji

Using the choice for y;’s by (31), together with (125), (135),
and (136), it follows that

1+oci)2
( ) Z d; {logT

1€U1,1 i

~2(1+logd) - JdH(gua)

‘%Z

j#ijelUn i

a,a,d,G (;,4;) }

+0(p).

This, together with (12), easily gives the asymptotic expan-
sion (123) of F,(q). O

5. Proofs of Theorems

Proof of Theorem 3. According to Lemma 8, we only need to
find a critical point of the function, consider

F.(q) = F.(q)

Z d; {logS(l o) —2(1+ logs)}

ieU?:l i
1 (138)
+ Zdi {EdiH (95 4:)
i€],
+ Z a,a]dJG (qj,q,-)} .
j€h 1#]
By (123), F, = Pem + O(p) — @, uniformly holds

on Ay ,,,(6). By Definition 2, there exists a critical point g, of
F, such that ¢/, (q.) — ¢},,(q"). Moreover, up to a subse-
quence, there exists points § = (G415 - -> Garem) € Ay, Such
thatg, — g€ Ay, ase — 0,and ¢}, (q7) = ¢f,,,(). Thus,
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ve =V, + ¢(q,) is a family of solutions of problem (25) (or
(27)). Set u, (x) = Vqs((l/e)x) + ¢(q.)((1/e)x) for any x € Q.
As aresult, u, is a family of solutions of problem (11) with the
qualitative properties predicted by the theorem, as it can be
easily shown. O

Proof of Theorem 1. Set g, = (0,0), c(x) = I, and @, = (-1)"
fori=1,....m+1.Ifa eN,

¢!, (q) = =327

m+1
o
X {E; log|ql| +(1 +oc)2H(0,O)

m+1

+ ;H(ql,ql) +2(1+a) (139)

m+1

x Y (-1)"'G(0,q))
1=2

m+1 .
+ Z (—I)Z”G(%%‘)}’

Lj=2l# j
andifa € (-1,+00) \ (NU {0}),

Pom (q) = =327

m+1
o
X {E;log|ql|+2(l+(x)

m+1 m+1

. (140)
x Y ("G (0.q) + Y H(qnq)
= 1=

m+1 .
+ Y (—1)Z+JG(‘11»%')]’ :

Lj=2,1#j

We will seek a nodal solution for problem (5) with
the concentration points 0 and §; = (Acos(2n(l — 1)/m),
Asin(2n(l - 1)/m)), 1 = 2,...,m + 1. Note that

log |x —
G (x,y) - -8
N log (IxP|y|” +1-2(x, y)) (141)
47 ’
log (1 - |x|?
H(x, X) = %

By Theorem 3, we can reduce the problem of finding
solutions of (5) to that of finding a C°-stable critical point of
the function f(A) : (0,1) — R defined in (8). Obviously,
limy o, f(A) = lim,_,,_f(A) = +oo, which implies that
f(A) has an absolute minimum point A, in (0, 1). Then, A,
is a C°-stable critical point of f(A). O
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Appendix

Proofs of (32) and (33). For |z;| < 8(v;p;) ", by (22)-(23),

V, = a;Pu; (ey) + Zaquj (ey)
j#i

= a; | u; (ey) + d;H (ey, q;)

8!"1'2(1 + “i)z

gy oW

Y, [46(e04) +0(p)
= a;{u; (ey) + d;H (- 9;)
8u2(1+ o)’

6 (a:)

+ ) aadG (4,95
iFi

+0(ley—qi) +O(p)},

(A1)

—log

which, together with the definition (31) of y;, implies that

V, = a;{u; (&) + O(ley - q;|) + O (p)}. (A2)

Furthermore, for |z;| < 8(v;p)”", a direct computation
shows that

W, = &'c(ey) S (ey) [qu + e‘Vq]
e'c; (ey) [ey — g™ [ + e]

[1+0(ley - qi]) + O (p)]

|2‘Xi

€4Ci (qz) |€y _ qi
Sﬂ?(l +(x.)2
X 1 i i +O(l)
G (qi) [Mizsz + |x _ qi|2(1+(xi)}

[1+0(ley - qi]) + O (p)]

e \2
ViPi

8(1+ “i)2 [1+0(p, lzil) +0(p)] + 0(84)
[1 + |Zi|2(1+oc,.)]

(A3)
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Similarly, for |z;] < 8(v,p) 7",

2¢*c (ey) S (ey) sinh v,

& 2 2
= —_— z: %
<ViPi> | l|

8a,(1+a,)" [1+0(p |z]) + O (p)]
[1 + |zi|2(1+‘x")]2

(A4)

+O(s4)

On the other hand, if |z;| > 8(v;p,) ", forany i € U?:l I it
is easy to check that
wW,=0 (84), 2¢'c (ey) S (ey) sinh V, = O (84). (A.5)

This, together with (A.3), implies (32).
Next, by our definitions,

AV, Z e a,Au; (ey)

iUl i
- Z 84“1'51' (a:) |8y - qilzaieuf(sy)
iUy
- Z e'ac (q) ey - 4™
il i
% 8!4,'2(1 + “i)2 (A.6)
12
G (a;) [.”,-282 +ley - qi|2(1+"‘1)]
€ 2 20;
- Z o ||
iEUIS:1 1, iPi
8a,(1+ o)’
[T
So, if |z;| > 5(1/,-,0,»)71, for all 7,
AV, =0 (84) ) (A7)
while if |z;| < 6(1/1./)1.)‘1,
€ 2 20
AVQ = <Tf)l> |Zi| '
2 (A.8)
(1 + o
X 8611(—-'—061)2 + O (84) .
(14 [

As a result, combining (A.4)-(A.5) with (A.7)-(A.8), we
get (33). O
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