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This paper is devoted to investigate the fixed points and best proximity points of multivalued cyclic self-mappings on a set of subsets
of complete metric spaces endowed with a partial order under a generalized contractive condition involving a Hausdorft distance.
The existence and uniqueness of fixed points of both the cyclic self-mapping and its associate composite self-mappings on each of
the subsets are investigated, if the subsets in the cyclic disposal are nonempty, bounded and of nonempty convex intersection. The

obtained results are extended to the existence of unique best proximity points in uniformly convex Banach spaces.

1. Introduction

Important attention is being devoted recently to the inves-
tigation of fixed points of self-mappings as well as to
the investigation of associate relevant properties like, for
instance, stability of the iterations [1-3] and existence and
uniqueness of fixed points. On the other hand, the extension
of those topics to the existence of either fixed points of
multivalued self-mappings [1, 4-19], or common fixed points
of several multivalued mappings or operators has received
important attention; see, for example, [15-19] and references
therein. This paper investigates some properties of fixed point
and best proximity point results for multivalued cyclic self-
mappings under a general contractive-type condition based
on the Hausdorff metric between subsets of a metric space
[4, 7-9] and which includes a particular case the contractive
condition for contractive single-valued self-mappings, [1, 4-
10] including the problems related to cyclic self-mappings, see
for example, [7, 8, 11] and references therein. This includes
strict contractive cyclic self-mappings and Meir-Keeler type
cyclic contractions, [20, 21]. There is a rich background
literature available on cyclic self-mappings and related fixed
point and best proximity point results; see, for example,
[22-30] and references therein. Some existing fixed point
results on contractive single and multivalued self-mappings
providedin [1, 4, 5, 9, 10, 31, 32] and references therein, under

various types of contractive conditions, have been revisited
and extended in [4]. There is also a wide sample of fixed
point type results available on fixed points and asymptotic
properties of the iterations for self-mappings satisfying a
number of contractive-type conditions while being endowed
with partial order conditions. See, for instance, [18, 19], and
references therein. The main objective of this paper is the
investigation of fixed point/best proximity point results for
multivalued cyclic self-mappings in complete metric spaces,
or uniformly convex Banach spaces. Such multivalued cyclic
self-mappings satisfy a contractive-type condition, which is
specified on the Hausdorft metric, for all pairs of elements in
the union of the subsets defining the cyclic disposal which are
subject to a partial order.

2. Properties of Distances and Fixed
Points for Multivalued Cyclic Self-Mappings
with a Partial Order

Assume that (X, d) is a metric space for a set X endowed with
some metric: X x X — Ry, with Ry, = R, U {0}. Let CL(X)
be the family of all nonempty and closed subsets of the set
X.If A, B € CL(X) then we can define (CL(X), H) being the
generalized hyperspace of (X, d) equipped with the Hausdorft



metric H : CL(X) — R, induced by the metricd : XxX —
Ry,:

H (A, B) = max {supd (x,B),supd (y, A)}> (1)

X€A y€B

for two sets A € X and B € X which are finite if both sets are
bounded and zero if they have the same closure. The distance
between A € X and B € X is

D=d(AB)= xeg}ﬁeBd (x,y)

)

:chrélgd(x,B) :;rellf;d(y,A).

Denote by P(X), B(X), and CB(X) the sets of nonempty, and
nonempty, bounded and nonempty, and bounded and closed
sets of X, respectively. The following relations hold:

D < H(A,B)
<0(A,B)=38(B,A)= sup d(a,b) 3)
Xx€A,y€B
<6(A,B)+8(B,C); VA,B,C e B(X),

[(A,B € CB(X))AH (A B) < ¢]

(4)
= [Ab e B:d(a,b) <& Va e Al

and §(A,B) = Oif and onlyif A = B = {x}. Consider
also a self-mapping T : ;e A; — U 5 Aj» where A; are
nonempty closed sets of X; Vi € p = {1,2,..., p}, subject to
the constraints T(A;) € A;,; such that A;, ; = A; for any
integer numbers j € [I,p—1)NZandi € Z), = Z, U {0}
withRy, = R, U{0}Ifp > 2thenT : i A; — U,EP

is a p-cyclic self-mapping. If p = 1 then T : A, — A, is,
in particular, a self-mapping on A ;. We will also consider a
partial order < on X so that (X, <) is a partially ordered space
and will assume, in general, that T : Jii54; — Uz A

is a multivalued p-cyclic self-mapping so that A; > x —
Tx(#@) C Ajy13Vi € p,Vx € Ui A;. The subsequent result
does not assume a contractive condition for each iteration
on adjacent subsets of the contractive mapping but a global
contractive condition for the cyclic mapping for iterations on
multiple strips of the p subsets A; ¢ X;i € p. Therefore,
the result that the distances between any two subsets being
adjacent or not of [33] for nonexpansive self-mappings is not
required.

T : Ui Ai — Uiy A; is a multivalued p-cyclic self-
mapping then the set BP(A;) ¢ A; will be said to be the set
of best proximity points between A; to A; ; if d(A;, A;,;) =
D; = d(z,y) for all z € A; and some y € T=z. This concept
generalizes that of best proximity points of subsets of single
valued cyclic self-mappings which is established as follows. If
T:A UA, —» A, UA, is cyclic and single-valued then
x € A, and Tx € A, are best proximity pointif d(A,, A,) =
d(x, Tx), [33, 34]. The following result extends a previous one
for the case of noncyclic multivalued self-mappings, [18, 19].
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Theorem 1. Let (X, <) be a partially ordered space and d : X x
X — Ry, with (X, d) being a complete metric space. Let A,
be a set of p(> 2) nonempty, bounded, and closed subsets of
X;Vieplie, A; € CB(X); Vi € p)with D; = d(A;, A,,);
ViepandletT : U Ai = Uicp A be a multivalued
p-cyclic self-mapping on Ui@ A; satisfying.
(1) There exist p real constants k; € Ry, satisfying k =
[Lieplkil € [0,1) such that the following condition
holds:

H(Tx,Ty) < kid(x,y) + (1 -k;) D; (5)
for any given x € A; and y € A, which fulfil x < y,
Vi€ p.
(2) Ifd(x, y) < d, for some given d, € R, y € Tx, and
any given x € ;5 A;, then x < y with y € Aj, if
x € A for any given j € p.
(3) There are some i € p, some x = x; € A, and some

X € Tx; € Ajy such that d(x;, x;,,) < dy; for some
do; > D;.

4)

d, > max <njl€apxd0],r§1;x (kj (doj - Dj) + D]-)> . (6)

Note that (6) implies that d,; < min(d,, (d, -
Vj € p. Then, the following properties hold.

(1-k)D))/k;));

(i) There is a partially ordered subsequence S; =
{xisj +"kP}nk€Z . of the partially ordered sequence
S(x;) = {xiﬂ'}jez K both of them of the first element
x;, with respect to the partial order (X, <), such that
Xitjanmp € Qivjfor j € p; Yk 2 ko, my € Zy, for some
ko‘ € Z,, and the given i € p, where Qij € Txiyjy €
Tf_lfi € Ay, j forany j € p—1U {0} and the given
i € p, are p closed ‘quasi-proximity” sets in-between
each pair of adjacent subsets of the multivalued p-cyclic
self-mapping T : Uep Ai — Usep Ai such that

<d

1+] = ( np+i+j+1’xnp+i+j)

<k D+( -k

l+]

)D=D, (7)

i+j
Viep-1U{0}, VneZ,,

]EpD] with xnp+z+] € Txnp+1+] 1 <

Vje p—1U{0}, Vn € Z,, for the giveni € p.

where D = min
1+]’

(i) If D; = D; Vj € p then any partially ordered sequence
S(x;) of first element x = x; € A, fulfills

np+i+j+1>xnp+i+j) =D; (8)

3 lim d(x

n— 00
Vj € pandthe giveni € p, and x5, ;. € Tx,,,; C
Ai+ '+1;Vj € ?(i'e" xnp+j+1 € 'Ai+]:+1 lf() £ ] £ p_i_l
ana Xy j+1 € Aj—p+i+1 lfp_l <jsp- 1),Vn € Zy,.
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Let BP(A ;) be the set of best proximity points between
Ajand A j,1; V] € p. Then, there is a sequence {zﬁlj)} C
BP(A ); Vj € p such that the following limit exists:

i (o) =0 viep
9
with x

1 €Tx VneZ,

np+j+ np+j>

(iii) If assumption (3) is removed and (6) in assumption (4)
is replaced by the stronger condition

(©)

d, > max (max (Dj + diam (Aj)) )
€
jep (10)
max (k; (doj—D;)+D;)

then, properties (i)-(ii) hold for any x € ;e A;-

Proof. Let x; € A, for the given i € p which satisfy
assumption (3). Then, from such an assumption, there is
X;1 € Tx;, which is also in A;,,, since Tx € A,,, for
any x € |J;5 Aj> such that d(x;, x;,,) < dy; < d,. Thus,
x; < X, from assumption (2), since dj; < d,. From (6)
and assumptions (1)-(2) by considering the distance between

adjacent subsets,

D, < H(Tx,T)
< kid (x;, x;4,) + (1 - k;) D (11)
<kidy +(1-k;)D; <dy; < d,

since D; < dy; < (1/k;)[(k; — 1)D; + d,] from assumptions
(3)-(4). From assumption (2) and (11), there is x;,, € Tx;,; C
A;psuchthat x;,) < x;,,, and thend(x;, 1, x;,,) < dy;,1,and
d(x;, 15 Xi1,) < H(T'x;, Tx;, ) < dy; < d,. Then, one gets from
(11) and assumption (4):

Dy < H(Txpy1, Txy,)
< kid (X1 %i40) + (1= kiyy) Dy
< kinidoin + (1 - kiyp) Diy
< kiydoin

+(1=kipy) [do = ki (do,i+1 -D;yy)]

<dy+ ki dy — ki dy
+ (1= k1) iy (D1 = doier) < dos
(12a)
d (%1420 X143) < H (T, Tx;y5)
< kiad (X341 Xi12)
+ (1= k1) Diyy
< ki [kid (x; x31) + (1 - ;) D]
+ (1= k1) Diyy
< kirkid (x; X;41)
+ [Kipr (1= k) +(1 = kiyy ) max D; < d.
- (12b)

Again, from assumption (2), there is x;,; € Tx;,, such that
X; 2 Xy 2 X, X X;3. Now, proceeding by complete
induction with (12a) from j = 0to j = p — 1, it follows
that the existence of a partially ordered space x; < x;,, <
Xiyy X X, implies, from assumption (2), the existence of
the partially ordered space x; < x;,; < x;,, X -+
satistying x

=< xi+p—1
ij € Txpyjoy © Ay Vj € pwith A, =
Aj; Vk € p. Also, proceeding recursively with (12b), one
concludes, if k = [[;c5[k;] € [0,1) and D = max;;D;, that
there is a partially ordered sequence x; < x;,; < x;,, < -++ <
Xiyp-1 X Xjp such that x;, ; € Tx CT(A )C A
Vj e p,and

i+j i+j-1 i+j-1 i+

d (xi+p+1>xi+p) < kd (xi’ xi+1) + (1 - k) D (13)

so that there is a partially ordered sequence x; < x;,; < x;,, <

© X Xjppq X Xjyyp 2o osuchthatx;,; € T, 0y C
T(Ai s Vjep—i
Di+1 <d (xnp+i+2’ xnp+i+1)
<H (Txi+np+1’Txnp+i) + (1 - ki) Di
(14)
< lim sup [K"d (x;, x;,,) + (1 - k") D] = D;
n— 00
VneZ,
so that
Di+j <d ('xnp+i+j+1’ xnp+i+j)
<k ;D+(1-k;;) D =D; (15)

Viep-1U{0},VneZ,,.

Then, from (15), there are p closed “quasi-proximity” sets
Q € Ay Qu € Tx; € Ay, Qupy € TPy ¢
Ajip-1 between each pair of adjacent subsets of the cyclic
self-mapping T : ;5 A; — Uiz A; in view of (14), such

iep i€p



4

that there is a partially ordered subsequence {x;, ; +nkp}n ez,
k

of the partially ordered sequence x; < x;,; <X X;,, < +++ <

Xip1 X Xigmp X 000s being subject to Xivimp € Qitj for

Vj € p-1U {0k Vk > kg, some k, € Z,,. Thus, (7)
holds and then the property (i) has been proven. The relation
(8) of property (ii) for j = 0 is a direct consequence of
property (i). From (8), it is also proven that the sequence §;
of first element x; € A; in property (i) satisfies the following
property 3lim,, _, o, d(X;,p415 Xj1np) = D5 Vj € p. Assume
not, then, it follows that

D < lim inf o S Xy
= 00 d(x1+]+np+1 xl+]+np)

< lim supd(x ,-+j+np)

n— oo

i+j+np+1> X

(16)
< kjnli_{nood (xi+j+np> xi+j+np—l)

+(1-k;)D<k;D+(1-k;)D =D;

Vj € p-1U {0} and the given i € P so that, by using
complete induction, Ilim, _, ., d(x; = Dj
Vj € p—1U{0} and the giveni € pwith {x;},.; being partially
ordered with respect to (X, <), that is, x;,, (€ Tx;,; <
Ai+k) = xi+k+l(€ Txi+k < Ai+k+1); Vk € Z0+ and we
can then reformulate the above limits of the distances as
Ilim,, , o, d(x; D;Vj e p—1U {0} for the
giveni € p.

The remaining proof of property (ii) follows by contra-
diction. Suppose that the limit (9) does not exist for some
sequence {z;j)} C BP(A ]-) for some j € p. Since {z;j)} C
BP(Aj), lim inf
case thatlim inf,, _, ., d(x,p,i11> 2y )) would not exist for some
j € p. Then,

i+j+np+1> z+]+np)

i+j+np+1> t+]+np)

11— 00 A(Xpijs1> z,(f)) < D is impossible in the

lim infd( npﬂﬂ,z(ﬁ) D

n— 00

#lim infd (x,, .12, ) > D (17)

:d(Aj’Aj+1) :d(z’y)

for some z € BP(A;), y € Tz ¢ BP(A,,), since A; and
A, are boundedly compact for all j € p since they are
bounded and closed and, then, compact, [7, 8]. This leads to
a contradiction, since {z(j)} C BP(Aj)and x,,, 4 € T, C

A 413 Vj € p. The property (ii) has been proven.

If assumption (3) is removed, while d, satisfies the
stronger constraint (10), then there are infinitely many
sequences S(x) for any arbitrary first element x € {J;e; A;
in the partial order <, of an iterated sequence through T for
which property (i) and thus property (ii) both hold since
d(x,y) = dx,Tx) < d, from assumption (2). Hence,
property (iii) follows so that the theorem has been fully
proven. O

Note that (5) is not guaranteed to be a cyclic contractive
condition for each restricted map T' : (U;54,) | A; —
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(Ujep Aj) | Ajyy, since all the constants are not required to
be less than one in (5), and furthermore, (5) and assumption
(3) are fulfilled for some first element x; € A;, x;,; € Tx; C
A;,,and some given i € p in the partial order (X, d). Note
also that sequences fulfilling the partial order of Theorem 1
can always be built through iterations with the multivalued
p-self-mapping for any arbitrarily chosen A; for any i € p
from (6) characterizing assumption (4) of Theorem 1. The
subsequent particular case of Theorem 1 applies when all
the iterations between the cyclic disposal satisfy a cyclic
contractive condition, that is, k; < 1; Vi € p.

Note that Theorem 1(iii) also holds in the particular case
that the partial order is a total order for all pairs in any
Cartesian product A; X A, of adjacent subsets A; c X; Vi €
P, since both elements of any ordered pair (x, y) € A; X A4,
y € Tx; Vi € p are comparable with respect to the partial
order <. Theorem 1(iii) establishes that any element in any
subset A; ¢ X; Vi € pis a first element of a nondecreasing
(i.e., partially ordered) sequence with respect to the partial
order < which fulfils properties (i)-(ii) of Theorem 1.

Theorem 2. In addition to assumptions (1)-(4) of Theorem 1,
assume, furthermore,

(6) D;j=D=0;Vj ¢ p (ie., ﬂjeﬁquEQ);
(7) the limit x of any converging nondecreasing sequence

{Xu}nez,, is comparable to each x,; Vn € Z,, in the
partial order (X, <), that is,

[xnﬁx(q&xn) forxeAj x,€A;, Vjep, Vn€Z0+]

= H(Tx,Tx,) > k,d (x,x,).
(18)
Then, there is a sequence {x,,.; +j}nezo+satisfying Xpprisj €
T"P*ix, for some given initial element x = x; € A, and some
giveni € p;Vj € p—1U {0} which is non-decreasing and
ordered with respect to the partial order (X, <) and fulfils the
following properties.

(i) EiliInn—>oo d(xnp+i+j+2’xnp+i+j+1) =0; ] €p- LU {0}
and the given i € p with Xpprjrz € TXpppjvri j €
p—1U{0}, Vn € Z,, and the sequence {x"P+i+j}nezo+ is

a Cauchy sequence; j € p—1U {0}.

(ii) The sequence {x,,,;, ;} ney, forany j € p-1U {0}
and the given i € p converge to a limit X in (), A
which is a fixed point of the composite self-mapping Tj :
A; = A, whereTj =TP =ToTo---T (p times) =
T? | A of domain A ;5 Vj € p and also a fixed point
of the self-mapping T : U5 A; — Uiep A that is,
X € ;IA’]E (€ NjepAj) and x € TP %(c )
Vjep.

(iii) If, in addition, (X, d) is a convex metric space, what
holds, in particular, if X is a Euclidean vector space
andd : X x X — Ry, is the Euclidean metric, and

JEP
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Njep A is convex, then X € T %(C (\;c5 A;) is the
unique fixed point of T : Ui A; — Uep A; and
Tj ©A; —> A Vj € pand also the unique fixed
pointof T?: Ui A; = Uicp As

(iv) If assumption (4) of Theorem 1 is replaced by assump-
tion (5) then properties (i)-(iii) hold for any x €
Uie§ Ai'

(v) If X is a Euclidean vector space then property (iii) holds
also if the condition of (X,d) being a convex metric
space is removed.

Proof. The property (i) follows from Theorem 1 when D; =
D = 0;Vj € p. To address the proof of property (ii), it is first
proven that {x,,,;}. , isa Cauchy sequence in X; Vj € p.
Take m € Z, so that one gets from (10) that

d (x(n+m+1)p+i+j’ x(n+m)p+i+j)
<kd (x(n+m)p+i+j’ x(n+m—1)p+i+j) (19)

m
<--<k'd (xnp+i+j’ 'x(n+1)p+i+j)

for some x = x; € A;,¥j € p—1U {0} for any giveni € p
from assumption (1) of Theorem 1, where k = Hf’: 1k;. Then,
d(x(n+m+1)p+i+j’x(n+m)p+i+j) — Oasm — oo; Vj €p- 1U
{0}. Thus, {x } is a Cauchy sequence for the given i € p;
Vj € p—1U{0}. Then, {x,p+;} is @ Cauchy sequence; Vj €
[i, p + i]. Then, such a sequence converges to some X;,; €

np+i+j

l+]
TXj N AL Vi€ p—1U{0} and any given i € p, such
that x,,,,;,; < X;, 3 Vn € Zg, from (18), since all the elements
of the generated non-decreasing sequence in the partial order
(X, <) are comparable from (18) and (X, d) is complete. The
property (i) has been proven.

To prove property (ii), assume that there are two distinct
limitsx; € Tx;_;NA;andx; € Tx;_;NA  for some distinct, j
in p. Since the restricted composite self-mapping Tj(s T? |
Aj) + A; — Ajisa cyclic contraction on the nonempty
closed set A; for any j € p, then we can built uniquely a
restricted composite self-mapping T; : A; — A, defining
the partially ordered sequence {x,, J, with first element x =
x; € A;, which converges to x; as n — 00, since such a
restricted composite self-mapping satisfies also assumptions
(1)-(2) of Theorem 1. Then, we can proceed, in the same way,
with Tj tAj; — Ajgenerating {x,,, ;} converging to X; # X;
asn — oo forany j € p. Both such composite self-mappings
are Lipschitz-continuous, since they are contractive with the
Lipschitz constant being the contractive constant k < 1,
so that the limit of the distance can be permuted with the
distance of the limits. Then, since X, = T]Ee for £ =i, jand
since X, is a fixed point of T, : A, — A, for € = i, j(#i) €
p, the following contradiction holds to the existence of two

distinct fixed points x; (€ T[’Ei) #X;(€ T;‘Ej) for some £ =
i, j(#i) e p;VneZy,:

0= H( Jim T'%, Jin T7%))

= H( lim 7%, lim T"%, )

n— 00
S H np— P
= nlingoH (T x;, T xj)

< lim (K")d(%,X;)=0= % =%; fori j(#i)¢p.
(20)

Since any existing fixed pointin A; N A of Tg(z TP | A,) :
A, — A,for ¢ =i, j; Vi j(#i) € pis comparable in the
partial order (X, <) to any element of A; N A, diam(A; N
A)) <djandX; € Tjx; € A, %; € TjX; € Aj; Vi, j(#1) €
P- Assuming, with no loss in generality, that X; < x;, one
can build, from the assumptions of Theorem 1 and the current
comparability assumption (7), a nondecreasing, converging
and partially ordered sequence:

2 =% 22 =X;X--2z,--2z= limz, (2

such that

Zopr TP C A, 2y, e TP C A Wn ez,
(22)

Thus, lim T"x,(c A, = lim T"x;(c A;) for
any i, j(#1) € p. Since, A; and A; are closed and nonempty
for any distinct i, j in p, then z € A; N A;. Since the pair
(i, j) is arbitrary and the set [ ;5 A; is nonempty and closed,
then z € sz(g Niep
fixed point of T; : A, — A, Vi € p. But, since X; € T)X; is
a fixed point of T; : A, — A, it cannot converge through
an iterated sequence to another distinct fixed point of the
same self-mapping or to be distinct of it. Thus, X = X; = X;
is a fixed point of the restricted composite self-mapping of
T,: A, - A;Vi € D which is in the closed nonempty set
Njep A - Then, TP"x = TPx = Fix(TF) ce Niep A Vn € Z,.
Also, note that, sincex < X, x € Txand D; = 0,V € p, one
gets from (10) that

n— oo n— o0

i€p
A;) forany j € p. Then,z € Tz isa

0=d(%T""%) = H(T% T"""%)
(23)
%) = % TP%) =
< k;d (%,%) = k;d (%, T"%) = 0,

since ¥ € TP*'% from H(TX, T?*'X) = 0. Thus, Fix(T?) =
Fix(T/) ¢ Fix(T?*') ¢ Tx.

It remains to be proven that x € Tx < [) iep Ajis the
unique fixed point of T : ;5 A; — Ujep Aj since dy >
diam(A;NA ) > diam ()5 Ax) and any existing fixed point
in [eep Ay is comparable, with respect to the partial order
(X, %), to any element of ()5 A. This is a consequence of



assumption (2) of Theorem 1, so that d(x;, T""*/x,, j) — Oas
n — 00, and

d(x,T""V%,;) < H(T"%,T""%,,;)
i+j-1 )
sk”( [ [ke]>d(Ei,Tf'1§i+j) (24)
e=i
<d(x xH]) Vn e Z,,,
it (#x;,) ¢ Tj_lfiﬂ, since k < 1, and then k”(]_[l” 'k,) <

1;Vj € p,Vu(= n;y) and some n, € Z,. Thus, x; € Tx; <
TP'x, € A;and X, ; GT_H]CT "X, (= T'%, ) € A
Thus, x; € T X; = X;,; € T’X;,;. It can be also proven in
the same way by 1nterchang1ng the roles of both fixed points
that X, € T'X,,; = X; € Tx,. As a result, T'x, v =Tx; =

l+] 1+]
Fix(T) € (5 A

On the other hand, since any fixed point of the self-
mapping T' : ;5 A; — Ujep Ais Vi € p has to be also
a fixed point of each restricted composite self-mapping T :
A; — A, Vj € p, whichis a unique x € Tx, Vi € p,
then, Fix(T) = Fix(T?) = Fix(Tf) <N
property (ii) is proven.

The property (iii) is proven as follows. Assume that there
arex; € Tx,(C [);5 A;)fori=1,2withX, #X,, since it has
been proven that Tx, = TXx, if x; € Fix(T); i = 1,2. Then,
since (X, d) is a convex metric space (which is guaranteed,
in particular, under a sufficiency-type condition, if the vector
space X is Euclidean and the metric is the Euclidean norm)

and ﬂ]EpA is convex, there is a sequence {x1 } C [x1,x,]
Njep A > for some x1 € Tx, being such that d(x,, 11)) =
d(%,, %)) = d(%,,%,)/2, fulfilling

0= d( —(n+1) zz)

it+j itj*

icp Ais Vj € p. Hence,

<d(x".%,)
<2"d (x1 , xz)
=2d (7, %,) (25)

< H (Tx,,Tx,)

=H(T?x,,T?%,) =0

<kd(x),%,) <d(X,%,) < dy
Vn € Z, such ?gl) € Tx, always exists, since x; = x(1 ) < X,,
since all elements in [);c; A; are pair wise comparable by
hypothesis, Tx, = Tx,, X, , E Txp, X1, %] € (5 A (X, d)
is a convex metric space, and ;5 A; is nonempty and

convex. Then, from the convexity of () A; and (25), one

jep
gets that [x"),%,] ¢ [, %,] c ﬂjeﬁAJ., x" = X, and

Y') < X, Vn € Z;, and then there are infinitely many
UiegAi = Uicp Ai so that Tx, has

A; = U3 A; would not be

fixed points of T :

infinite cardinal and T : Uieﬁ iep
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a multivalued self-mapping, a contradiction. Thus, x, = %, =
X is the unique fixed point of T : [J;;5 A; — Uiep A; and
also the unique fixed point of % : Uiep Ai = Uiep A using
a similar argument to the above one to prove the uniqueness.
Hence, property (iii) follows.

The proof of property (iv) follows directly from the above
properties (i)-(iii) and property (iii) of Theorem 1; property
(v) follows directly, since A; ¢ X; Vi € p being closed
implies that [;c; A, is also closed, which together with the
condition that (5 A; is convex, leads to the property that
(Miep Aid) is a convex metric space if X is an Euclidean
vector space while the complementary to [, A; in X is not
invoked in the proof of the uniqueness of the fixed point so
that if (ﬂieﬁ A;,d) is a convex metric space the uniqueness
proof follows as that of property (v). O

Remarks 1. (1) Note that the restricted composite multivalued
self-mapping Tj :Aj — A;Vj € pcanbe extended in a
natural way to the composite self-mapping 7% : | ;., A; —
U ep A; in the sense that T? | A; = T;Vjep.

(2) The convexity of the subsets A;; i € p is not required
in Theorem 2(iii) but that of their intersection.

(3) Finally, note that a convex set in a Euclidean space
is convex metric space under the Euclidean induced norm
and that closed subsets of Euclidean spaces are convex metric
spaces if and only if they are convex. This property is used
in the proof of property (v) of Theorem 2. Finally, note
that Theorem 2(v) holds independently of the metric (not
necessarily for a norm-induced metric) and that properties
(iii)-(iv) do not require that the subsets A; ¢ X fori € p are
convex but that their intersection is convex.

i€p

3. The Main Result on Best Proximity
Points for Nonintersecting Subsets

An “ad hoc” version of Theorem 2 will be obtained in this
section for the case of nonintersecting subsets by proving
the convergence to unique best proximity points within each
subset A;, which are also unique fixed points of each of the
composed self-mappings T, : A, —» A;Vi € p. Itis
assumed that (X, ||||) is a uniformly convex Banach space
endowed with the partial order < and that the subsets A;
Vi € p are nonempty, closed, and convex sets. The following
remark describes conditions to characterize a class of Banach
spaces from complete metric spaces provided that the norm
is induced from a metric.

Remark 3. It is well known that a norm defines a metric.
In this sense, a Banach space (X, |/||) can be considered
also a complete metric space (X, d) under the norm-induced
metric. To practical effects, the induced metric is identical
to the norm. The contrary is not true in general since
metrics are subject to less restrictive conditions than norms.
However, under certain conditions, as for instance, if the
metric is homogeneous and translation-invariant, then it can
be considered as a norm in a natural way, say, a metric-
induced norm. In this case, we can also consider the norm
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to be identical to the metric-induced norm. If (X,d) is a
complete metric space and X is a vector space and d : X X
X — R, isahomogeneous and translation invariant metric,
then (X, | ) is also a Banach space under such a metric-
induced normd : X x X — R,.

The next result is an “ad hoc” version for this paper of
previous technical results. See Lemma 3.7, Lemma 3.8 and
Theorem 3.10 in [33].

Lemma 4 (Lemma 3.7 and Lemma 3.8 of [33]). Let A; € X
for i € p be nonempty closed subsets of the vector space X of
a uniformly convex Banach space (X, || ||) with norm-induced
metricd : X x X — Ry, and d(A,A;,,) = D, and
either A; or A;,, fori € p are, furthermore, convex (i.e., at
least one of each two adjacent subsets is, in addition, convex).
Consider sequences {x"P+i}n€ZU+ C A;and {z C A,

and {ynp+i+1} C Ai+1 Satisfying

”P"'i}nEZOJr

nezy,

(D) Zp4i = Ypsill = Djasn — oo for any giveni € p.

(2) For every € € R,, there is ny € Z,, such that ||x,,,,.; —
Ynprivtl < D + € for allm,n € Zy, withm > n > n,
for any giveni € p.

Then, the following properties hold:

(i) For every € € R,, there isn, € Z,, such that ||x,,,,.; —
Zupill < € forallm,n € Zy, withm > n > n, for any
giveni € p.

(D) If 12ppsi = Yupsill = Djasn — oo and ||x,,,; -
Yuprill = Djasn — oo then |x,,.; — 2, — 0as

n — oo for any giveni € p.
(iif) {2, j}nez0+ and {2, j}nez0+ are Cauchy sequences;

Vje p—1U{0} and the giveni € p.

The proof of Lemma 4(i)-(ii) is supported by the
nonemptiness, closeness, and convexity of the subsets A ; ¢
X; j € p and the uniform convexity of the Banach
space (X, || ) [33]. The following main result for multivalued
p-cyclic self-mappings is obtained from Theorem 1 and
Lemma 4 while taking into account Remark 3.

Theorem 5. Let T : ;5 A; — Uiy A be a multivalued
p(= 2)-cyclic self-mapping on | ;; A; with A; € CB(X) € X;
Vi € p being all nonempty and convex with D; = d(A;, A;,1);
Vi € p. Assume the following:

(1) Let X be a vector space and let (X,d) be a convex
complete metric space withd : X x X — R, being
a homogeneous translation-invariant metric which
induces a norm || || on X such that (X, || ||) is a Banach
space.

(2) (X, I1'll) is a uniformly convex Banach space with metric
convexity.

(3) The complete metric space (X,d), equivalently, the
Banach space (X, || ||), is endowed with a partial order <
defined by (5) with x = x;(€¢ A;) < y € Tx(C A,,,) for

any (x, y) € A; X A;,, and some given i € p such that
the resulting (X, <) partially ordered space is subject to
assumptions (1)-(4) of Theorem 1 and assumption (7)
of Theorem 2.

Then, the following properties hold.

(i) There are unique best proximity points X;,, € TX; C
Ajy withd(x),X,,) = d(X;,Tx;,,) = D, for each
j € p which are also unique fixed points of each of

i i 1 T.(= TP .
the restricted c‘omfoszte self-mappings T)(=T" | A;) :
A i~ A I Vjep.

(i) Take any x = x;(€ A;) < y = x;,, € Tx; for any given
i € p (i.e, x and y are partially ordered with respect to
the partial ordered set (X, <) and consider the partially
ordered sequences {x,,,;}, being nondecreasing with
respect to < while satisfying x,,, ;.1 € Tx,,, ;3 Vj € p
of first element subject to x = x;(€ A;) 2 ¥y = x;,, €
Tx; for any given i € p. Then, each of such sequences
{xp+ j} converges to the unique best proximity point X ;
in A;; Vj € p which is also the unique fixed pi)int
of each of the restricted composite self-mapping T; :
Aj > AL If(VepAi# D, then X = %; € (N5 A;
if the unique fixed point of T : ;e Ai — Uiep Ais
T,(=TF | ‘Aj)_and a fixed point of T : U5 A; —
UieﬁAi; V] €p.

(iil) If assumption (4) of Theorem 1 is replaced by its
assumption (5), then the convergence to the above
unique best proximity points holds for partially ordered
sequences of first element x € (J;c5 A;.

Proof. Note from the various hypothesis the uniformly con-
vex Banach space (X,|]l) possesses the metric convexity
property with respect to the norm metric ||| while it is
endowed with a partial order < under assumptions (1)-(4)
of Theorem 1. From property (ii) of Theorem 1, (8), the
nonemptiness and closeness of the subsets A; € X; Vi € p,
and Lemma 4(i)-(ii), it follows that

= nlgrolo d (xnp+i+j+1> xnp+i+j) = Di+j;

3 nll,ngo d ('x(n+1)p+i+j’ xnp+i+j) =0; (26)
Vjep-1uU{0},
where xnp+i+j € Txnp+i+j—1 < Ai+j7 x(n+1)p+i+j €

Tpxnp+i+j—1 < Tx(n+1)p+i+j—1 < Ai+j; Vj € p- 1u {0})
Vn € Z,, for the given i € p and the iterated sequences;
Pnprin ez, 3V € p - 1U{0} and the giveni € p are partially
ordered with respect to the partial order <, from Theorem 1, of
first element x;, ; = x; generated from the iteration x,,,;,; €
Txyprivj-13 V] € p — 1U{0} and the given i € p are all Cauchy
sequences. Since (X, d) = (X, || ||) is complete, it follows that
Xupsivj = Xinj(€ TPXguyprivj € TXpprivjor € Ajyj) and
Knp+itj+l (€ Tpx( S Txnp+i+j S Ai+j+1) as
n — oo Vj e p—1U{0}and the given i € psince A; € X

- xi+j+1 n—1) p+i+j+1



is nonempty, bounded and closed; Vj € p and the given
i € p. Thus, one gets from (26), since A; € X is nonempty,
bounded and closed, and then boundedly compact, and also
approximatively compact with respect to A;_; [8, 35], that:

<d

z+] = ( np+i+j+l’xnp+i+j)

—d (Ei+jji+j+1) =D (27)

:d(xHj,T—xHj) as n — 00;

Vj € p—1U {0} and the given i € p, where X Xipja1 €
T? Xisjs1—p € TX5Vj € p— p—1U {0} and the given i € p.
Since all the subsets A; ¢ X;Vj € p are nonempty, closed,
and boundedly compact; Vj € p thenx; € A; is a best
proximity pointin A; of T : ;5 A; — Uiep A; and it is
also a fixed point of the restrlcted composite self-mapping
T Ui Ai 1 A5 — UIEP A Vj € p. Thus, there are
Cauchy, then convergent since (X, d) is complete, sequences
E +j}neZo+ with respective first elements x;,; € Tx; ;i
Vj € p—1U{0} and the given i € p, each being convergent
to x;,; € Aj,j such that x = x; is the first element of
{xnp Jrl-]{nezo+ € A; which consists of partially ordered elements

with respect to the partial order < such that

Xivj 200 2 Xni1) prie (E T? Xnprivj S Tx(n+1)p+z+] 1)
< X(n+1) pti+j <= }Hj (28)
- nle xnp+1+]’

with {xp,;j} € A3 j € p-1U{0}, Ve € Z,, for the
giveni € p.ButX;,; € A;, ;3 Vj € p—1U {0} and the given
i € p,isafixed point of the restricted composite self-mapping
T;:UisAi | A; = Uis Ai | A}, Vj € panda fixed point
of the composite self-mapping T? : | ;5 A; — Uiz A; from
Lemma 4(iii) to which the partially ordered sequences of first
element x = x; € A; converge. It is also a best proximity
point in A, ; of the self- mapping T : Uiep Ai = Ui A
from Lemma 4(iii) and the second part of Lemma 4(ii). Then,
X; € Tx; € TPx; Vj € p. The uniqueness property of
each of those p best proximity points x; € TXx; in each of
the subsets A; < X follows from their uniqueness as fixed
points of the restricted self-mappings Tj: U Ai | A} —
Uie? A A j from Theorem 2, since (X, d) is a convex metric
space and the subsets A; € X are convex; Vj € p. On the
other hand, it turns out that if all the subsets have nonempty
intersection, such an intersection is convex so that the best
proximity points are all identical and the unique fixed point
of T: Uig Ai = Uiep AiandT? : ;5 A; = Uip A, from
Theorem 2, this leads to the proofs of properties (i)-(iii). [

Remarks 2. (1) Theorem 5 proves the uniqueness of the best
proximity points for any partially ordered sequences with first
elements in any of the subsets of the multivalued p-cyclic

self-mapping on | J;; A; satisfying assumptions (1)-(4) of
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Theorem 1as it was commented, in Section 2 concerning such
a theorem, the given A; ¢ X for some i € p to select the first
two elements of the partial order can be chosen arbitrarily
by construction from (6), namely, from assumption (4) of
Theorem 1.

(2) The value of the individual contractive constants being
less than, equal to, or larger than one for each pair of adjacent
subsets is irrelevant in Theorem 5 provided that its product
is less than one. Note also that Theorem 5 holds also if
the distances between each pair of adjacent subsets are not
necessarily identical.

(3) Note also that, for Euclidean metric, the convexity of X
is kept as hypothesis for the uniqueness of the best proximity
points of the multivalued self-mapping, since although the
subsets A; of X, i € p are convex, the existence of points
belonging to such subsets guaranteeing the equality in the
triangle inequality for the metric would not be otherwise
guaranteed, since such sets are disjoint and pair-wise disjoint.

(4) It can be observed that the metric convexity of the
space (X, d) cannot be relaxed to that of (();c; A;>d), since
the subsets A; ¢ X do not necessarily intersect.

(5) Note that the results of Sections 2 and 3 obtained from
the contractive condition (5) also hold for multivalued self-
mappings T : ;5 Ai = Uiep A; which are not cyclic; that
is, T(A;) N A;,, # @ for some i € p but fulfil the condition
TxNA;,,#+9;VxeA,Viep.

4. Example

Consider two bounded and closed real subsets A, =
[e, M]; A, = [-M,—¢] = —A, for nonnegative positive real
constants &, M with ¢ < M under the Euclidean metric so that
D=d(A,A,) =2¢

Consider also a scalar discrete dynamic system of state
X operating at each state value under N tentative feedback
controls u,i'k) = —K,i'k)xf;k); Viy € I, where the indexing set of
tentative states at the (k + 1)-th sampling point is defined by

Ik+l =Ik XN
=I)xNx--xN (29)
—k
={l}xN, VkeZ,,

where “x” stands for the Cartesian product of sets, x((]iO) =

xgl) = x € [-M, —€] U [e, M] is the initial point of an iteration
through a self-mapping T from [-M, —¢] U [e, M] to itself
and I, = {1}. Then the discrete state trajectory takes values in
alternated points at A, and A, from the initial state condition
x such that x(*) e Tol® = {x  xNy v e 7,
obtained as follows:

(iks1)

xk+1
—(iks1) — (k1)
xk+ll if |x k+1l < [S’M] >

= M sgnx)if [x] > M,V € I, Vk € Z,,,
€ sgn x,(;i*l‘) if _,(fr*ll) <e,

(30)
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where

—(ik41) (k) (ix)
X = ax  + boug

(31)

(4 - BK™) x¥; Vi € I, Vk € Z,,

with a; # 0 and b, > 0 being nonzero real numbers under a
sequence of controllers of gains

(i)
Pt )

K& =2 = A el0pls Vi el VkeZ,, ()

for some nonnegative real constant p so that, after replacing

(32) into (31), this leads to the controlled closed-loop trajec-

tory sequence given by (30) subject to x;j*ll) = pl((”‘)x,(:"),

Vi, € I w1th|x(”‘“)| < min (max(p("‘)lx(’k l,€), M ); Vi, € I,
Vk € Z,. Assume that (5) holds for x X y so that, for some
y € Tx and some z € T, one gets

d(z,y) <H(Tx,Ty) <Kd(x,y)+2(1-K)e (33)

for some K € (0,1). Note also from (30)-(31) that (5) is
guaranteed under the set of constraints below:

(' (ix)
2e<d (xk+21 ’xk+1 )

Sd( — (i) (i) )

X2 > Xkl
= [ - | = [ + b
'ak+1 bk+1 klfil _1||xl(<ifll)
'ak+1 bk+1 klfil 1|Inln |xklf-+11 ’M) (34)
'ak+1 bes k:k-;l —1|min L |xkk)| M

< min (dg, Kd (x5, x) +2(1 - K) )

in (do, K |ag - bK™ - 1| [xF] +2(1 - K) e)
< min (dy, K |ag - bK¥ - 1| M +2(1 - K)e)
<dy;

for some iy € I, Vk € Z,,

which hold provided that there is at least a controller gain

sequence {K ,(:") }

subject to the constraints:
(IR

dy > max (2&, M (a; + |, — 1|)), (35a)
(k)
Klag, — b KV -1+ (2 (1-K /1x
min<l,%—ak—|ak—1|, | 1 — be ' (lkﬂ)( ) /| k|)> £ es0
0 (i) | peyn — bk+1 k+1 1'
<Pk ST .
A I K |a,, - BK¥ -1 Y (35b)
> M k e ’k+1 I e=
L |ak+2 bk+1 kvl 1'

for some i, € I;; Vk € Z,. The above constraints guarantee
the generation of an iterated nondecreasing partially ordered

sequence S(x) = {x = xé ), xi’ ), xﬁl’"), ...} by the self-
mapping T on [-M, —¢] U [e, M] with respect to the partial
order “<” under a sequence of control gains satisfying 0 <
K% = (0% 4 a)fbe < (1/lb)(do/M)  lag 1)) and
lap, — 1| <2¢/M <dy/M;Vk € Z,,.

It follows from Theorem 5 that such a sequence has two
subsequences, built by keeping the same order with alternated
terms of S(x), converging, respectively, to the unique best
proximity points, x; =& € A; and x; = —¢ € A, of the self-
mapping. If ¢ = 0 both such sequences and S(x) converge to
the resulting unique fixed point of the 2-cyclic composite self-
mapping T on [-M, —¢ ] U [¢, M]. If the considered subsets
are A, = [-&, M]; A, = [-M,¢e] = —A,, the first term of
the chain of inequalities (34) is valid with the replacement
2¢ — 0 while the terms 2(1 — K)¢ are all zeroed in such a

chain of inequalities. Thus, (34) holds if there is a sequence of
controller gains satisfying

(ix.)
0<Kk"

d
< <—0 = |a - 1|> for some i, € I;; Vk € Z,
(36)

under sufficiency-type constraints d, > KM if |g] <
dy/KM-1;Vk € Z, ord, < KManda, > 1-d,/KMifa, €
[0,1]; Vk € Z,,. Thus, S(x) = {x = x(()l),xi ),...,xS”),...}
converges to x* = 0 which is the a unique fixed point of T on
[-M, —¢] U [e, M].
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The following extension of the example is direct. Assume
that (31) is replaced by the second-order uncoupled discrete
dynamic system:

i) _ (-(z'kﬂ) —(ikﬂ))T
Xea1 T Kk Xoke

(i)

= Akx](jk) + Bkuk

T .
- <Ak _ B KW )xgk); Vi € [,Vk € Zg,,  (37)

(iker) _

where the superscript T' stands for transposition and x, |

(ik+1) (ik+1)

T
s x801), subject to the tentative scalar feedback con-

(x
() _ )" G D .
trols u, ¥ = -K;* x, where A; = Diag(ay,ay) is a

sequence of real 2 x 2 diagonal matrices, B, = (by,by)" is
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a sequence of two dimensional real column vectors, K ,(('k)Tare
sequences of two-dimensional real row vectors. The set
of inequalities (34) are replaced by parallel ones by using
the maxima for norms/distances of the two state vector
components. The resulting inequalities are obtained from the
initial basic constraints:

(1) (k)
2e<d (xkfrz1 ’xkil)

— (1) (k)
<d (xkiz1 > xkf—l) (38)

—(ige1) () )
= maxd (x. X,
1<j<2 k422 7 jk+1

for some i, € I,Vk € Z,. To keep the validity of (30)
for each state component, the constraints (35a) and (35b) are
replaced by

dy > ln;]aé max (2£,M (ajk + |ajk - l|)), (39a)
(i)
. _(d, . K’“j,kﬂ — b K - 1' -1 |eg) |
min| 1, 1r£1]1<rlz M Aj — 'a]-k - 1' , 1r£1]1<rlz D if e>0
‘ - - ’aj,k+2 - bj,k+1Kj,k+1 - 1‘
0<p <A (39b)
(i)
L N T |
min 1,11111112 — A - 'ajk - 1' , min 3 it e=0
<ij< +
== == Ajk2 ~ bj,k+1Kj,}k<+11 - 1|

for some iy € I;; Vk € Z,,.
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