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Let f(z) be a meromorphic function in C, and let a(z) = R(z)h(z) # 0, where h(z) is a nonconstant elliptic function and R(z)
is a rational function. Suppose that all zeros of f(z) are multiple except finitely many and T'(r,«) = o{T(r, f)} asr — oco. Then

f ' (2) = a(z) has infinitely many solutions.

1. Introduction

The value distribution theory of meromorphic functions
occupies one of the central places in complex analysis which
now have been applied to complex dynamics, complex differ-
ential and functional equations, Diophantine equations, and
others.

In his excellent paper [1], Hayman studied the value dis-
tribution of certain meromorphic functions and their deriva-
tives under various conditions. Among other important
results, he proved that if f(z) is a transcendental meromor-
phic function in the plane, then either f(z) assumes every
finite value infinitely often or every derivative of f(z) assumes
every finite nonzero value infinitely often. This result is
known as Hayman’s alternative. Thereafter, the value distri-
bution of derivatives of transcendental functions continued
to be studied.

In 1998, Wang and Fang proved the following results.

Theorem A (see [2, Theorem 3]). Let f be a transcendental
meromorphic function in C, all of whose zeros have multiplicity
at least 3. Then f' assumes each nonzero complex value infi-
nitely often.

In 2006, Pang et al. proved the following result, which is
a significant improvement of Theorem A.

Theorem B (see [3, Theorem 1]). Let f be a transcendental
meromorphic function in C, all but finitely many of whose zeros
are multiple, and let R(# 0) be a rational function. Then f' —R
has infinitely many zeros.

Relative to f, R is a small function in Theorem B.
Specifically, T(r,R) = o{T(r, f)} asr — o0 in Theorem B.
A natural problem arises: what can we say if the rational
function R in Theorem B is replaced by a more general small
function «(z)? In this direction, we obtain the following
result.

Theorem 1. Let f(z) be a meromorphic function in C, and let
a(z) = R(z)h(z) # 0, where h(z) is a nonconstant elliptic
function and R(z) is a rational function. Suppose that all zeros
of f(z) are multiple except finitely many and T(r,a) =
ofT(r, f)} asr — 0. Then f'(z) = a(z) has infinitely many
solutions (including the possibility of infinitely many common

poles of f(z) and a(z)).

2. Notation and Preliminary Lemmas

We use the following notation. Let C be complex plane and
let D be a domain in C. Forz, € Cand r > 0, A(zy,7) = {z |
|z — 2yl < 1}, A'(zo,r) ={z|0<|z-z) <r},A=A(,1),



and I'(0,7) = {z : |z| = r}. We write f, é) f in D to indicate
that the sequence {f,,} converges to f in the spherical metric
uniformly on compact subsets of D and f,, = f in D if the
convergence is in the Euclidean metric. Let n(D, f) denote
the number of poles of f(z) in D (counting multiplicities),
and let n(r, f) = n(A0,r), f).

For f meromorphic in D, we denote

N G
ff@)=—"7"3
1+|f @)
1 2 ey
S(D, f) = ;J-J-D[f# (z)] dxdy,
$(r.f)=S(a(0.7), ).
The Ahlfors-Shimizu characteristic is defined by
()= [ S0 g @
0

Remark 2. Let T(r, f) denote the usual Nevanlinna charac-
teristic function. Since T(r, f) — Ty(r, f) is bounded as a
function of r, we can replace Ty (r, f) with T'(r, f) in the paper.

Recall that an elliptic function [4] is a meromorphic
function h defined in C for which there exist two nonzero
complex numbers w,; and w, with w;/w, not real such that
h(z + w;) = h(z + w,) = h(z) for all z in C.

Lemma 3 (see [5, Lemma 2]). Let F be a family of functions
meromorphic in D, all of whose zeros have multiplicity at least
k, and suppose that there exists A > 1 such that | f (k)(z)l <A
whenever f(z) = 0. Then if F is not normal at z,, there exist,
foreach 0 < a <k,

(a) points z,,, z,, — 2y
(b) functions f, € F;

(¢) positive numbers p, — 0

such that p,* f,(z, + p,{) = g,() LA g() in C, where g is
a nonconstant meromorphic function in C, all of whose zeros
have multiplicity at least k.

Lemma 4 (see [6, Lemma 3.2]). Let k be a positive integer, and

let R be a rational function satisfying R (z) # Z* in C. If all zeros
of R are multiple, then

H?:fm (z - o)

-, (3)
(k+1)(z-B)

R(z) =

where n is a nonnegative integer, 3 € C, and o; #0, 3 (1 <i <
n+k+1).

Lemma5 (see [7, Lemma 6]). Let! be a positive integer, and let
R(2) be a rational function and all of whose zeros are multiple.

IfR (z) # z'inC, then R(z) is a constant function.
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Lemma 6 (see [6, Lemma 3.6]). Let {f,} be a sequence of

functions meromorphic in A(z,,r). Suppose that f, LS fin
A'(z,,7), where f is a nonconstant meromorphic function or
f = 00 in A'(zy, 7). If there exists M, > 0 such that for each
n, n(A(zy, 1), 1/ f,) < M,, then there exists M, > 0 such that
S(A(zy,7/2), f,) < M;.

Lemma 7 (see [8, Corollary 2]). If h(z) is a nonconstant ellip-
tic function with primitive periods w,, w,, where w, [w, is not
real, then T(r,h) = Ar*(1+0(1)) ast — oo, where A > Oisa
constant.

Lemma 8 (see [6, Lemma 3.4]). Let {f,} and {y,} be two
sequences of meromorphic functions in D, and let f(z) and
y(z) be two meromorphic functions in D. Suppose that

(@) f,(2) B f(2) and y,(2) S y(z) in D;
(b) f1(2) # Y (2) in D.

Then, either f'(z) = y(z) or f'(z) # y(z) in D.

Lemma 9 (see [9, Lemma 3.1]). Let {f,} be a sequence of
meromorphic functions in D, and let {y,,} be a sequence of holo-
morphic functions in D such that y,, = v, where y(z) #0, 00
in D. If for each n, f,(z)+0 and f,;(z) #y,(z) forallz € D,
then {f,} is normal in D.

Using the same proving method of Theorem 1.1in [10], we
can prove the following result without any difficulties. In fact,
there is no essential distinction between Theorem 1.1 in [10]
and the following result.

Lemma 10. Let {f,} be a family of meromorphic functions in
D, all of whose zeros and poles are multiple, and let {h,} be a

sequence of meromorphic functions in D such that h,, 2 hin
D, where h # 00 is meromorphic and zero-free in D. Suppose
that h and h,, have the same poles with the same multiplicity
and frf(z) #h,(z) for all z € D. Then & is normal in D.

Lemma 11 (see [6, Lemma 3.8]). Let {f,} be a sequence of
meromorphic functions in D, all of whose zeros are multiple,
and let {y,,} be a sequence of meromorphic functions in D such
that v, = v in D, where v is a nonvanishing holomorphic
function in D. Let E be a (countable) discrete set in D which has
no accumulation points in D. Suppose that

(@) f,(2) S f(2) in D\ E;
(b) for some a, € E, no subsequence of {f,} is normal at
a;
(c) foralln e N, frf(z) #v,(z) in D.
Then,

(d) there exists r > 0 such that for sufficiently large n, f,
has a single zero z,,, of order 2 and a single pole z,,,
of order 1 in A(a,,r), where z,; — a, asn — 0o,
i=1,2

(e) f(2) = [, (L.
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Lemma 12 (see [6, Lemma 3.9]). Let {f,} be a family of mero-
morphic functions in D, all of whose zeros are multiple, and
let {y,,} be a sequence of meromorphic functions in D such that

v, LY y in D, where y(z) # 0,00 in D. If for each n € N,
fi(2) #£v,(2) for all z € D, then {f,} is quasinormal in D.

3. Auxiliary Lemmas

Lemma 13. Let {f,} be a family of meromorphic functions in
A, all of whose zeros are multiple. Let {b,} be a sequence of

meromorphic functions in A such that b,(z) é b(z) in A,
whereb # 0 is a meromorphic function and b(0) = 0. Suppose
that

(a) b and b, have the same zeros and poles with the same
multiplicity;

(b) foralln e N and all z € D, fr'l(z) +b,(2);

(c) there exist points z,, in A such that f,(z,) = 0 and
z, = 0asn — oo;

d) f.(2) é) f(z) in A, where f(2) is a meromorphic
function in A,

Then f'(z) =b(z)inA.

Proof. SetF,(z) = (f,;(z)/bn(z)). By (a),f,'l(O) #b,(0) = 0and
hence F,(0) = oo. Since all zeros of { f,(z)} are multiple and
£1(0) #0, we have £,(0) #0. Hence, 2, # 0 and F,(z,,) = 0 for
sufficiently large ». Since F,(0) = co and F,(z,) = 0 for suf-
ficiently large », {F,,({)} is not equicontinuous at 0 and hence
{(f,i(z)/bn(z)) — 1} is not normal at 0.

By (b), we have 0 # (f,;(z)/bn(z)) -1= (f'(z)/b(z)) -1
in E, where E = {z | f(z)#00,b(z)#0 and z € A}
By Hurwitz’s theorem, either (f "(2)/b(z)) =1 = 0 or
(f'(z)/b(z))—l #0in E. Suppose first that (f'(z)/b(z))—l =0
in E. Obviously, (f "(2)/b(z)) = 1isa meromorphic function
in A', So (f'(z)/b(z)) -1 = 0in A’ Suppose that
(f'(z)/b(z)) = 1#0 in E. If f(z) = oo or b(z) = 0, then
(f'(z)/b(z)) — 1 = co. Hence (f’(z)/b(z)) —1#0in A", Sup-
pose that (f'(z)/b(z)) ~1#0inA’. By the assumptions, there
exists § > 0 such that f(z) has no poles on I'(0,§) and b(z)
has no zeros on I'(0, §). Thus, we have

1 1
P ROR@ -1 @@ T 4
zeT(0,6).

By the maximum principle, (4) holds in A(0,8) and then
{(f;(z)/bn(z)) — 1} is normal at 0. A contradiction. Thus,
f'(z) =b(z)in A'. O

Lemma 14. Let f(z) be a meromorphic function in C satisfy-
inglim, _, . (T(r, f)/r*) = 0. Then there exist a, — co and

0, — 0 such that

f#(an)—>00, S(A(a,,6,), f) — 0o asn— oo.

©)

Proof. We claim that there exist t, — ocoande, — 0such
that

S(A(t,e,), f) = %” [f @] dxdy — co. (6)

lz—t,|<e,

Otherwise, there would exist ¢ > 0 and M > 0 such that
S(A(zy, €), f) < M for all z, € C. From this follows

Strf)= %lez|<,[f# (Z)]dedy =o(”), @
and hence

T, (r, f) = J SO~ o(r). ®)

o ¢

Now, there exists M > 0 such thatlim, _, . (T, (r, f)/rz) <M,
and hence lim, _, . (T'(r, f )/r*) < M which contradicts the
hypothesis lim, _, . (T'(r, f)/rz) = 00.

By (6), there exists a sequence {a,,} such that |a,—t,| — 0
and f*(a,) — ooasn — o00.Setd, = ¢, + |a, — t,|.
Obviously, §, — 0 and A(t,,¢,) < A(a,,d,), and hence
S(A(a,,d,), f) — coasn — oo. O

Lemma 15. Let d be an integer, and let f be a transcen-
dental meromorphic function, all of whose zeros are multiple.
Set g(z) = f(2)/z% with g = fifd = 0. I
lim, , (T(r, f )/1%) = oo, then there exist sequences a, —
oo and §,, — 0 such thatasn — oo,

fla) L, )

d >
a, a

€
$(A(a,,8,),9) — co.

Proof. By standard results in Nevanlinna theory, T(r, f) =
T(r, zfdg) < T(r,g) + T(r, z% and T(r,z™%) = O(logr)
asr — oo. Thus, lim, _, (T(r, g)/rz) = 00. By Lemma 14,
there exist b, — oo ande¢, — 0 such that
9’ (B,) — oo, S(A(bne,).g) — oo
(10)
as n — 0.

Set g,(z) = g(z + b,). Then gi(O) = g#(bn) — 00 and hence
{g,} is not normal at 0. Since all zeros of g are multiple in
C\ {0}, all zeros of g,,(z) are multiple in A for sufficiently large
n. Using Lemma 3 for « = 1/2, there exist points z, — 0and
positive numbers p, — 0 and a subsequence of {g,} (still
denoted by {g,,}) such that

G, () = % =N (1)

in C, where G is a nonconstant meromorphic function in C,
all of whose zeros are multiple.

G'({) is not a constant function (otherwise, either G({)
is a constant function, or the zero of G({) is not multiple).



Thus, we can assume (, is not a zero or pole of G'(Q). Set
a, = z, + p,Cy + b,. Now, we have

97 (a,) = a% (2, + pulo) = PGP (L), (12)

where i = 0, 1. Since p, — 0 and {; is not a zero or pole of
G(k)(C), we havea, — o0, g(a,) — 0,and g'(an) — 00 as
n — oo.

Now, we have f(an)/a,‘f =g(a,) — 0and

!
fl@) _ (F9@) | dz*g@) +2¢ 2)
ad ad ad a
dg (a,

= +4 (a,) — oo.
(13)

Setd, =¢, +la, — bl =¢, + |z, + p,{,l. Obviously, §,, — 0
and A(b,, ¢,) € A(a,,d,), and hence S(A(a,,d,),g) — ©0 as
n — 0o. ]

Lemma 16. Let {f,} be a sequence of meromorphic functions
in D, and let {h,} be a sequence of meromorphic functions in

D such that h,, X hin D, where h # 0,00. If f,(z)#0 and
f,ﬁ(z) #h,(2) for all z in D, then & is normal in D.

Proof. By Lemma 9, it suffices to prove that {f,} is normal at
points where h has poles or zeros. Without loss of generality,
we assume that D = A, h(z) = z'b(z), where b#0, 00 in A,
and I( #0) is an integer. Then {f,} is normal in A".

Suppose { f,,} is not normal at 0. Since f,, # 0 in A, we have
that there exists 7 > 0 such that A,, ¢ Aand f, = 0in A, .
By Argument Principle, for sufficiently large #, we have

n(r,ﬁ) —n(r,f;—hn)

1 fu -, 1 W
= — L —dz = — —dz =1.
27i ,[|z|:r fi—h, “= i J|z|:r n

(14)

"

Since f,;(z) #h,(2),1 = —-n(r, frf - h,) < 0. Obviously, f,
has poles (otherwise f,, % coin A") which are different from
the poles of h,,, so n(r, . — h,) > —I. A contradiction. O
Lemma 17. Let {f,} be a family of meromorphic functions
in D, all of whose zeros are multiple. Let {h,} be a sequence

X
of meromorphic functions in D such that h,(z) = h(z) in
D, where h # 0,00. Let E C D be a set which has no
accumulation points in D. Suppose that

(a) h and h,, have the same zeros and poles with the same
multiplicity;

(b) foralln e Nand allz € D, fri(z) +h,(2);

(¢) for each a € E, no subsequence of { f,,} is normal at a;

d) f,(z) 3 f(z)in D\E.
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Then

(e) for each a € E, h(a) # oo;

(f) for each a € E, there exist r, > 0 and N, > 0 such that
for sufficiently large n, n(A(a, r,),1/f,) < N,, where
1, and N, only depend on a;

(g) foreacha € E, f(z) = J: h()d{ in D \ E.

4. Proof of Lemma 17

Proof. It suffices to prove that each subsequence of { f,,} has a
subsequence which satisfies that ( f), and prove that (e) and
(g) hold. So suppose we have a subsequence of {f,}, which
(to avoid complication in notation) we again call { f, }.

Without loss of generality, for each a € E, we may assume
thata =0,A c D, A" N E = @, and

h(z) =2+ a2+ = 20 (2), (15)

where 7(0) = 1 and h(z) #0, 0o in A.
We consider the following three cases.

Case 1 (h(0) = 00). We will derive a contradiction in the case,
and hence (e) holds. For convenience, we set m = —k. Thus,
hWz) = 2™+ a2 ™ + - = (W(z)/2™), where m is a
positive integer. Clearly, we have h(z) # 0, co in A, h,(z) #0,
oo in A', and h(0) = h,,(0) = co.

Subcase 1.1 (For sufficiently large n, £,(0) #0). We claim that
for each § > 0, there exists at least one zero of £, in A’(0, 8)
for sufficiently large n. Otherwise, there exists a subsequence
of {f,} (still denoted by {f,}) such that f,(z) #0 in A'(0,98).
Since f,,(0) #0, f,,(z) # 0 in A(0, d) for sufficiently large n. By
Lemma 16, { f,} is normal at 0. A contradiction.

Taking a subsequence and renumbering if necessary, we
may assume that a,(#0) is the zero of {f,} of the smallest
modulus. Obviously, a, — 0asn — o0. Set F,({) =
a" ! f,(a,(). We have

(AD) F,(0) #0in A;
(A2) all zeros of F,,({) are multiple and F,(1) = 0;
(A3) FL(Q) #a"h,(a,0) and a"h,(a,0) = 1/{" in C.

By Lemmas 16 and 12, {F,,({)} is normal in A and quasinormal
in C. Thus, there exists a subsequence of {F,,({)} (still denoted
by {F,({)}) and D, c C such that

(B1) D, has no accumulation point in C;
(B2) for each {, € D, no subsequence of {F, ({)} is normal
at CO;
X .
(B3) F,({) = F)inC\ D,.
Obviously, D; N A = 0 and all zeros of F({) are multiple.

Subcase 111 (1 ¢ D,). By (A2), F(1) = F'(1) =
0. Let {; € D,. By Lemmall, F'({) = 1/{™ which
contradicts F'(1) = 0. Hence, D, is an empty set. Since
F(1) = 0, F(¢) is a meromorphic function in C. By Lemma 8
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and (A3), either F'({) = 1/{" or F'({)#1/{™ in C. If
F'(Q) = 1/{", we have F'(1) = 1 which contradicts
F'(1) = 0. If F'({) # 1/{", then by Theorem B and Lemma 5,
F is a constant function. Since F(1) = 0, F{) = 0
in C. Now,

E,(Q)=a""f,(a,{) =0 inC. (16)

We claim that for each § > 0, there exists at least one pole
of f, in A’(0, 8) for sufficiently large . Otherwise, there exist
0 > 0 and a subsequence of { f,} (still denoted by { f,.}) such
that {f,(z)} has no poles in A'(0, 8). Since fy:(z) #h,(z) and
h,(0) = oo, we have f(0) # co. Thus, {f,(z)} is a sequence
of holomorphic functions in A(0,d). By Lemma 10, {f,} is
normal at 0. A contradiction.

Taking a subsequence and renumbering if necessary, we
may assume that y,(#0) is the pole of f,(z) of the smallest
modulus. Obviously, y, — 0asn — o00. By Hurwitz’s
theorem and (16), we have a,/y, — Oasn — 0. Set

G,(0) = ¥y £,(3,0), and we have

(C1) G,(0) is holomorphic in A;
(C2) G,(1) = o0;
(C3) all zeros of G,,(¢) are multiple;

(C4) GL(Q) # Y ho(3,0) and ¥y (3,0) = 1/ in €.,

By Lemma 10 and Lemma 12, {G,({)} is normal in A and
quasinormal in C. Thus, there exists a subsequence of {G,({)}
(still denoted by {G,,({)}) and D, c C such that

(D1) D, has no accumulation point in C;

(D2) for each {, € D,, no subsequence of {G,({)} is normal
at (0;

(D3) G,({) 3 G() in C\ D,.

Obviously, D, N A = @ and all zeros of G({) are multiple in
C\D,.

Clearly, G(0) = lim,,_, .G, (a,/y,) = ¥ f,(a,) = 0, so
G(z) is meromorphic in C\ D,. By Lemma 8 and (C4), either
G'({)=1/¢"orG'()#1/{™inC\ D,.

(1) (D, is an empty set.) By (C2), we have G(1) = co. If
G'({) #1/{™ in C, then by Theorem B and Lemma 5, we have
G({) = c which contradicts that G(1) = c0.IfG'({)-1/{™ = 0
in C, we have G(0) = co which contradicts that G(0) = 0.

(2) (D, isnotan empty set.) Let {, € D,. Since D,NA = 0,
by Lemma 11, we have G'({) = 1/{" in C \ D, — {0}. Clearly,
G'(¢) and 1/{™ are meromorphic functions in C \ D,, so we
have G'({) = 1/{" in C \ D, which contradicts G(0) = 0.

Subcase 1.1.2 (1 € D;). By Lemmall, we have F({) =

'[f(l/f'")dﬁ. If m = 1, F({) is a multivalued function. A
contradiction. Thus, # > 1 and we have

¢ m-1 _
PO = || gt ﬁ(‘vcm—l)

(e C\D,.

17)

Let {; be the ith root of the equation {""™' — 1 = 0, where

i=1,2,...,m-1.
We claim that D, = {{,{,,...,{,,_;}. Suppose that {, ¢
Dy and {J"' = 1 = 0. Obviously, we have F({;) = 0 and

F' () = {," which contradicts that all of zeros of F({) are

multiple. Suppose that {, € D; and ("' ~1#0. Since D;NA =
0, by Lemma 11,

¢ 1 1 Cm—l _ (r)n—l )
F) =| —dE= ,
© Lo g S ( gt (18)

(e C\D,.

Comparing the coefficients of (17) and (18), we obtain that

"1 = 1. A contradiction.

Now, we have

Cm—l -1

X
Fn(()zm

in A. (19)

By Hurwitzs theorem, there exist y,,; such that y,; — 0
and F,(y,;) = oo, wherei = 1,2,...,m — 1. Observing that
F,(0) # 0o, we have y, ; #0.

Set U,(§) = sf‘“*an(snf), where s, is one of
(V1> Vu2o - - - s V1) of thelargest modulus. Then, there exists
a subsequence of {U, (&)} (still denoted by {U,,(£)}) such that

(E1) for each R > 0, U,(£) #0 in A(0, R) for sufficiently
large n;
(E2) U, (1) = oo;

(E3) UL(®) # ", (5,€) and s7'h,(s,8) 5 1/€" in G

(E4) U,,(€) has only m — 1 poles #,; = y,.;/s, on A, where
i=12,...,m-1

In fact, (E1) holds by (19). By Lemma 16, (E1), and (E3), we

obtain that U, () is normal in C. We assume that U,,(§) %
U(&) in C. Obviously, U(1) = co by (E2).

(1) (U(&) is a meromorphic function in C.) By Lemma 8
and (E3), either U'({) = 1/&™ or U'(§) #1/E™ in C. IfU' (§) =
1/E™, we have U(E) = (1/(1 - k))((1/€™ ") + ¢) which con-
tradicts that U(1) = co. If U’ (§) # 1/&", then by Theorem B
and Lemma 5, U(&) is a constant function which contradicts
U(1) = 0.

(2) (U) = c0in C.) Set

m—1
Uy @ =U, &) [T~ i) (20)
i=1
By the maximum principle applied to 1/U,, (§), we get that
U, (f):X> co in C. (21)
Set

E O =FE@ [TC-n)
(22)



By (19), for sufficiently large n, F,, ({) has no pole in A(0, 1/2),

and by the maximum principle, F,, ({) :X> ("1 =1)/(m-1))
in A(0, 1/2). Thus, we have

F (0)—>; as n — 00. (23)
1-m
By (21) and (22),
m— 1
F (S n’/lnl
i=1
‘ m—1 - (24)

i=1
= U (H)=> o0

in C. Equation (24) implies that F;(0) — coasn — 00
which contradicts (23).

Subcase 1.2. There exists a subsequence of {f,(z)} (still
denoted by {f,(2z)}) such that f,(0) = 0 for each n.

Doing as in Subcase 1.1.1, we may assume that y,(#0) is
the pole of f,(z) of the smallest modulus and y, — 0 as
n — 00.5et G,({) = ¥ £,(y,{). We have

(F1) G,,(¢) is holomorphic function in A;
(F2) G,(1) = 0o
(F3) all zeros of G,,({) are multiple;

(F4) G.(0) # y"h,(7,) and y"h,(y,0) 2 1/ in C.

By Lemma 10 and Lemma 12, {G,({)} is normal in A and
quasinormal in C. Thus, there exists a subsequence of {G,({)}
(still denoted by {G,,({)}) and D, ¢ C such that

(Gl) D4 has no accumulation point in C;

(G2) for each {, € Ds, no subsequence of {G,({)} is normal
at {y;

(G3) G,() 3 G() in C\ D,

Obviously, D; N A = @ and all zeros of G({) are multiple in
C\D,.

Clearly, G(0) = lim,,_, ,G,(0) = ¥ £,(0) = 0, s0 G(2)
is a meromorphic function in C \ D;. By Lemma 8 and (F4),
either G'({) = 1/{™ or G'({) #1/{™ in C \ D;.

Subcase 1.2.1 (D5 is an empty set). By (F2), G(1) = oo.
If G'({)#1/{", then by Theorem B and Lemma 5, G() is
a constant function which contradicts that G(1) = oo. If
G'(0)-(1/™) = 0, we have G(0) = co which contradicts that
G0)=0

Subcase 1.2.2 (D5 is not an empty set). Let {, € E. Since D; N
A = 0, by Lemma 11, we have G'({) = 1/{"™ which contradicts
G(0) =

Case 2 (h(0) = 0). In this case, we will show that (e) and (f)
hold. Clearly, we have h(z) #0, 00 in A’, h,(z) #0,00 in A’
and h(0) = h,(0) =

Abstract and Applied Analysis

We claim that for each § > 0, there exists at least one zero
of f, in A’(0, 8) for sufficiently large . Otherwise, there exist
0 > 0 and a subsequence of {f,} (still denoted by {f,}) such
that f,(z) #0in A'(0,8). Since f,'l(O) # h,(0) and all the zeros
of { f,} are multiple, we have f,(0) # 0, and hence f,(z) #0in
A(0,6). By Lemma 16, { f,,} is normal at 0 which contradicts
the condition (¢).

Taking a subsequence and renumbering if necessary, we
may assume that a,(#0) is the zero of f, of the smallest
modulus. Obviously, a, — 0asn — o00. Set F,(z) =

fn(%()/aﬁﬂ. We have that

(al) F,(0) #0in A;
(a2) all zeros of F,({) are multiple and F, (1) = 0;

(a3) F'(0) # hy(a,0)/a* and h(a,{)/a* 5 ¥ in C.

By Lemma 16 and Lemma 12, {F,({)} is normal in A and
quasinormal in C. Thus, there exists a subsequence of {F,({)}
(still denoted by {F,({)}) and D, c C such that

(bl) D, has no accumulation point in C;

(b2) for each {, € D,, no subsequence of {F, ({)} is normal
at gp;

(b3) Fy(0) & F() in C\ D,

Obviously, D, N A = 0 and all zeros of F({) are multiple in
C\D,.

Subcase 2.1 (1 ¢ D,). By (a2), F(1) = F'(1) = 0, and hence
F({) is a meromorphic function in C \ D,.

We claim that D, = @. Otherwise, let {; € D,. Since
D,4 N A =0, by Lemma 11, F'({) = {* which contradicts that
F(1) =

By Lemma 8 and (a3), either F'({) = ForF'(Q)#¢*inC.
Since F'(1) = 0, we have F'({) #¢* in C. By Theorem B, F({)
must be rational, and then by Lemma 4,

m+k+1 (C 0‘;)

(k+ 1)((-/5)’"’

where m is a nonnegative integer, § € C, and o; #0, 8 (1 <
i<m+k+1). Now, we have

m+k+1
o T (C-a)
. ()= —(C—ﬁ)

By Hurwitz’s theorem, there exist sequences {,,; — ; and
Mnj — Pasn — oo (counting multiplicities of zeros and
poles, resp.) such that for sufficiently large n, F,({,;) = 0 and
Fn(qn)j) =oo,wherei=1,2,...,m+k+land j=1,2,...,m
Writez,,; = a,(,;. Thus, f,(z,;) = 0Oandz,; — 0asn — oo.
Set B, = {z,,1,2,,2,- -

F() = (25)

n C. (26)

> Zn,m+k+1 .

Subcase 2.1.1. For each § > 0, f, has at least m + k + 2 zeros

(counting multiplicities) in A(0, §) for sufficiently large n.
Taking a subsequence and renumbering if necessary, we

may assume that b,(#0) is the zero of f,, of the smallest
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modulus in A\ B,.. Obviously, b, — 0asn — oo. Observing
that F,(b,/a,) = 0andb,/a, #(,;, wherei = 1,2,...,m+k+1,

n,i>

by Hurwitz’s theorem and (26), we have a,/b, — Oasn —
0. Let G,(¢) = fn(an)/be”. We have that for sufficiently
large n,

(c1) G,(¢) has only m+k+1 zeros a,(, ;/b, in A. Obviously,
|la,C,.:/b,] — 0asn — oo;

(c2) all zeros of G,,({) are multiple and G,,(1) = 0;
(c3) G'.(0) # by (6,0) /bF and b, (b,0) /b5 5 (Fin C.

By Lemma 16 and Lemma 12, {G,({)} is normal in A" and
quasinormal in C. Thus, there exists a subsequence of {G,,({)}
(still denoted by {G,({)}) and D5 c C such that

(d1) D4 has no accumulation point in C;

(d2) for each {, € D5, no subsequence of {G,,({)} is normal
at CO;

(d3) G,(0) 3 G() in C \ Ds.

Obviously, D5 N A’ = @ and all zeros of G({) are multiple in

C\ Ds.
Let
[T (¢ = (@.,/0,))
G, =6G,© : ,
m+k+1 (( ( n(n,i/bn))
G-n)
Hm 1 - nnj
E; (0)=F, () J++—
- G)
By (26),
* an( _ ¥ L
G"(bn>_F"(():>k+l (28)
in C. Hence
G, (0) — ﬁ (29)
(1) (G({) = co in C \ Ds.) Obviously, G ({) has no zeros

in A for sufficiently large n. Applying the maximum principle
to the sequence 1/G, ({) of analytic functions, we see that

G, () %, o0 in A which contradict (29).

(2) G({) is a meromorphic function in C \ Ds.

We claim that G({) = {*"'/(k+1) in C\ Ds. By Lemma 13,
G(0) = (¥ +¢)/(k+1), where c is a constant. Since G, ({) has
no zeros in A for sufficiently large n, applying the maximum
principle to the sequence 1/G, ({) of analytic functions, we

have G() = (€ + o)/(k + 1))(1/¢5™) in A. Hence,
GL(0) — (T +0)/(k + 1)A/T*"))]r~g, and then we get
that ¢ = 0 by (29).

Suppose that 1 ¢ Ds. By (c2), G(1) = 0 which contradicts
G(Q) = ({*'/(k + 1)). Suppose that 1 € Ds. By Lemma 11,

GQ) = [} g = ¢ -
ke + 1),

1)/(k + 1) which contradicts G({) =

Subcase 2.1.2. There exists 8 > 0 such that f, has exactly m +
k + 1 zeros (counting multiplicities) in A(0, §) for sufficiently
large n.

Now, (f) holds with 7, = § and N, = m + k + 2. Next, we
will show that (g) also holds.

Set

Hm ( - anrln,j)
l_LWHI—k+1 (Z - ancn,i) ,
[Ti (C - ’7nj) ‘
m+k+1 (( Cn,i)

By (26), f, (a,{) = F,;({) = 1/(k + 1) in C, and hence we
have

f: (Z) fn( )

(30)
F, (§)=F,(©)

¥ 1
fn 0) — m (31)

(1) (f(2) = coin D\E.) Since f,, has exactly m+k+1 zeros
in A(0, §) for sufficiently large n, £, (z) has no zeros in A(0, §)
for sufficiently large n. By the maximum principle applied to
1/f,, (), we have f, (2) LS oo which contradicts (31).

(2) (f(z) is a meromorphic function in D \ E.)
By Lemma 13, f'(z) = h(z) in A'(0,8), and hence
flz) = IOZ h(0)d{ + ¢ in D \ E, where c is a con-
stant. Since f,;'(z) has no zeros in A(0,8) for suffi-
ciently large n, by the maximum principle applied to

Vfi@, fi@) S ([FhQd + o/ in A©0,6), and
- By B, c = 0.

hence f,/(0) — ((_[OZ h({)dd + C)/(k+l)|(
Now, f(2) = [ h({)d{ in D \ E.

Subcase 2.2 (1 € D). By Lemma 11,

k+1
FQ - jiﬁ—( ,

T {eC\D,. (32)

Let e; be the jth root of the equation 1~ 1 = 0, where
j=12,...,k+1

We claim that D, = {e;,e,,...,e}. Suppose that {, ¢
D,, where ¥*! — 1 = 0. Obviously, we have F({;) = 0 and
F' () = (0 which contradict that all of zeros of F({) are mul-

tiple. Suppose that {, € D,, where {**! —1#0. By Lemma 11,
F(Q) = [, €¥1dE = @1 =35/t +1)in C\ D, By (32),

’5” = 1. A contradiction.

By Lemma 11, there exists ; > 0 such that for sufficiently
large n, F,({) has a single zero {, ; — e; of order 2 and a
single polen,, ; — e; of order 1in A(e;,§;). Set z,, ; = a,(,, ;.
Thus, f,(z,;) = 0Oandz,; — Oasn — oo, where j =

L,2,...,k+1.Set B, ={2,1, 2,25 - - - Zy 11 }-

Subcase 2.2.1. For each § > 0, f,, has at least k + 2 zeros (not
counting multiplicities) in A(0, §) for sufficiently large n.



Taking a subsequence and renumbering if necessary, we
may assume thath, — 0is the zero of f,, of the smallest mod-
ulusin A\ B,. Obviously, F,(b,/a,,) = 0. Since b, ¢ B,,, we have
b,/a,#, ;, where j = 1,2,...,k + 1. Since F,({) has a single
zero G, ; — e; of order 2 in A(e;, §;), by Hurwitz's theorem
and (32), we have a,/b, — 0asn — oo.Let G,({) =

16,0/ b:“. We have that for sufficiently large n

(el) G,(¢) has only k + 1 zeros a,(,,;/b, of order 2 and at
least k+1 poles a, 1, ;/b, of order 1in A, and obviously,
|la,C,.:/b,| — Oandla,n,;/b,| — 0asn — oo;

(e2) all zeros of G,,({) are multiple and G,,(1) = 0;
(e3) GL({) #*h(b,0) and *h(b,{) S * in C.

By Lemmal6 and Lemmal2, {G,} is normal in A" and
quasinormal in C. Thus, there exist a subsequence of {G,({)}
(still denoted by {G,({)}) and Dy ¢ C such that

(f1) D¢ has no accumulation point in C;

(f2) for each {;, € Dg, no subsequence of {G,({)} is normal
at {y;

(£3) G,({) S G() in € \ Dy

Obviously, Dg N A" = @ and all zeros of G({) are multiple in

C\ Dq.
Let
Hk:1 ~\Gulln
G0 =G, 1 (6= (amny/t)
I3 (¢ = (a,,/64))
k+1 ( ) (33)
155 (¢ -,
F) () = Fy (@)~
[T (6= Gs)
By (32),
® an{ _ % L :
Gn<bn>—Fn((f):>k+1 in C. (34)
Hence
N 1
G, (0) — el (35)
(1) (G({) = oo in C \ Dy.) Obviously, G, ({) has no zeros

in A for sufficiently large n. Applying the maximum principle
to the sequence 1/G, ({) of analytic functions, we have that

G, () é) oo in A which contradict (35).

(2) (G(C) is a meromorphic function in C\ Dg.) We claim
that G(¢) = {¥"'/(k+1) in C\D,. By Lemma 13, G({) = ({*"'+
¢)/(k + 1), where c is a constant. Since G,,({) has no zeros
in A for sufficiently large n, applying the maximum principle
to the sequence 1/G({) of analytic functions, we have

G0 % (€ + 0)/(k + 1))(1/¢**!) in A. Hence, G (0) —

(" + )/ (k + 1))(1/T5"))],=o» and then ¢ = 0 by (35).
Suppose that 1 ¢ Dg. By (e2), G(1) = 0 which contradicts

that G(¢) = {*/(k + 1). Suppose that 1 € Dy. By Lemma 11,
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GQ) = [FehdE = ' -
G(Q) =k + 1).

1)/(k + 1) which contradicts that

Subcase 2.2.2. There exists 0 > 0 such that f, has exactly k + 1
zeros (not counting multiplicities) for sufficiently large n.

Similar to the previous treatment in Subcase 2.1.2, we
finally can show that (e) and (f) hold.

Case 3 (h(0) # 0, 00). Obviously, (e) and (f) hold by Lemma 11.
O

5. Proof of Theorem 1

Proof. We assume that f'(z) = a(z) has at most finitely many
solutions and derive a contradiction. Let R(z) ~ cozd asz —
00, where ¢y € C\ {0} and d € Z.

Clearly, T(r,R) = O(logr) and T(r,1/R) = O(logr) as
r — oo.By Lemma7, T(r,h) = Ar*(1 +o0(1)) asr — oo,
where A > 0 is a constant. By standard results in Nevanlinna
theory, T'(r,h) = T(r,/R) < T(r,)+T(r,1/R)and T'(r, &) <
T(r,R) + T(r,h) asr — oo. Thus, T(r,«) = Ar*(1 + o(1))
asr — o00. Since T(r, ) = o{T(r, f)} asr — 00, we obtain
that lim, _, ., (T'(r, f)/rz) =00

Set g(z) = f(2) /zd. By Lemma 15, there exist sequences
t, — ooande, — 0such that
S(A(t,.¢,),g) — 0o asn— oo,
£ (t) ) (36)
] — 0, 5 — 00 asn-— 0o.
t t

Let w;, w, be the two fundamental periods of /i(z) and let
P(0 € P) be a fundamental parallelogram of h(z). There exist
integers i, and j, such thatz, € P, wherez, = t,—i,w, - j,,.
There exists a subsequence of {z,,} (still denoted by {z,,}) such
thatz, — z,asn — oo. Set

In (Z) =9 (Z + inwl + jnwz) >

fz+i0 + j,w) (37)

Ja(2) = ntﬁ

Clearly, we have S(A(zn,s ), gn)
Ft)/te, and fl(z

S(A(zn
fa(22) =0,

There exists R > 0 such that P ¢ A(0, R) and A(z,,¢,) C
A(0, R) for each n. Set D = A(0, R). Obviously, we have z, €
D. By assumption, for sufficiently large #,

S(A(tys €,), 9) fulz,) =
f (t )/t By (36), we have
sn) ,gn) — 0O as n — 00, (38)

fl(z,) — 0o asn— co. (39)

fl (Z + inwl + jan)

i@ = i

(40)
R(z +i,w; + j,w,) h(2)
td ’

+ € D.
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For each z € D,
|ty = (2 + iy0; + ju,)|
= (24 + iy + juw,) = (2 +igwy + juw,)|  (4D)
= |z, - 2| < 2R.
So we have

R (Z + inwl + jan)
td 6
n

as n — 0. (42)

Set

R(z +i,w, +]nw2)h(z)

T, (2) = td (43)

Obviously, T, (z) LY ¢h(z) in D, and for sufficiently large
n, qh and T,, have the same zeros and poles with the same
multiplicity in D.

Now, { f,,} is a family of meromorphic functions in D such
that for sufficiently large ,

(al) all zeros of { f,,} are multiple in D;

(a2) T,(=) é ¢h(z) in D, where ¢,h(z) # 0,00 in D;
(a3) f,;(z) #T,(z) in D.

It follows from Lemma 12 that {f,} is quasinormal in D.
Hence there exists 7 > 0 such that A(z,,7) ¢ D and {f,}

is normal in A’ (z,, 7). Then there exists a subsequence of { f, }
(still denoted by {f,}) such that

(bl) qyh(2z) and T, (z) have the same zeros and poles with
the same multiplicity in A(z,, T);

(b2) foralln e N, f,;(z) #T,(z) in Az, 7);

(b3) no subsequence of { f,} is normal at z;

(b4) all zeros of {f,,} are multiple in A(z,, T
f(z)in A'(zo, T).

By (39), (b3) holds. By Lemma 17, we have

),and f,(z) =

(c1) h(z) # 00;

(c2) there exist T* € (0,7) and M* > 0 such that for
sufficiently large n, n(t*,1/ f,,) < M";

(c3) f(z) = j h(Q)dC in A (2, 7).

By Lemma 6 and (c2) and (c3), there exists M, > 0 such that,
for sufficiently large n,

S(A <z0,§>,fn> <M, (44)

Next, we will derive a contradiction with (38).

By (37), 9,(2) = f,(2)(1 + ((z — z,)/t,)) . Then

gﬁ(z)=(< Ztnz)f(z) (1+ Z;nz")d
X <ﬁ>fn(z) ) (45)
(552 )
2|(1+(z—z)/t df'(z)|2
(Ja+ G-2) ) + 1 @)

SO

@] <

+2k1+(z—ZJ/t)d0U(t+z-Z))f; @
<|(1+(z z,) /ty) | |fn(z)|>

(46)

Using the simple inequality

< 2 max (C l) ; (47)

C24+x2 7 C/1+x2

for C > 0, we have
2|1+ (- 2) 11,) o @)
(l0+ -2 s @f)

2d
z-z
(1+552)
t?’l

i)
1+ (z - 2,) )]

(48)
The second term on the right of (46) is
2 2|1+ (2= 2,) 11,)'f, (2|
2
|(1 +(Z—Zn) /tn)d| + |fn (Z)|2 (49)

2

1
2

d
t,+z-2z,

d

1
< N —
t,+z-2z,

T2

Putting (46), (48), and (49) together, we have for z ¢
A(zy, (t7/2)) and sufficiently large n,

[ @] <4[ff @] +1. (50)
It follows from (44) and (50) that

% %\ 2
S(A(zo,%>,gn>s4Ml+(%> =M, (61

which contradicts (38). O



10

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

The authors are supported by the National Natural Science
Foundation of China (no. 11001081).

References

[1] W. K. Hayman, “Picard values of meromorphic functions and
their derivatives,” Annals of Mathematics, vol. 70, no. 1, pp. 9-
42,1959.

[2] Y.E Wangand M. L. Fang, “Picard values and normal families of
meromorphic functions with multiple zeros,” Acta Mathematica
Sinica, vol. 14, no. 1, pp- 17-26, 1998.

[3] X. C. Pang, S. Nevo, and L. Zalcman, “Derivatives of mero-
morphic functions with multiple zeros and rational functions,”
Computational Methods and Function Theory, vol. 8, no. 2, pp.
483-491, 2008.

[4] N.I. Akhiezer, Elements of the Theory of Elliptic Functions, 1970.
Moscow, vol. 79 of Translated Into English as AMS Translations of
Mathematical Monographs, AMS, Rhode Island, RI, USA, 1990.

[5] X. C. Pang and L. Zalcman, “Normal families and shared val-
ues,” Bulletin of the London Mathematical Society, vol. 32, no. 3,
pp. 325-331, 2000.

[6] P. Yang and S. Nevo, “Derivatives of meromorphic functions
with multiple zeros and elliptic functions,” Acta Mathematica
Sinica, vol. 29, no. 7, pp- 1257-1278, 2013.

[7] Y. Xu, “Normal families and exceptional functions,” Journal

of Mathematical Analysis and Applications, vol. 329, no. 2, pp.
1343-1354, 2007.
S. B. Bank and J. K. Langley, “On the value distribution theory
of elliptic functions,” Monatshefte fiir Mathematik, vol. 98, no. 1,
pp. 1-20, 1984.
[9] X. C.Pang, S. Nevo, and L. Zalcman, “Quasinormal families of
meromorphic functions II;” Operator Theory, vol. 158, pp. 177-
189, 2005.

[10] X. C. Pang, D. G. Yang, and L. Zalcman, “Normal families and
omitted functions,” Indiana University Mathematics Journal, vol.
54, no. 1, pp. 223-235, 2005.

[8

Abstract and Applied Analysis



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




