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The bilinear form, bilinear Bicklund transformation, and Lax pair of a (2 + 1)-dimensional variable-coefficient Caudrey-Dodd-
Gibbon-Kotera-Sawada equation are derived through Bell polynomials. The integrable constraint conditions on variable coefficients
can be naturally obtained in the procedure of applying the Bell polynomials approach. Moreover, the N-soliton solutions of the
equation are constructed with the help of the Hirota bilinear method. Finally, the infinite conservation laws of this equation are
obtained by decoupling binary Bell polynomials. All conserved densities and fluxes are illustrated with explicit recursion formulae.

1. Introduction

It is well known that investigation of integrable properties of
nonlinear evolution equations (NEEs) can be considered as
a pretest and the first step of its exact solvability. The inte-
grability features of soliton equations can be characterized
by Hirota bilinear form, Lax pair, infinite symmetries, infi-
nite conservation laws, Painlevé test, Hamiltonian structure,
Bécklund transformation (BT), and so on. The bilinear form
of a soliton equation can not only be used to produce many
of the known families of multisoliton solutions, but also be
employed to derive the bilinear BT, Lax pair, and infinite
sets of conserved quantities [1-6]. However, it relies on a
particular skill and tedious calculation. In the early 1930s,
the classical Bell polynomials were introduced by Bell which
are specified by a generating function and exhibiting some
important properties [7]. Recently, Lambert and coworkers
have proposed a relatively convenient procedure based on
Bell polynomials which enables us to obtain bilinear forms,
bilinear BTs, Lax pairs, and Darboux covariant Lax pairs
for NEEs [8-11]. It is shown that Bell polynomials play
an important role in the characterization of bilinearizable
equations and a deep relation between the integrability of

an NEE and the Bell polynomials. Furthermore, Fan [12],
Fan and Chow [13], and Wang and Chen [14, 15] developed
the approach to construct infinite conservation laws by
decoupling binary-Bell-polynomial-type BT into a Riccati
type equation and a divergence type equation. Afterwards,
Fan [16] and Fan and Hon [17] extended this method to
supersymmetric equations. On the basis of their work, we
apply the bell polynomials approach to the high-dimensional
variable-coefficient NEEs.

Many physical and mechanical situations are governed by
variable-coefficient NEEs, which might be more realistic than
the constant coefficient ones in modeling a variety of complex
nonlinear phenomena in physical and engineering fields [18-
20].

The (2 + 1)-dimensional analogue of the Caudrey-Dodd-
Gibbon-Kotera-Sawada (CDGKS) equation is in the form of

36u, = — us, — 15(uuy,), — 45U u,, + 5y, , o
1
+ 15uu, + 15uxa;1uy + 56;1142},,
withd_' = [ -dx. Equation (1) is first proposed by Konopelch-

enko and Dubrovsky [21] and then considered by many



authors in various aspects such as its quasiperiodic solutions
[22], algebraic-geometric solution [23], N-soliton solutions
[24], nonlocal symmetry [25], and symmetry reductions [26].
Based on (1), we will consider a (2 + 1)-dimensional variable-
coeflicient CDGKS equation as

Uy + ayUs, + AU, Uy, + AzUlly,
2 -1
+agu U, + asiy, , + ag0, Uy, (2)
-1
+a;u,0, Uy, + aguu, + agu = 0,

where a; = a;(t), i = 1,...,9, are analytic functions
with respect to t. The aim of this paper is applying the
Bell polynomials approach to systematically investigate the
integrability of (2), which includes bilinear form, bilinear BT,
Lax pair, and infinite conservation laws.

The layout of this paper is as follows. Basic concepts and
identities about Bell polynomials will be briefly introduced
in Section 2. In Section 3, by virtue of Bell polynomials and
the Hirota bilinear method, the bilinear form and N-soliton
solutions of (2) are obtained. In Sections 4 and 5, with
the aid of Bell polynomials, the bilinear BT, Lax pair, and
infinite conservation laws of (2) are systematically presented,
respectively. Section 6 will be our conclusions.

2. Bell Polynomials

The Bell polynomials [7, 9, 10] used here are defined as

Yo () =Y, ({fuQsr<smb) =/, v, =1,

(3)

where f(x) is a C* function and f,, = 0. f; according to
formula (3), the first three are

Yx(f)zfx’ Y2x(f)=f2x+ j’
Y3x(f) =f3x+3fxf2x+f§'

Based on one-dimensional Bell polynomials, the multidi-
mensional Bell polynomials are expressed as

(4)

= e_fa;'i "-aZ;ef,

with f = f(x;,..., ) beinga C* function and f, ,
O - aj;} f; the associated two-dimensional Bell polynomials

can be written as
me,nt (f) = Ym,n ({frx,st (1 srsm, 1 s<s< n)}) ( )
6
= e_fa;"a:lef.

The most important multidimensional binary Bell poly-
nomials, namely, % -polynomials, can be defined as

.....

= Y”p---»"l ({f”l’ﬁ ----- T’zxz})

7)
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for

— =0
frlxl ..... nx; ll (8)

i=0

with the first few lowest order binary Bell polynomials being

2
Yo Vw) = wy, + v,

Y ) =vy
?x,t (V’ w) = wx,t + vat’ (9)

_ 2
Yoes W) = vy, + Wy, v, + 2wV + VLV

The % -polynomials can be linked to the standard Hirota
expressions through the identity [10]

(10)
-1

= (FG)'D -+ DI'F - G,

in which 25:1 n; > 1and the operators D! - -- D}/ are classical

Hirota bilinear operators defined by [1]

D! .--DIF-G
= (0, = 04)" (05 - 0y)" (
X F(xp,...,%) G (] xl')|x;=x1mx;=x1.

Introducing a new field ¢ = w—v, in the particular case F = G
one has

GiZDle e D;ncl,G G = ?nlxl,...,n,xl (0’ q=w- V)

!
0 Zni is odd,

i=0

(12)

in which the even-order %-polynomials is called -
polynomials; that is,

Prassrizy (D) = Yy (g =w=v),  (13)
with
Pt (@) = qrpo
P (9) = Qux + 35, (14)

95296 (q) = dax

‘9)6x (q) = Yox + 15q2xq4x + lsqu’ e
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.....

can be written as the combination of &-polynomials and Y-
polynomials:

-1
(FG)'D} ---DYF -G

= ?nlx1 ..... X (V, v+ q)|V:1n(F/G),q:2 InG (15)
n n " "
= ... 1 I A
p?:o p§]:0 < p1> ( Pz) ——C)

Under the Hopf-Cole transformation v = Iny, the Y-
polynomials can be linearized into the form
1v[/nlxl ,,,,, 1x;
Ynlx1 ..... X ) velny = " > (16)

which provides a straightforward way for the related Lax
systems of NEEs.

3. Bilinear Form and N-Soliton
Solutions for (2)

Firstly, introduce a dimensionless potential field g by setting
U= cqyys (17)

with ¢ = ¢(t) to be determined. Substituting (17) into (2),
integration with respect to x yields the following potential
version of (2):

G 1 -1 2
(Zt + a9) et Qr — gC (a7 - aS) ax ay (q4x + 3q2x)
1 2 1, 3
+01q6x T+ EC (4, = a3) Gs, + €A qux + gC A4

1
+ [aS + gC (a7 - a8)] D3x,y + As 2y + CA792x9x,y = 0;
(18)

on account of the dimension of u (dim u = —2), we find that
setting ¢ = cocfJ %4t where ¢ is an arbitrary constant. In
order to write (18) in local bilinear form, here are two cases
which are considered to eliminate the effect of the integration
8;1. The bilinear form and N-soliton solutions for each case
will be discussed by selecting appropriate constraints on

variable coefficients a;,i = 1,...,9.

3.1 CaseI. Leta, = ag; (18) becomes

1 2 1, 3
Qxt T 0 ex + EC (@, — a3) G3, + €3G qux + gc a4,
(19)

+ a5q3x,y + a6q2y + Ca’7q2qu,y =0.

This equation can be viewed as a homogeneous 9-condition
[8] of weight 6 (the weight of each term being defined as
minus its dimension, a weight 3 to y). That means (19) can be
written as a linear combination of &-polynomials of weight
6:

Pt (@) + 0, Pe, (@) + a5 P, (9) + 355, (q) = 05 (20)
under the following constraint condition:

cay —15a; =0, ca; —3a; =0,
1 1 (21)

zc(az -a;) =0, §c2a4 - 15a, =0,
namely,
15a 45a
a,=a; = 2201 Jagdt a, = —Zlezj%dt,
% g
3 (22)
as Iagdt
a, =ag=—2e )
o

According to the property (12), via the following transfor-
mation:

g=2InGe=>u=cq,, = ZCOe_J“9dt(ln G)yyr (23)

P-polynomials expression (20) produces the bilinear form of
(2) as follows:

(D.D; +a,D} +asDiD,, +aD})G-G=0.  (24)

Starting from this bilinear equation, the one-soliton solution
of (2) can be easily obtained by regular perturbation method

u= 2coeff“"dt[ln (1+eM)],. (25)
with
m=kx+lLy+w (t)+§,
(26)

kS Kl Ik
w, (1) =—J 7 1klaS+ 1% gt
1

However, the multisoliton solutions cannot be derived by
means of bilinear equation (24). For the sake of obtaining
multisoliton solutions of (2), we take

as = 5¢,a,, ag = —5c,a,, (27)

where ¢, is an arbitrary constant; the bilinear equation can be
expressed as

(D.D; +a,D +5q,a,DiD, - 5¢a,D})G-G =0, (28)

with the conditions (22) and (27); that is,

15a dt 45a 2 dt
a2=a3:—1eJ”", a:—zleja",
% &0
2 15¢,a; | agat
as = 5¢;a,, as = —5c; ap, a; =ag = —eJ .

(29)



Based on the bilinear equation (28), the N-soliton solutions
for (2) can be constructed as

u= zcoe*J.”«)dt |:11’1< Z 625\; ."‘jr/j+zfjgi<j WiktjAj )] . (30)
#=0.1 2x

where

17j=ij+ljy+wj(t)+6,

wj(t):—

kS + 5¢, k31 — 5¢21
j jti 24t jal ‘

kj

e = { (k= k) [kl (2K, — k) + Kk 1 (K, = 2K;)

1y
+ ki (K} =Kk + K5) (k; = k; )|
vep kit k)|
x{ (ki + k) [kl (2K, + k)
+ckik;l; (k; + 2k;)

+ kK (I + Kk + K7)

271

x (ki+ k)] + 6 (kd k)]
(3D
withkj, [;,and & (j = 1,2,..., N) being arbitrary constants;
20,1 indicates a summation over all possible combinations

of pj = 0,1 (j = 1,2,...,N). For N = 1, the one-soliton
solution for (2) can be written as follows:

1 _
u= Ecokfe Jasdt

K +5¢ k00, - 5¢1
2 (32)
1

x sech’ [% (k1x+ Ly-

X [adt+& )]

For N = 2, we can obtain the two-soliton solution for (2) as
u= zcoef_[agdt [ln (1 + 6’11 + 6’12 + e’71+712+A12)]2x' (33)

Based on solutions (32) and (33), we present some figures
to describe the propagations and collisions of the solitary
waves. Figure 1 shows the propagation of one-soliton solution
via solution (32) whent = -2,t = —-l,andt = 2,
which maintains its shape except for the phase shift, and
the propagation direction can be changed. Figures 2 and
3 illustrate the oblique collision between the two solitons,
which keep their original shapes invariant except for phase
shifts as mentioned above. It is obvious that the large-
amplitude soliton moves faster than the small one. Different
from Figure 2, Figure 3 displays that both solitons change
their directions during the collision.
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3.2. Case 2. As another case, we introduce an auxiliary
variable s and a subsidiary condition

q4x + 3q§x + qx,s = 0’ (34)

in virtue of which, similarly, (18) can be written as a linear
combination of &-polynomials of weight 6 (a weight 3 to s):

Pt (@) + BPs, (@) + Y Py ()
1
+asP,, (q) + gc (a; - ag) Py (9) (35)

+ 8933{?,5 (q) + “‘@s,s (q) = O’

with the following constraint condition:
1
ca, -3y =0, as—y+gc(a7—a8)20,

caz — 15+ 96 — 12a = 0, a-p+5-a=0,

- (36)
3¢ a, — 158+ 96 — 12« = 0,
1
zc(az—a3)+68—3oc:0.
Solving for (36) yields
1
y=3%¢ I%dta%
3 —Ja dt 1
=——a,+-qe ' a; - =q,
B K4 % >
S = 1 Iagdt
=-ym T Ge a; + —a,
30611 _[agdt (37)
a, =—a; + e
a, = 3"’13 efugdt

Thus, the 2-polynomials expression of (2) and (34) reads

‘@436 (q) + g)x,s (q) = O’
3 1 _fa 1
Prs (a) + <_Ea1 + gcoe J gdt% - E“) Peox ()

—Jugdt

1
368 ;%P3 (@)

1 (38)
- di
+ag Py, () + §0¢ Jo “(a; — ay) Py (@)
5 1 (ad 1
+ <—5a1 + gcoe Iu ta3 + 5“) 9’39@5 (q)
+ ‘x‘@s,s (q) = 0’

in which a = «(t) is an arbitrary function.
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FIGURE 1: One-soliton solution via solution (32) with a, = 0.01,k; = 1,1, =2, =1,¢ = 1,a, =sin(t),and &, = 0. (a) t = -2; (b) t = -1; (c)
t=2.

System (38) produces the bilinear form of (2) as follows: 4. Bilinear BT and Lax Pair for (2)

In order to search for the bilinear BT and Lax pair of (2),
( D'+D.D ) G-G=0 under the integrable constraint condition (29) in case 1, we
x TS ’ have
3 1 _f(ad 1 6
[Dth + (_Eal + gqe [a ‘a; - Ea) D,

E(q) = qyy + @y (qey + 1505,y + 1503, )

1 - f agdt D3 D 2 (40)
+ gcoe L., + 504 (q3x,y + 3q2qu,y) -5 a,9;, = 0.
2 1 - [aydt (39)
+a6Dy+gCOe ® (a7_a8)Dst Let
5 01 _faa 1
ag
+ (_Eal + cqe ] a; + Eoc) q=2InG, q =2InF (41)
3 2
x D D + “Ds] G-G=0, be two solutions of (40), respectively. On introducing two
new variables

by property (12) and transformation (23). From the bilinear q-q F
equation (39), we can only get the one-soliton solution which V=5 F In (E) )
is the same as the above formulae (25) and (26). Therefore, (2) (42)
under the constraint conditions (37) is not integrable since its q’ +q
multisoliton solutions cannot be obtained. w= =In(FG),
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(©)

FIGURE 2: Two-soliton solution via solution (33) with a, = 0.01,k, = 1,k, =2,1, =2,1, =8,¢,=1,¢, = 0.02,a, = 0.2,and &, =&, = 0. (a)
t=-2;(b)t=0;(c)t=2.

(c)

FI1GURE 3: Two-soliton solution via solution (33) with a, = 0.01, k; = 1,k, =2,1, =2,1, =7,¢ = 1,¢, =0.02,a, = t,and &, = &, = 0. (a)
t=-08(b)t=0;(c)t=0.8.
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one has the corresponding two-field condition

!
E(q')-E(q)
=E(w+v)—E(w-v)
=2 [vx’t + 15a1v;x
2
+ (15a1w4x +45a w5, + ISClalwxy) Vox
(43)

- SClzalvzy +a Ve, + 15a,W,, vy,

+ 5c1a1v3x)y + l5c1a1w2xvx)y]

=20, (¥, () + @ Y5 (W) + 56,0, Yy (v, W)
+ 2R (v,w) =0,
with
4 3 2
R(v,w) = -5q, (vazx + 2wy, Vy + 6W, ViV
2420, Ve +2
O Ve Vi + 204V, + 20V, V.Y,
+ 2c1w2xyvx + 4v3, V, Vo + OW,, VW5,
33— euw?
+ Ws, Ve + QW3 Y, — 3V, — 6wy, V)

O VoxWyy — 2Wy Vo, — 26 Wiy Vy
: 2
G Vay = VaxWox T 2V3, Wiy ) -
(44)

The simplest possible choice is a homogeneous %-
constraint([8] of weight 2; it can only be of form

Yo w) +a, (v) = AL (45)

It is easy to find that eliminating w,, (and its derivatives)
by means of form (45) does not enable one to express the
remainder R(v, w) as the x-derivative of a linear combination
of % -polynomials. However, a homogeneous % -constraint of
weight 3

?3)( (V> w) + Cl ?y (V) = A)

(46)
A = arbitrary parameter of weight 3,
can be used to express R(v, w) as follows:
5
R(v,w) = —Ealax [?Sx (hw) = Yo,y (w)
(47)
+ 3AY,, (v,w) ] .
Thus, the two-field condition (43) becomes
3 15
o | Y (V) - 5“1 Y5 (vw) + 7%“1 ?Zx,y (vw)
(48)

- gal/\?bc (v,w)| =0 (weight 6),

where we prefer the equation in the conserved form, which
is useful to construct conservation laws later. It is seen that
the two-field condition (43) can be decoupled into a pair of
parameter-dependent % -constraints (of weight 3 and weight
5):

Y hw)+q¥?,(v)-A=0,
3 15
7 (v) - 54 Y sx (vw) + 5 a4 Y 2y (VW) (49)

- %allyn (v,w) =0.

In view of (10), the bilinear BT for (2) is obtained:
(D} +¢D,-A)F-G=0,

(50)

3 . 15 5 15 5

<Dt - Eale + 7c1a1Dny - 7611)th> F-G=0.

By application of formulae (15) and (16), the system (50)
is linearized to be the Lax pair of (2) as

Ysx t+ 3q2x1//x + Clv/y = )H//,
v - 9“11//5)( - 45“1Q2x¥’3x - 45q3x1//2x (51)

2
- (30611‘14x + 45aqux - 15C1aqu,y) I//x =0.

Starting from this Lax pair with a; = -1, 49 = 0, ¢, = 3, and
¢, = 1, the Darboux transformation and nonlocal symmetry
of the equation can be established [25]. Checking that the
compatibility condition of system (51) is just the potential of
(40).

5. Infinite Conservation Laws for (2)

In what follows, we present the infinite conservation laws by
recursion formulae for (2). The conservation laws actually
have been hinted in the binary-Bell-polynomial-type BT (46)
and (48), which can be rewritten in the conserved form

Vae + 3V, Wy, + vi +qv, = A,
3
0 (v,) + 0, - (VSX + 5wy, v, + 10v;,w,,

+ 10v3xvi + 15w§xvx
+ 10w2xvi + vi) (52)
- %alk (w2x + vi)
+¥cla1 (wavy 2w, )V, + vivy) ]

+0, (12—5c1a1v3x) =0,
by using the relation

at (Vx) = ax (Vt) = Vx,t’

(53)
0, (v,) =0, (vy) = Ve



By introducing a new potential function

!
_ dx —9x (54)
n 5

in this way, there are
Ve =1 Wy =qe . (55)

Substituting (55) into system (52), we obtain

Mox + 30 (Qax + 1) + 17 + 00, ', = A =€, (56)
3
1, + 0, [—Eal (Max + 541 + 531 + 10G5,115,

+ 10’7)6’729( + 10’72712x + 15q§x’1
+ 30,11 + 15170 + 10g,,1°

+ 1011)6113 + 715)

15

=S ae (@t +1’)

(57)

15 ) )
+ = (40 1y + 10, 1, + 2,1
21\ 3
+ 2+ )3 |

15
+0, (751a1’72x) =0.

It may be noticed that (56) is not a Riccati-type equation.
Similar to [27], inserting expansion

(o]
n=¢e+ ZI” (q, I ) e (58)

n=1

into (56) would lead to

[ee) [ee) o0
ZIn’er_” +3 (s + Zlns_”> (qu + Zln,xe_”>
n=1

n=1 n=1
(oe) (o) 2
+ 38221,18’" + 38(21,,8”)
n=1 n=1

3 (o)
") + clza;lln)ys_" =0;
n=1

($ae

n=1
(59)

collecting the coefficients for the power of ¢, we explicity
obtain the recursion relations for the conserved densities I,'ls:

I = —q5

I, = g3

13 = _é (2q4x - Cqu,y) >

Abstract and Applied Analysis

I, = (%x - 261q2x,y) >

W | =

.

1
In+1 = _5 <In1,2x + 3In,x + 3q2x1n71

n-2 n—1
+3) Ly g +3) Ll g
k=1 k=1

+ ) IinIk+cla;IIn_1,y>,

i+j+k=n-1
n=4).
(60)

Applying (58) to divergence-type equation (57) and compar-
ing the power of € provide us with an infinite sequence of

conservation laws:
Li+F.+G,, =0, (n=12..), (61)

where the first fluxes F,s are given explicitly by
5 3
Fy = —q¢a, + EQ%%x,y - 15a,9,,

2
= 15614192,45x,y + 560192 — 150192, G4x

n-1

3
Pn = _Eal In,4x + 5q4x1n + 5Z:Ikﬁxln—k
k=1

+ 51n+1,3x + lquXIn,Zx

n-1

+ 1OZIk,xIn—k,2x + 1OIn+2,2x
k=1

n
+20) Ll jox +10 Y LLI,
k=1 i+j+k=n

n—-1
2
+ lquxIn + 3Oq2x (Zlk,xln—k + In+1,x>
k=1

n
+15 Z Ii,ij,ka + lszlk,xlrﬁl—k,x

i+j+k=n k=1
n
+10q,, Z LI + 3zlk1n+1—k + 30,15
i+j+k=n k=1
+10 Y L LLL+30 Y I.LI
i+j+k+l=n i+jt+k=n+1
n+l
+ 3OZIk,xIn+2—k + 101n+3,x
k=1
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+ Y LLLLL,+5 Y  LLL
i+j+k+l+m=n i+j+k+l=n+1
n+2
+10 Y LLL +10) Ll + 50,
i+j+k=n+2 k=1
15 n+2
- 7‘11 <In+3,x + ZIkIn+3—k +25,,
k=1

15 o n-1 O
+ 7‘:1(’11 (quax In,y + Zax Ik,yIn—k,x
k=1

n-1
+ 20, 1y + 200y, +2) Ly I
k=1

-1
+ Z LI0.'T,

i+jt+k=n

n
-1 -1
+ zzax Ik,yIn+1—k + ax In+2,y> >

k=1
(62)
and the second flues G;s are
15
G, = _75131Q4x’
. (63)
15
G, = 7c1alln’2x, n=2,3,....

With the recursion formulae (60), (62), and (63) presented
above, the infinite conservation laws for (2) can be con-
structed. In particular, the first conservation law is

Goxp T W G7x + 150193,y + 1501G5,G5,
2 2
+ 45a1q2xq3x - SCI Nx,2y (64)
+ 1504193,y + 15614195252,y = 05

or equivalently

15a
LoJasit,

U+ a1Usy + xWox

15a
+ 2 fadty,,

45a
+ = 1,2 [ asdt 2

3x Uy

0

+5¢1a1Uy, , — SCfala;luzy (65)

15¢,a - 15¢,a
L 2a lefagdtuxaxluy + 224 leIa"’dtuuy
% %

+agu =0,

which is exactly (2) under the constraint conditions (29).

6. Conclusion

In this paper, a (2 + 1)-dimensional variable-coefficient
CDGKS equation has been investigated by the Bell polynomi-
als approach. For case 1, the CDGKS equation is completely
integrable in the sense that it admits bilinear BT, Lax pair,
and infinite conservation laws which are derived in a direct
and systematic way. By means of the bilinear equation, the N-
soliton solutions for the variable-coefficient CDGKS equation
are presented. Different parameters and functions are selected
to obtain some soliton solutions and also analyze their
graphics in Figures 1-3. However, for case 2, the variable-
coeflicient CDGKS equation under the constraint conditions
(37) is not integrable since its multisoliton solutions cannot
be obtained. In addition, the integrable constraint conditions
on variable coeflicients of the equation can be naturally found
in the procedure of applying the Bell polynomials approach.
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