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We establish the necessary condition of optimality for optimal control problem governed by some pseudoparabolic differential
equations involving monotone graphs. Some approximating control process and examples are given.

1. Introduction

We will study the following optimal control problem gov-
erned by nonlinear pseudoparabolic variational inequalities
of the following form:

dMy
+ Ay + 3Bu aein (0,T),
o TATBED) "
y(0) = o
with the state constraint
F(y())cS. (2)

The pay-off function is given by

T

LoOw) = [ gty shwmld,  ©)
where Q = Q x (0,T), Q ¢ RY is a bounded domain with
smooth boundary.

For the problem (1)-(3), we have the following assump-
tions.

(H1) M is a selfadjoint operator in H = 1% (Q) with
D(M) c D(A + B) such that for every y € D(M),

(My,y) = aly’, a>o. (4)

Throughout in the sequel, we will denote by | - |
and (-,-) the norm and the scalar product of H,
respectively. The norm of the control set U will
be denoted by | - |, and the scalar product (.,-),
respectively. D(M), D(A + f) denote the domain of
operator M, A + 3, respectively.

(H2) V c H is a real Hilbert space such that V is dense in
HandV ¢ H ¢ V' algebraically and topologically,
where V' is the dual of V. Further, the injection of V'
into H is compact.

A :V — V'isalinear continuous and symmetric
operator from V to V' satisfying the coercivity condi-
tion

(Ay, y) = w|yly, +alyl;; VyeV, (5)

where w > 0 and « > 0.

(H3) 3 is a maximal monotone graph in R x R with 0 €
B(0). Let ¢(y) : H — R = (—00, +00] be the lower
semicontinuous convex function defined by ¢(y) =
fQ j(y)dx, where j : R — R is such that 9j = .
Moreover,

(Ay,B.(¥)) =20 VyeD(A),e>0, (6)



where (1) = etr-(1+ (—:,8)_11’) foralle > 0,7 € R.
For every & € 3, there exists a constant ¢ such that

E@)] <c(1+1s17), (7)

where 0 < p < 2/(N-2)if N >2and0 < p <
+00 if N = 1,2. dj denotes the generalized Clarke
subdifferential of the function j.

(H4) B is a linear continuous operator from a real Hilbert
space U to H.

(H5) Let Z be a Banach space with the dual Z* strictly
convex. S C Z is a closed convex subset with finite
codimensionality [1-3]. F : L2(0,T;V) — Zisof
class C'.

(H6) The functional h : U — R is convex and lower
semicontinuous (L. s. ¢), such that

h(u) = clluli, +c, (8)

where ¢; > 0,¢, € R, forallu e U.

(H7) g : [0,T]xH — R is measurable in ¢, and for every
8 > 0, there exists Ly > 0 independent of ¢ such that
g(t,0) € L*°(0,T) and

|9 (ty) - 9(t> )’2)| < L6|)’1 - )’2|H
vVt € [0,T], 9)

[1lp + [aly < 6.
Remark 1. Note that, by (H3), system (1) is equivalent to

M+Ay+a¢(y(t)) 5Bu aete(0,7T),

dt (10)
¥ (0) = y,.

As we know, by Barbu [4] (see Chapter 4) and Theorem
1.1 of [5], we have the following.

Lemma 2. Let (H1)-(H4) hold. Then, for any y, € D(M)NV,
u € L*(0, T;U), (1) admits a unique solution y(x, t) satisfying

ye Wl’z([O,T] ,H) an (O’T,D(M) ﬂV) ﬂC([O,T] ;H)
(11)

Now we formulate the optimal control problems as
follows.

Let Ay = {(y,u) € W"([0,T);H) n C([0,T]; H) n
L*(0, T; D(M)) x L*(0,T;U) | y is the solution of (10) with
(2)}.

We will find

min L(y,u) over (y,u) € A,,. (P)

Recently, some optimal control problems governed by
pseudoparabolic equations have already been discussed. Lin-
ear optimal control problems for pseudoparabolic equations
were considered by many authors (cf. [6-12]). However, these
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problems studied in [7-12] do not involve state constraints
and maximal monotone graph. On the other hand, optimal
control problems governed by some parabolic variational
inequalities (cf. [4, 13-19]) have already been discussed. Li
and Yong [1] studied the maximal principle for optimal
control governed by some nonlinear parabolic equations
with two point boundary (time variable) state constraints.
In Cases’ work [20], the state constraint was considered, but
the state equation did not involve monotone graph. He [21]
studied the optimal control problems involving some special
maximal monotone graph (Lipschitz continuous) with state
constraint. Wang [2, 3] also discussed the optimal control
problem governed by the state equation involving some
maximal monotone graph.

The present work in this paper considers the optimal
control problem governed by the pseudoparabolic equations
which is different from what they discussed in [7-9, 12], with
the state constraints which is similar to those in [3, 4, 21].

The plan of this paper is as follows. Section 2 gives an
approximating control process. In Section 3, we state and
prove the necessary conditions on optimality for the problem
(P). In Section 4, some examples are given.

2. The Approximating Control Process
Let (y*,u") be optimal for the problem (P). Then
M *
Y LAy +0¢(y" (1) 3 Bu” aete(0,T),
dt (12)
Y (0) = yo,

with

F(y')es,
L(y",u")=inf L(y,u)

(13)
over (y,u) € A,y

From a perturbation theorem for m-accretive operators
([22], Lemma 5) and (H2), (H3), we easily know that C(= A+
B) is m-accretive in H.

Now consider the following approximating equation:

dM
s gMy=Bu aein (0,T),

dt (14)
y(0) = yps

where C, = eI - ]EC) and ]eC = I +eC)". By Lemma 2,

forany y, € DIM)NV,u € L2(0,T;U), (14) has a unique

solution in W"2((0, T]; H) n C([0, T]; H) n L*(0, T; V).
Besides, we have the following result on (14).

Lemma 3. For ¢ > 0 given, let u, € L*(0,T;U),u, —
i weakly in L*(0,T;U), and ¥,y, the solutions of (14)
corresponding to i and u,, respectively. Then, there exists some
subsequence of {y,}, still denoted by itself, such that y, — ¥
strongly in C([0, T]; H) N L2(0, T V).
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Proof. Multiplying (14) by J™y,(t) and using the self-
adjointness of M, we see the following:

d 1/2 2 M M
— M.y, ] +2(CJ v, (), ).y, ()
gl @] +2(Cy 7 ©) (15)

=2 (Bun, My, (t)).
Then (H1)-(H3) yield

%IM:“yn O <My, @ +clBu,f,  G6)

where M, = € '(I - J). Integrating the above inequality
from 0 to t(t € (0,T1]) and using Gronwall’s inequality, we see
the following:

M2y, 0 <c veelo.T]. (17)

Note that from (H1), M has a bounded inverse operator
on H and

a ]éwyn (t)|2 < |M1/2]év1yn (t)|2 < |M€1/2yn (t)|2. (18)

Together (17) and (18), we have the following:
My, 0 <c veeloT]. (19)

Since |v|* = e(M_v,v) + (]?’Iv, v) for every v € H, taking
into account (17) and (19), we have the following:

ly, ® <c VteloT]. (20)

Multiplying (14) by M, /M y,,(t), we see

d
ElMeyn (t)|2 +2 (Ce]éwyn (t) ’Me]évlyn (t))

(21)
=2(Bu, M.Jy, ().
Then we get the following:
%lMeyn OF <My, OF + el @2

Applying Gronwall’s inequality to the above inequality
and noting that {1, } is bounded, we have the following:

|M.y, )| <c Vtelo,T]. (23)

From (H2), (H3) and (18), we see

CMy, ()] <c vteloT]. (24)

Then in view of (14), (24) gives

2

‘M%yn ()] <c+ c|un|§]; (25)

thus we see

d
M=y | < 2
I dtyn()T<c (26)

which implies
|My, (1) <c Vte[o,T],
d (27)
‘Eyn (t)‘T <c.

Here, | - | is the norm in L*(0,T; H). For everym, n >0

d 2
E'Ml/z (ym_yn)| +2(Ce]év[(ym_yn)’(ym_yn))
(28)
2 2
= |um - un|U + |ym _yn| .

By some calculation, we see

|M1/2 (ym - yn)

Hence {M 172 y,} and {y,} are Cauchy sequences in
C([0,T]; H). Note that (H2); then there exists a function y €
C([0,TT; D(Ml/z)) such thatasn — oo

2
<clu,, - unﬁ vtelo,T].  (29)

y, — ¥ strongly in C([0,T];H) N L? 0,T5V),

Ml/zyn —>M1/2)7 strongly in C([0,T];H) N L? 0,T;V).
(30)
This completes the proof. O

Next, we define the approximation g° of g and h° of h as
follows. For the details, we refer to [2-4]. Let

g (ty)= JRN g(t, Pyy(s) —eAys)p(s)ds, €>0. (31)

Here, p is a mollifier in RN, N = [¢7']. Py : [* —
Xy is the projection of L*(Q) on Xy, which is the finite
dimensional space generated by {e;}Y,, where {¢;}%°, is an
orthonormal basis in L*(Q2). A  : RY — X, is the operator

defined by A (s) = Zf\:]l i€, 8 = (Sp5 .05 SN)-
We define h, : U — R:
2
he(y) = inf{M +h(x): xelL? (O,T;U)} ,
€>0.

Now we define the penalty L, : L*(0, T;U) — R by

T
€ 1 .
L.(u)= .[0 [g°(t y. ) + h. ()] dt + E|u -u |iz(0’T;U)
b [ 1 dg (F (. )]
261/2 S Ye ’
(33)
where y, is the solution of (14). dg(F(y,)) denotes the distance
of F(y,.) to S.

The approximating optimal control problems are as fol-
lows:

Minimize L, (1) over u € L* (0,T;U). (P9)

From Lemma 3, we easily show the following existence of
the optimal solutions for (P€) (see [2, 3]).



Theorem 4. (P°) has at least one optimal solution.

The following results are useful in discussing the approx-
imating control problems.

Lemma5. Letu, — uweaklyin L*(0,T;U)ase — 0. Then
there exists a subsequence {y.}, still denoted itself

y. — y strongly in C([0,T];H) N L*(0,T;V), (34)

ase — 0, where y, is the solutions of (14) corresponding to u,
and y is the solutions of (10) corresponding to u.

Proof. Rewrite (14) as follows:

dMyE (t) + Ce]éwye (t) = Bue (t) a.e ln (O; T) >
dt (35)

ye (0) = yO'

Multiplying (35) by JM y.(t), we see

dy. apn 2 M M
— My )] +2(CJ; ye (D), ], ye (£)
dt| | ( ) (36)
=2 (Bue,]év[ye (t)) .
Then, (H1)-(H3) yield
%|M€1/2y€ (t)|2 < C’Mel/zye (l‘)'2 + c|Bu€|2. (37)

Integrating the above inequality from 0 to t(t € (0,T]) and
using Gronwall’s inequality, we have the following:

M2y, ) <c veeloT], (38)
together with (18) implies
My 0| < veelo1]. (39)

Since |v|* = e(M.v,v) + (]éwv, v) for every v € H, taking
into account (36) (39), we see

ly. ] <c vt elo,T]. (40)

Multiplying (35) by M_JM y.(t), we see

d
ZIMy O +2(Cy. 0, My (1)

(41)
=2 (Bue’Me]sNIye (t)) .
Then we get the following:
d
S My @F <My OF + el (@2

from which it follows that

|M.y. ()] <c Vtelo,T]. (43)
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From (H2), (H3), and (18), we see
'Ce]éwy6 (t)| <c. (44)
Then in view of (14) and (24) give

2

d

‘Maye 0| <c+clu, (45)
Thus, we see
‘M 4 y. ()| <c (46)
dt T
which implies
|My, ()| <c Vtel0,T], (47)
(250 <c (48)

For everym,n > 0,

2

d
ElMUZ (yem - yen)

+2(Cem]é\;1yem _Csn]i,/lyen’ysm _ysn) (49)

2

>

<

S |U., —u

€m €n

2
U+ Ve, ~ Ve,

Using the identities w = JMw + €M, w for every w €
H, and so forth, we see

M M
(Csm]emysm - Cen]en ys,,’yem - ye,,)
= (Cemjifyem - Cenjinwyen’ ]ifyem - ]Sfye,,)
+ (Cem]é\jyem - Ce,,]?fyen’emMemyem - enMenyey,)
M M M M
> (Cem]emyem - Cs,,]en Ve, emcemjemyem - encsn]en yen)

M M
+ (Cem]emyem - Ce,,]en ye,,’emMemyem - enMe,,ysﬂ)

> (e, +e,).

(50)
Because of (43) and (44), we obtain the following:
d . ip 2
M -
‘dt (yem yen)
2 (51)

< a2 2
<c Ve = Ve,)| t+Clte,, e, |,
tc(e, +e,),

where c is a constant independent of 11 and . Then Gronwall’s
inequality yields

2 2
<c {luem - ”€n|T + (€, + en)}

M2 3
M (y, -».) -

vt € [0,T].
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Hence, {Ml/zyen} and {y, } are Cauchy sequences in
C([0,T]; H). Note that (H2); then there exists a function
y € C([0,T]; D(M"?)) N L*(0,T; V) such that as n — oo,

€, — 0,

Y, — y strongly in C([0,T];H) N L*(0,T;V),

(53)
Ml/zysn — Ml/zy strongly in C ([0,T]; H).
Thus, we deduce thatase, — 0,
]2,4)’6,, — y strongly in C([0,T];H), (54)

Note that
Ml/z]éwyen — Ml/zy strongly in C([0,T];H). (55)
Indeed, we see
2
|M1/2]€1:l/1y€n _ M1/2y|

<oMY2 (1M, —y )+ M (3, - 9)

= —2€n (Menyen’Menyen - M)’e,,) + 'Ml/z (ye,, - y)lz

<ceg, + |M1/2 (ysn —y)|2 — 0,
(56)

for all t € [0,T]. From (43) and (46), {M y. }is uniformly

bounded and equicontinuous in C([0,T]; H). Hence the
Ascoli-Arzela theorem gives that as e, — 0, for every v €
H, (Menyen, v) — (My,v) strongly in C([0, T]). In virtue of
(46) and (48), weak closedness of d/dt, and M, it is shown
that

dy,

Ve, — d_y weakly in L*(0,T; H),

dt dt

) (57)
Mdy. M
% — % weakly in L*(0,T;H).

Therefore, y € AC([0,T];D(M)) and dy/dt € L0,
T; D(M)). By AC([0,T]; H]), we denote the space of all H-
valued strongly absolutely continuous functions on [0, T']. We
easily get that y(t) € D(C) a.e. t € (0,T) and there exists a
function & € L*°(0, T; H) such thatase, — 0,

Cenlffysn — & weakly star in L (0, T; H), (58)

and £(t) € Cy = Ay + B(y) ae.t € (0,T). Thus, letting
€, — 0in (35), we see

dMy (t)

i a.e in (0,7), (59)

+ Ay +&(t) = Bu(t)

y(0) = yp. O

Lemma 6. Let y, € DIM) NV, u ¢ L%(0,T;U); then
y. — y strongly in C([0,T];H) ase — 0, where y, is

the solutions of (14) corresponding to u and y is the solutions
of (1) corresponding to u with the initial condition y(0) = y,.
Furthermore,

172
e = Yooy < € (60)

Proof. By the same argument in the proof of Lemma 5, we
have the following:

y. — y strongly in C ([0, T]; H)nL*(0,T; V). (61)
We have for all € and A,

dM -
000 O) ¢ty -ty 0 =0

dt
a.ein(0,T), (62)
Ye (0) =, (0) = 0.
Multiplying (62) by y,(t) — ,(t), we have
dM*? (3. 0) - 3, O)
dt
+2(CIMye ) = CU'y (0,3 () = 7y () = 0.
(63)

Using the identities w = J™w + eM_ w for every w € H,
and so forth, we get the following:

(CTMy. = C vy =)

=(CTMy -y Ty = TI')

(64)
+ (Ce]éwye - C/\]/IXVIy/\’ eMeye - /\M/\}’/\)
>—c(e+ ).
Thus, we see
2
d|M1/2 CAGESY (f))' (65)

7 <c(e+A);

then
2
M2 (3 0 = 30 O)| oy SCE+ D). (66)
Because of (61), letting A — 0 in (66), we get (60). [

Lemma 7. Let u, be optimal for the problem (P°) and y, be
the solution of (14) corresponding to u,. Fore — 0, then

y. — ¥, strongly in C([0,T]; H)N L? 0,T5V),
(67)
u, — u, strongly in L’ (0, T;U).

Proof. For any € > 0, we have the following:

L. () < Le(u.)

T
=J [9° (6 ye ©) + he (wo )] dE (65)

0

2

1
+ m[el/z +ds (F(y.0))]



By Lemma 5, we know y, — y, strongly in C([0, T]; H).
So we have the following:

g ty)—gty) VteloT],
he (ug) — h(u,).

(69)

So

T T
lim L g (ty. () dt = J gt y, ))dt,

€—0 0
(70)

T T
lim J h (u, (8)) dt = L h(u, () dr.

€e—0 Jo

Similarly, by (60) and (H5), we obtain the following:

1 2
ﬁ[em +ds (F (5.))]
1 2
<l IF G -FOl) Y
<ce—0 ase—0.

Then, we get the following:
limsupL, (u.) < L(u,). 72)
€—0

On the other hand, since {u.} is bounded in L3(0, T;U),
there exists u; € L2 (0, T;U) such that, on some subsequence
€, still denoted by itself, ase — 0,

u, — u; weakly in L*(0,T;U), (73)
and so, by Lemma 5,

y. — y1 = y(u;) strongly in C(0,T;H)nL*(0,T;V).

(74)
By (66), one can check easily that
1 2
2¢el/2 [61/2 + dS (F (ye))] sc (75)

Thus, dg(F(y,)) — 0ase — 0. Since S is closed and
convex, F(y,) = lim._, ,F(y,.) € S. Since the function u —

JOT h(u)dt is weakly lower semicontinuous on L2(0, T;U), we
see

liminf L, () = L(uy) > L(u,). (76)

Together with (72), we obtain

limL, (ue) = L(u,). (77)
Therefore,
T 2
1 — = 78
61ng Jo |ue —u,|,dt =0. (78)

Hence, y, = y,, u; = u,. This completes the proof. [
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3. Necessary Condition on Optimality

Let dg the generalized gradient of y — g(t,y). Let Y* =
(H(Q))' + V' which is the dual of Y = H(Q) N V with s >
N/2.

Firstly, we consider the following Cauchy problem:

d . A
% _Ape_ﬁE (ye)pe - [F (ye)] ge

=AVg (t,y.) in (0.T), (79)
Pe (T) =0,

where f° = (), B = I~ (U +ep)™), £ = [ [B(r -
€°0) - B.(=€°0)1p(0)d0 + B.(0), and p is a CS°-mollifier on R.

Lemma 8. Problem (79) has a unique absolutely continuous

function p, € L2(0, T; V)NC([0, T]; H) with pé e L0, T; V"),
such that

T
|p. )] + L lpe ®)|5dt <c Ve>o0,te[0,T], (80)

l

Proof. From (H1)-(H3) and ﬁe(ye) > 0, it is seen that C =
MY (A+ (y.)) : V. — V' is demicontinuous monotone
operator that satisfies

PP (ve)

dxdt <c Ve>0. (81)

(Cw,w) > w|w|f +¢c Yw eV,
B (82)
ICwll, < c(1+]wl”™),

where w > 0 and p > 2. It follows by Theorem 1.9" of [4] that
(79) has a unique solution p, € L*(0, T; V)NC([0, T]; H) with

pl € L*(0, T; V'). Multiplying (79) by J™ p.(t) and using the
self-adjointness of M and integrating over [, T], we see

2 T T 2
M2 p, (1) +wJ ||p€(s)||zvdsgcj M2 p, () ds +c,
t t
(83)
Because of alJMp.(t)]> < [M'*[Mp.(t)* < IMp.(t),

[AVg(t, §)| 1o 120y < € and ”F,(ye)]*fele(O,T;V’) < c.And
so by Gronwall’s lemma we obtain the following:

T
|Mj/2p€ (t)|j + J lpe(s)|ods <c Ve e[0,T].  (84)
0
Combining the above equalities, we see
Mp )]s <c vieloT]. (85)

Since w = JMw + €n(M, w,w) for every w € H, taking
into account the above equalities, we have the following:

lpe (1)]; < ¢ Vte[0,T]. (86)
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Thus, we obtain (80).

Multiplying (79) by {(p,) and integrate on Q, where { is a
smooth monotonically increasing approximation of the sign
function such that {(0) = 0. For instance

(=, <r>=j ({0 (r = 10) L, (-16)) p (0)dO,  (87)

—00

(o0

where (;(r) = rlr| ™! for |r| = A, O\(r) = At for |r| < A, and
p is a Cy°-mollifier. Then (Ap,(t), {(p.(t))) > 0; therefore,

[, B GIL 0 pedxr < [ [9,4° (708 (0] dx
Q Q

Ve > 0.
(88)

Then, letting { tend to the sign function, we get (81). [

We state the main results of the necessary conditions on
optimality as follows.

Theorem 9. Suppose that (H1)-(H7) hold. Let (y,,u,) be
an optimal pair of problem (P). Then, there exists function
p € L®(0,T;H) n L*(0, T;V) N BV([0, T;Y*), a measure
pe (L™(Q)), Ao € R, &, € Z* satisfying

d * 00
M= Ap—u=[F (7.)] & € L7 (O, T H),

d ! *
ZMp ) = Ap ()~ = [F' (1.)]

x& €Ayog(t,y,) aein(0,T),
p(T)=0,

(¢w-F(y,)) <0 VweS,

(89)

B*p € Ayoh(u, (1)),

(A0 &) #0.
Proof. Since (y,,u,) is optimal for problem (P€), we see
L (uf) =L (u)
Here uf = u, + pv. Thus,

Le (ug) B Le (ue) > 0.

ae.t €(0,T),

forany p > 0,v € L*(0,T;V). (90)

(1)
p
By some calculation, we have the following:
Tg (tyl ) -g° (ty (¢
limoj g° (6 y2 @) - g° (6 ye (1)
p—
° g 92)

T
= |, g 50,z a

where z, € C([0, T]; H) n L*(0, T; V) n W"*([0, T]; H) is the
following solution to the linear equation

%+Az+ﬂ€(y€)z=Bv in (0,7),

(93)
z(0) =0.

7
Hence, we also have the following:
T T
A [ v oz de | (O ) ) a
0 0 (94)
T
FEaF (1)2 > | G, = s,
0
where
Ae = 61/2 >
ds (F () +€'?
(95)
£ - Vds (F(y°)), ifF(y)¢ S
< o otherwise,
and &, € odg(F(y%)). Since S is convex and closed, we see
1, ifF(y°)¢ S,
Il = 0 otherwise
’ (96)
1S§D§+“Ee ZZ* <2
So, we see
Ao — Ay & — & weakly in Z". (97)

It follows from Lemma?7 that y. — y, strongly in
C([0,T);H) n L*(0, T; V). By the same arguments as those
in [2-4], there exists p € C([0,T];H) n L*(0,T;V) N
BV([0,T];Y") and ¢ € (L*(Q))" such that, on some
subsequence ¢, still denoted itself

p.(t) — p stronglyin Y*, Vte[0,T], (98)

where BV ([0, T];Y™) is the space of all Y *-valued functions
p :[0,T] — Y* with bounded variation on [0, T]. On the
other hand, by (80), we see

p. — p weakly star in L™ (0, T; H),
(99)
weakly in L*(0,T;V).

Note that V < H is compact, for every A > 0, there is
6(A) > 0 such that

P @) = p @], < [p. &) = p @)y, + 8 V) | pe &) = p O]y

Vt € [0,T].
(100)

This yields
p. — p strongly in L* (0, T;H),

(101)

p.(t) — p(t) weakly in H Vt € [0,T].

Moreover, by (81) we infer that there is € (L*°(Q))” such
that, on some generalized subsequence €,

B (y.) p. — u weakly star in (L® (Q))",
Vg©(t,y.) — n weakly star in L (0,T; H))*, (102)

nt)eaog(ty,) aete(0T).



Since F is continuously differentiable from L*(0,T; V) to
Za

[F' (ye)]*£€ — [F’ (y*)]*§0 weakly L (0, T; V’).
(103)

Now letting e — 0 in (79), it follows that

%MP_AP‘”‘ [F'(5.)] &% € L® (0, T:H),  (104)

D Mp® - ap® - [F ()]

x & €A,0g(t,y,) ae in (0,T), (105)
p(T) =0.
It follows from (93), (94), and (79) that
T T
—J (B' pe,v)dt+}tsj (Vh, (1), vydt
’ ° (106)

T
> J (u, —ug,vydt, Vve L*(0,T;V).

0

By Lemma 7, u, — u, strongly in L*(0, T; U), it follows

T T
J, (Vhew)vyar— | (0.
0 0 07)

{(t) €dh(u,) ae in (0,T), VveL*(0,T;V).
Thus,
T T
_J <B*p,v>dt+/\oj € @),v)ydt >0,
0 0 (108)
Vv e L’ (0,T;V).
Since &, € dy(F(y,.)), we get (¢, w — F(y,)) < 0 for all
w € S. Now we claim that (Ay,&;) #0. Indeed, if A\, = 0,
we have that {£.} is bounded in Z*. By (H3), S has finite

codimentionality, so dose S — F(y"). Thus, it follows that
& — &, weaklyin Z* and
(Epw-F(y")) <0 VwesS. (109)

Finally, if (Ay, p) = 0, it follows from (105) that y +
[F'(y*)]*& = 0. So in the case that 4 ¢ R([F'(y*)]"), we
must have (1, p) # 0. Together with (104), (105), and (109),
we completes the proof. O

4. Some Examples
In this section, we present two examples.
Example 1. Consider the initial value controlled system
Y= Vext + ¥V + B(¥) > Bu in (0,1) x [0,T],
y(0,t)=y(1,t)=0 te[0,T], (110)

y(x’o) = )’o in (O) 1))
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where 1 y = y(x,t) is a function on R x [0,T] and S(-) isa
multivalued function on R.
If B(y) = 0, rewrite (110) in the form

Ve~ YVt T VVx = Bu in (0,1) x [0,T7,

}’(O,t) :)’(Lf) =0
in (0,1).

tel0,T], (11)
¥ (x,0) =y,

(111) was introduced by Benjamin et al. [23] as an approximate
equation of the propagation of one-dimensional waves of
small amplitude in water. If y, > 0, B(-) satisfies (H3). y, €
H*((0,1))n Hé ((0,1)). Since . is a Lipschitz continuous and
monotone increasing function, integration by parts yields

2
JR[?E (») (I - %)ydx >0 forevery y € H (R).
(112)

Thus, C(= A + f) is m-accretive in H. We easily proof the
following result.

Theorem 10. Suppose that (H1)-(H7) hold. Let (y,,u,) be
an optimal pair of problem (P). Then there exists function
p € L®(0,T;H) n L*(0,T;V) N BV([0, T;Y*), a measure
pe (L®(Q)) and R with Ao» &, satisfying

a*\ d , *
<I— @) pTianb [F ()’*)]
x & € L7 (0,T; H),

d2 d 12 *
(1— ﬁ) PP B [F ()’*)]

x& €Ayog(t,y,) aein (0,1)x[0,T],
p(O)t) = P(Lt) =0

p(x,T)=0 in(0,1).

(113)
in [0,T],

(8, w—-F(,)) <0 VYwes,
B*p € Ayoh(u,) (1),
(Ag> &) #0.

Example 2. Consider the initial boundary value controlled
system

ae.t€(0,T),

dy (x,t)
dt

(I-A7) - Ay (x,t)+ B(y(x,1) > Bu(x,t)

in Qx[0.7], gy

y(x,t)=0 on 0Qx[0,T],

y(x,0) =y, inQ,

where Q ¢ R is a bounded domain with smooth boundary.
Yo € Hé (Q) N H*(Q), B(-) satisties (H3). My = (I - A)y with
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D(M) = Hy(Q) N H*(Q), Ay = —Ay. Since 3. is a monotone
function,

J B.(y) (~Ay)dx =0, for every y € Hy (Q) N H” (Q).
Q
(115)

Then, C(= A + f5) is m-accretive in H. We easily obtain
similar necessary condition of optimality of problem (P).
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