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By using minimax methods in critical point theory, we obtain the existence of periodic solutions for second-order ordinary

differential equations with linear nonlinearity.

1. Introduction and Main Results

Consider the second-order ordinary differential systems
i(t) + m*w'u(t) + VE (t,u(t)) =0, ae. te[0,T], "
1

u(0) —u(T)=u(0)-u(T) =0,

where T > 0, w = 27/T, m is a nonnegative integer; and
F:[0,T] x RN — R satisfies the following assumption:

(A) F(t,x) is measurable in t for every x € RN and
continuously differentiable in x fora.e. t € [0,T],and
there exista € C(RY,R") and b € L'([0,T],R") such
that

[F(t,x)[<a(x)b(t),  |[VE{tx)|<a(x)b(t), (2)

forall x € RN and a.e. ¢ € [0, T], where R" is the set
of all nonnegative real numbers.

In the case of m = 0, the existence of periodic solutions for
problem (1) is obtained in articles [1-17] with many solvability
conditions, such as the coercive type potential condition (see
[1]), the convex type potential condition (see [2]), the periodic
type potential conditions (see [3]), the even type potential
condition (see [4]), the subquadratic potential condition
in Rabinowitz’s sense (see [5]), the bounded nonlinearity
condition (see [6]), the subadditive condition (see [7]),

the sublinear nonlinearity condition (see [9, 15]), and the
linear nonlinearity condition (see [13, 14, 16, 17]).

In the case of m # 0, Mawhin and Willem [6] prove that
problem (1) has at least one solution under the bounded
nonlinearity condition; that is, [VF(t,x)| < g(t) for some
ge LY(0,T), each x € RN, and a.e. t € [0, T] when

T
J F (t, a cos mwt + b sin mwt) dt
0 3)

— +00 as |(a,b)] — oo in R*Y

or

T
J F (t,a cos mwt + b sin mwt) dt
0 (4)

— —00 as |(a,b)] — oo in RN,

Under the sublinear nonlinearity condition, that is, there
exist f,g € L2[0,T] and « € [0, 1), such that

IVE@t )l < fOIx*+g®), (5)

for x € RN and a.e. t € [0,T], Han [18] proves that problem
(1) has at least one solution when

T
(a, b)|* J F (t,a cosmwt + b sin mwt) dt
0 (6)

— +00 as |(a,b)] — oo in R*Y



or

T
|(a, b)| > j F (t,a cosmwt + b sin mwt) dt
0 (7)

— —c0 as |(a,b)] — oo in R*Y.

Recently, when m = 0, Zhao and Wu [13, 14] and Meng
and Tang [16, 17] also prove the existence of solutions for
problem (1) under linear nonlinearity condition; that is, there
exist f,g € L'([0,T], R") such that

IVE (£, %) < f(£) |x] + g (£). (8)
In this paper, motivated by the results mentioned above,
we investigate the existence of periodic solutions of problem

(1) in the case of m > 1.
Let Hy. be a Hilbert space defined by

HL= {u :[0,T] — RY | u is absolutely continuous,

)
u(0) = u(T)and i € L*(0,T)},
with the norm
T T 1/2
lull = (j Ju ()t + j i <t)|2dt) . 10
0 0
foru e H%.
Let

H® = {acosmwt+bsinmwt tae€ RN,b € RN},

m-1
H-= { Zakcoskwt + b sinkwt : g € RN>bk e RY,
k=1

1sk5m—1J», 1)
_ T
H= {ueH%:J u (t) cos kwt dt
0

T
=j u (t) sin kwt dt = 0, lskSm};
0

then H} =H' o Heo H ([6]). Forallu € H}, we have u =
u’ + 7+ i, where i’ € H° % € H,and i € H. It is easy to

obtain

[l < on - V2P, va e, 12)

4’ = om+ )2A@R,  Va e i (13)
|4, :

Furthermore, we have |lull, < Cyllull for some C, > 0
and all u(t) € H} (see, [6, Proposition 1.3]).
Our main results are the following theorems.
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Theorem 1. Suppose that (A) and (8) hold and
(i)

T
(2+a)C§J F(dr
0
(14)
{ 2m+1)w? 2m-1)w’ }
< mi ,
1+ m+1)%w? 1+ (m-1)>w?
where a is a parameter and satisfiesa > 1/2;
(i)
T
lim  inf |Jul| I F(t,u)dt
ueH,|ull — oo 0
5 T 3 T 1
C t)dt Hdt + ——.
g "L Fo +2a—1j0 Fdt+ 5
(15)

Then problem (1) has at least one solution.
Theorem 2. Suppose that (A), (8) and (i) hold and
(iii)
T

lim  sup ]~ J F (t,u)dt

u€eHY,|lul - co 0

5C; (T 5 (T m*w’
<—[2a_1L f(t)dt+C0L fdes 2

(16)
Then problem (1) has at least one solution.

Remark 3. (i) It is worth noting that, in the case of m = 0,
one solution was obtained by Tang [9] and Han [15] under
the sublinear nonlinearity condition.

(ii) It is also worth noting that the sublinear nonlinearity
condition in [15, 18] is different from that of [9].

2. Proof of Main Results

Let

m*w’?

T
f(u>=1j i (1)t —
20 17)

T T
x J |u (£)|*dt — J F(t,u(t))dt,
0 0
foranyu € H%. It follows from assumption (A) that the func-

tional J on H% is continuously differentiable; moreover we
obtain

T
(J w),v) = L @), v () dt - m*w’
T
xj (u(t),v(t))dt (18)
0

T
—j (VE (b u(0)) v (1)) dt
0



Abstract and Applied Analysis

for any u,v € Hy. It is well known that the solutions of
problem (1) correspond to the critical points of J (see [6]).
For the sake of convenience, we denote
T T
M, = J fwd,  M,= J g (t)dt. (19)
0 0
Proof of Theorem 1. Firstly, we assert that the functional J
satisfies (PS) condition. Let {u,} be a sequence in Hj. such
that {J(u,)} is bounded and J (u,) — Oasn — oo0. By the

proof of [6] Proposition 4.1, we only need to prove that {u,,}
is bounded. On one hand, we have

A
. T .
= <]’ (un) > _ﬁn> = JO [(un’ﬁn) - m2w2 (un’ﬁn)
- (VF (t,u,),u,) | dt
T 22
:—J |un| dt+m‘w
0
T ) T
xj | dt+j (VE (t,u,),1,) dt
0 0
> [m2 - (m- 1)2] W’
T T
x j [P — j £ [+ 7, + 7,7, dt
0 0
T
- g0
2m - l)w _ 2 — 2
> — -CM
e S et LA A
- CéMl ||an|| “ﬁn" - COMI "an" ||ut(’)1|' - COMZ "an“
2m - l)w2
+(m-1)"w
_ CoM C:M 2 _
xfa|l* = =l = = ] - Cods [
(20)
So
C:M,
1 (|| A+ )
(21’}’1— l)w 2
> ————— - (2 C:M
- (1+(m—1)2a>2 (21 a)CoMy
, (21)
X “ﬁn" - (COMZ + 1) ||En"
+aC:M, |||
> aCoM, [, + C,,
where C; = min (g o0 {((2m — Dw?/(1 + (m—1)’w?)) - (2 +

a)CiM,)s* = (CyM, + 1)s}.

3
Since (14), so —0co < C; < 0. Then
_ i
" “ ” ” “ 2(1” +C,, (22)
where C, = —Cl/aCSM1 > 0.
On the other hand, we have
il = (7 (w,).8,)
2
y < @2m + l)uz) ., ng)
1+ (m+1)w?
C M 23)
xfit,|* - =S’
CSM1 0112 _
T . CoM, [, .
So
CM, /. 2
CoM (g, P+ )
2
> (M _ (2+a)C§M1>
1+ (m+ 1) w?
, (24)
x ||an" - (COMZ + 1) “an"
+aCiM, &, |
> aCIM, 5 + s,
where 0 > C; = minge (g ) {((2m + De®/(1 + (m + 1)*w”)) -
2 +a)CoM,)s> - (CoM, + 1)s}.
Then
||~ ” "u ” L] NS (25)
2a ®
where C, = —C3/aC§M1 > 0.
From (22) and (25), we have
_ 2
.l < ||u°ll +Cs,
(26)
_ 2
il < ||u°|l +Cs,

where C; = max{(4azC2 + 261(?4)/(4512 -1), (4&12(?4 +2aC,)/
(4a® - 1)}.



By (8), (26) we get

JTF(t, u,) - F(t,u) dt
0

T 1
J J VF(t,u2+s(ﬁn+ﬁn),

0 Jo

u, - ug) dsdt
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Secondly, we assert that

(J1) J(u) = +ooas |lu]| — ooin H, which implies that
inf,, 7] (1) > —00;

— —oo0as |u| - coinH @ H,

(J2) J(u)

Tl for allu € H® @ H; that is, u = u° +%; th 12
SJ J' f(t)'u2+s(ﬁn+ﬁn)||un—u2|dt h(;rve; ue ® H; thatis, u = u” + u; then by (8) and (12) we
o Jo
T (1
0 T 2 2 T
+L Jog(t)|un—un|dt ](”):lj |a(t)|2dt—mw J e (6)Pdt
2 Jo 0
iz, T
-J F(t,u (b)) dt
0
5 _ 2 _ ~
v 2cm e+ o, (17 + ) T
=E<J lu(t)' dt —-m'w J [z (t)] dt)
o SCM, : ’
< | CoM, + 771 " T . . T o
a - [ I v @) - F o) ae- [ F (et
. 0 0
1 2
+ ZCOMZ\/ZQ—— u C()Ml + 2\/C\5COM2 < l(l B Zm) w2||ﬁ||§
(27) 2
T 1 T
It follows from (26), (27), and the boundedness of J(u,,) that - J J (VF (t, u’ + sﬁ) ,ﬁ) dt — J F (t, uo) dt
o Jo 0

2 2
)= 3 [ -2

IN

(I + 1)

- LT F(t,u,) - F(t,u,)dt - JT

0

IN

5CEM 1
CiM, + =1 ¢
2a -1 2a—1

b+ 20| o]

T ) T ] T
J ot - L F(tu,)dt < S (L-2m) &} + jo F@ Pt

T — 0
+ L fO ! [u]dt

T

0
F (6t [ awmona- |
0 0

F(t,u’)dt
1 _ _
<3 (1 - 2m) |l + C;M, |ul)?

T
+ CoM, [ 2]l + CoM, ] - L F(t,u’)dt

T 1 _ —
- j F(£,ul) dt +5CsCM, +24/C,CoM, < 3 (1= 2m) &Pl + CM,
0
2 M 2 aC*M
_ .07 C*M 5C, M, 1 4 2oL ol 4 0_1”5”2
n 0 1 + +
2a-1 2a-1 2a
T 0
0 +CM||E||—J F(t,u )dt
FaCM| ] oMol = | (5

0

un

- LTF (t,uy) dt]

+5C5CEM, +24/CsCoM,.

1 _
<5 (1 -2m) &*|al?

N (2 +a)CiM,

5 [1+ (m - 1’0’| [[ull3

(28)

The above inequality and (15) imply that {uﬂ} is bounded.
Hence {u,} is bounded by (26).

+CoM, [(m = 1) w + 1] [[ull

2 0|2 T 0
e oMy [ul = | P (6) e
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= <[%(1—2141)a)2+

x [wll; + CoM, [(m

e[ [camt el [ )],

(2 +a)C:M,

20 [1+( l)w]}

- Do+ 1] ul,

(29)

for |ull — oo in X if and only if |[u]|, — oo or 0] —
00. So, by m > 1, (14), and (15), we obtain J(u) — —o00 as
lu| — ocoin X.

Let u € H; then by (8) and (13), we have

mw?

T T
T (u) =§L i (1)t — L ju (1)t

T
- J F(t,u(t))dt
0

1 m2w? T .
= 2 (1_ (m + 1)2w2>J0 'u(t)' dat
T T
—J [F(t,ﬁ)—F(t,O)]dt—J F(t,0)dt
0 0

Jloam+l (m+ 1)%w?

> = R Iz
2(m+1)

1+ (m+1)*w?
T (1 T

—J J (VF(t,sﬁ),ﬁ)dt—J F(t,0)dt
o Jo 0

2
>l 2m+1)w

> b1
21+ (m+1)a?

T T T
—J f(t)lﬁlzdt—J g(t)|ﬁ|dt—J F(t,0)dt
0 0 0

2
> (l—@m* 1)“2’ —C§M1>
21+ (m+ 1) w?
s T
<[l = CoMy il | F(t.0)

(30)

So, by (14), ] is bounded from below on H.

Hence, by Rabinowitz’s Saddle point Theorem (see [19,

Theorem 4.6]), we obtain that the problem (1) has at least one
solution. O

Proof of Theorem 2. The proof of Theorem 2 is similar to the
proof of Theorem 1, so we omit it here. O
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