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We consider the numerical solutions of a class of nonlinear (nonstandard) Volterra integral equation. We prove the existence and
uniqueness of the one point collocation solutions and the solution by the repeated trapezoidal rule for the nonlinear Volterra integral
equation. We analyze the convergence of the collocation methods and the repeated trapezoidal rule. Numerical experiments are

used to illustrate theoretical results.

1. Introduction

In this paper we consider the nonlinear (nonstandard) Vol-
terra integral equation:

2 t j
u(t)=Yb, (gj(t)+L kj(t,s)u(s)ds> L tel0,T], (1)
j=1

where b, € R and g;,k; are continuous functions. Some
examples of the nonlinear VIE (1) arise from nonlinear
ordinary differential equations used to represent conservative
systems. In [1] we provided sufficient conditions for the
existence and uniqueness of the solution to (1). We also
approximated the solutions for (1) using collocation methods,
the repeated trapezoidal rule, and repeated Simpson’s rule.
Collocation solutions for Volterra integral equations have
been the subject of several work over the years. Brunner
[2] studied the existence and uniqueness of the collocation
solution for linear Volterra integral equations of the second
kind and showed that the methods yield global convergence
of order m. In [3] nonlinear Volterra integral equations with
multiple proportional delays were studied; they provided
sufficient conditions for the existence and uniqueness of the
analytic and collocation solution. Moreover, [3] proved that
the collocation methods yield global convergence of order m.
Other authors such as [4-6] also analysed the convergence
of collocation methods for Volterra integral equations with

different types of kernels. In this work we study the conditions
for the existence and uniqueness of the numerical solutions
of (1) and perform convergence analysis for the collocation
methods and repeated trapezoidal rule.

2. Existence and Uniqueness of
the Numerical Solution

Consider the nonlinear VIE

2
vt =b ( g(t) + Lt K, s)v(s)ds> : @

where k € C(D), (D :=(t,s) : 0 <s<t <T),and g € C(I).
We prove a theorem analogous to the one in [3], establishing
the existence and uniqueness of the collocation solution for
(2). The collocation solution to (2) is given as

Vo = b(9(t0) + 5, (000)
C NG
+h(J k(tn’l,tn+sh)ds> VnJ) ,
0

where

1
J k(t,1,t; + sh) ds) Vi @)

0

() =Y

i=0



Let
B, - j Ck(ty1ot, + sh) ds, 5)
0
g=9(t,,),and F = F,(t,,); then

V.1 = b(g’ +2gF + F* + 2ghB,V,,,
(6)
+2hFB,V,, + 'B,V.,),

n'n,l n'nl

[1-h(2bgB, + 2bFB, + hB.V, )|V, =b(g+F). (7)

To solve (7) we use an iterative procedure; thus we rewrite
(7) in the form

[1-h(2bgB, +2bFB, + hBLV)) | V™D = b (g + F)*,

nVnl
(8)
wheres =1,2,.... Let
©* = (2bgB, + 2bFB, + hB.V,)). 9)
Then (8) can be rewritten as
[1-he¥ ]V =b(g+ F). (10)

Theorem 1. Assume that the given functions g and k in the
nonlinear VIE (2) are continuous in their respective domains

I and D. Then there exists a constant h > 0, for any uniform

mesh I, with h < h, such that (3) defines a unique collocation
solution v,, that belongs to the piecewise constant polynomial

S (1), for (2).

Proof. Since the kernel k in (2) is continuous on D, then o
in (10) is bounded. Wheneverhlp(l)l <1, l—hp(l) + 0. Hence,
for s = 1 in (10), V,S)zl) exists and is bounded.
For some s > 1 assume that Vrfsl) is bounded. Then,
arguing as above, fo Y exists and is bounded if hlp®| < 1.
The above holds if there is an & > 0 such that for a uniform
mesh I, with h < h, the condition hlp"| < 1 holds for all

s > 1. Hence there exists a unique solution Vrgsf Y for 3). O

Corollary 2. Under the same conditions as in Theorem 1,

v(t,) = b (gan) + 2K (6 t0) v (1)
(11)

n-1

2
+th(tn,ti)v(ti) + gk(tn,t,,)V(tn)>

i=1

defines a unique solution to (2) by the repeated trapezoidal rule.
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Proof. Expanding (11) we get

Vi = h (bgnkn,n + bgkn,o VOkn,n
+bhn§k Vo 40 () v | v
& n,i Vi’ n,n 2 nn n n
h 2
=b |:QZ + gahk,ovo + (Ekn,o"o) (12)

n—-1 2 n—-1
+ <;kn,ivi> + Zgnh;kmvi

n—-1
2
+h kn,OVOan,ivi ,

i=1

where v, = v(t,), g, = g(t,), and k,,; = k(t,,t;) fori = 0,..,
n. Let

. h n—-1

i=1

(13)
+bg (kn,n)2 vﬁ?) ;

then we have

[1 _ hp(s)] 1)(S+1)
h 2 n-1 2
=b gfl + gnhkn,OVO + <_kn,0V0> + <an,ivi>
2 i1 (14)

n—-1 n—-1
2
+ 2gnthn)ivi +h kn)OVOan’ivijI .
i-1 i-1

The result follows from Theorem 1 by taking

) = v, (15)
O

Corollary 3. Applying collocation methods or the repeated
trapezoidal rule results in a unique solution for (I).

Proof. Existence and uniqueness for the case b, = 0,
b, # 0 follows from Theorem1 and Corollary 2. For the
case by # 0, b, = 0 existence and uniqueness for the
collocation solution is established in [2]. For the case b, # 0,
b, = 0 the existence and uniqueness of the solution by the
repeated trapezoidal rule follows from continuity of g and
k. Combining these two cases establishes the existence and
uniqueness of the collocation solution and the solution by the
repeated trapezoidal rule for (1). O
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3. Convergence for the Numerical Methods

3.1. Global Convergence for the Collocation Methods. The
global convergence for the case where b, = 0 in (1) has
been analysed (see [2]); thus we will study the case where
by = 0 and where both b, and b, are nonzero. We use a
procedure analogous to the one used in [3] to analyse the
global convergence of the collocation solution v, € S, (Zy),
with Zy = {ty, ..., tx}

Theorem 4. Assume that k € C(D), g € C(I), and v;, €
Sal(ZN), defined by (3), are the collocation solution for (2).
Then for all sufficiently small h > 0, we have

v, vl <C (”(1 -P,) bgz"oo +||(x — a2,) /3v||00) ,
”vh - v||00 = su%) th (t) - v(t)l < Chlvls >
te
(16)

where &), is the Lagrange interpolation operator corresponding
to the collocation parameter ¢, and the constant C does not
depend on h.

Proof. Define Bv as follows:

Bv = Lt k(t,s)v(s)ds; 17)

then the operator formulations for the VIE (2) and its
collocation equation are given by

v=b(g+ﬁv)2,

v, =bPy (g + ﬁVh)z-

Based on the solvability of the VIE and its collocation
equation we implement an iterative procedure and obtain

Vo = (1 - Kﬂ)_l bg’,

(18)

(19)
it = (1-ap2,)” Pubg,

where x = 2bgB + bp*v" and a = 2bgBP, + b2 P,V
Then the error between v}, and v can be written as

€=V — v

=(1-a2,p)" Pbg* - (1-xp) " by’

= (1-«B) " Pybg* + (1 - a2, f)”" P,bg"
~(1-xB)" (bg” - Pybg’)

= (1= aZyp) " (xh ~ aP,f) (1~ B) " Pybg”
+(1-xB)" (bg” - Pbg’)

= (1-a2B)" (B—aP,B) (1-xB) " (P4bg” - bg®)
+(1-aP,p) " (xp~aPyB) (1 -xp) " b’

+(1-xp)" (1 - P,) by’

3
= (1-a2,B)" (- a?,f) (1 -xp) " (P, ~ 1) bg?
+(1-a2,p) " (k- aPy) pv
+(1-B) " (1= )by’
(20)
which implies that
= leo = C (0 = 200057, + 106 - 2B,
(21

From the error estimates of the interpolation %, we have
|1 = 2bg?|_ < Ch|pg?|_ < ChIMle,  (22)
and with appropriate assumptions on « and «,
[ (x = «2) BV, < Ch|BY||, < ChIVIg » (23)
which leads to
[vi = 7| < Chlvlg - (24)
O

On the other hand, recall that the collocation solution to
(1) is given by

2 t j
u, () = )b, (gj(t) +J kj(t,s)u(s)ds> , teXy. (25)
j=1 0
Corollary 5. Ifthe solutionu,, € SEI(ZN) defined by (25) is the

collocation solution to (1), then, for a sufficiently small h > 0,

||u,1 - u”oo = stlg) |u,1 t)-u (t)| < Chllulo (26)

holds for any set X of collocation point with 0 < ¢; < 1. The
constant C depends on the ¢, but not on h.

Proof. From [2] we know that the collocation solution for the
VIE,

y() =g+ L k(t,s) y(s)ds, (27)

satisfies
19 = Yoo = suply 0 =y O < Chll - 28)
Using the triangle inequality we have
s = tlog = 10 = 9+ G =)

<= Mo + 1V =Ml
<Ch ||y||00 +Ch |Vl

< Ch(||y]o + Vi) -

(29)
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3.2. Repeated Trapezoidal Rule. Consider the solution to (2)  Using the Lipschitz condition, (31) can be written as
by repeated trapezoidal rule

n 2 le,| < hAL) |&| + R
v(t,) = b <g (t) + Y wik (t,01:) v(ti)> gy sl
i=0 . } (32)
Theorem 6. The approximate method given by (30) is conver- + (hAZZ |e:| + |R1.)1|> <hAZZ le:| + |Ri)2|> ,
gent and its order of convergence is at least one. i=0 i=0
Proof. Putting t = ¢, in (2), we have where R; | and R; , are the errors of the integration rule.

Then, let R = max,[R; |, R;,]; hence

leal = i (£,) = v (8,)]
- ‘b [(hiZg (t,) wik (t,.1,) v(tl-)> el < 5 ’_1’:;12 Jeil + 1

i=0

ty hA n—1
- <2g (t,) L k(t,,s)v(s) ds) < - hi&z Z |e:| + > (33)

" 2
+ (hzwik (tpt;)v (ti)) . hA )
i=0 1 hA,
Then we have

t, 2
_ (J k(tn,s)v(s)ds> ]
0
1 (A1, /(1-4))
le,| < T hA, {R+hA Z|s ]»e

_ ‘b [(hiZg (£ wik (t,1) v(tl-)> 4

i=0

1 5 (At /(1-A,))
ty + R+hA ; 2 ? 34
(206 [ k(v (i e ) Y
" : 1 © (A,t,/(1-4,))
+ (thik(t,,,ti)v(ti)—J k(tn,s)v(s)ds> .<1—hA2 {R+hA22(;|si|]>e :
i=0 0 i=

n For the functions k and g with at least first-order derivatives,
: hzwik (tpti) v(t;) we have R = O(h). Hence we have
f lea] = O () + O () O (h)
+ | k(t, d
JO (tpss) v (s) s)]l _ oM+ O(hz) (35)
n =0(h).
- | (206t "
i=0 O
(29 (t.) J k(ts)v(s) d5> Corollary 7. The repeated trapezoidal solution for (1), defined
by

+ (hiwik (tt)v(t) - Jtn k(t,,s)v(s) ds) 2 n 2
0 0 u(t,)=Yb (g (t,) + thik (tpt;)v (ti)> ,  (36)

is convergent and its order of convergence is at least one.

. ( hiwik (t,.t,) v (t;)

- J "k (t,,s)v(s)d Proof. Since |e,| = O(h) for the repeated trapezoidal rule
0 m S) VS 43 when used to solve (2) and (27), it follows that for (1) we have
" =0 (h) +O(h
+ZJ k(tn,s)v(s)ds>”. leu| = O (h) + O (h) -
’ o).

(31) O
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(c) The convergence rates of the repeated trapezoidal rule

FIGURE 1: The convergence rates for (39).

4. Numerical Results

In this section we present numerical results obtained from
the collocation methods and the repeated trapezoidal rule.
To obtain the estimates for the convergence rates we used the
following quantity:

log((uh/z _ uh) / (uh/4 _ uh/z))
p=

(38)
log2

>

where 1", 4", and 1/"'* denote approximations to u(t) using

the step sizes h, h/2, and h/4. The results are shown in Figures
1 and 2, which indicates first-order convergence and this is
in agreement with the results of the theorems in Section 3.

The approximations for the convergence rates are done using
results from the following examples.

Example 1. Consider

t 2
u(t) =2 (1 + j (t - s)u(s)ds> 0<t<l. (39)
0
Example 2. Consider

u(t) = (1+J'Ot(l‘—s)u(s)ds>+%<1+J0t(t—s)1/t(s)ds>2

0<t<1.
(40)
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FIGURE 2: The convergence rates for (40).

5. Discussion

In this work we provided sufficient conditions for the exis-
tence and uniqueness of the collocation solution and the solu-
tion by the repeated trapezoidal rule for (2). We performed a
numerical analysis of the nonlinear (nonstandard) Volterra
integral equation (1). In Theorem 4 and Corollary5 we
proved that the collocation methods yield global convergence
order of one. We also proved in Section 3.2 that the repeated
trapezoidal rule has convergence order of one. Numerical
approximations of the convergence orders of the implicit
Euler, implicit midpoint, and repeated trapezoidal rule were
made and are shown in Section 4. The computed orders of
convergence are in agreement with the theoretical results in
Section 3.

Conflict of Interests

The authors declare that there is no conflict of interests in
respect of this paper.

References

[1] H. S. Malindzisa and M. Khumalo, “Numerical solutions of
a class of nonlinear Volterra integral equations,” Abstract and
Applied Analysis, vol. 2014, Article ID 652631, 8 pages, 2014.

[2] H. Brunner, Collocation Methods for Volterra Integral and
Related Functional Differential Equations, Cambridge Univer-
sity Press, Cambridge, UK, 2004.

[3] K. Zhang, J. Li, and H. Song, “Collocation methods for non-
linear convolution Volterra integral equations with multiple



Abstract and Applied Analysis

proportional delays,” Applied Mathematics and Computation,
vol. 218, no. 22, pp. 10848-10860, 2012.

T. Diogo, “Collocation and iterated collocation methods for a
class of weakly singular Volterra integral equations,” Journal of
Computational and Applied Mathematics, vol. 229, no. 2, pp.
363-372, 2009.

T. Diogo and P. Lima, “Collocation solutions of a weakly
singular Volterra integral equation,” Trends in Applied and
Computational Mathematics, vol. 8, no. 2, pp. 229-238, 2007.

V. Horvat, “On collocation methods for Volterra integral equa-
tions with delay arguments,” Mathematical Communications,
vol. 4, no. 1, pp. 93-109, 1999.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




