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We consider the multiplicity of solutions for operator equation involving homogeneous potential operators. With the help of Nehari
manifold and fibering maps, we prove that such equation has at least two nontrivial solutions. Furthermore, we apply this result to
prove the existence of two nonnegative solutions for three types of quasilinear elliptic systems involving (p, q)-Laplacian operator

and concave-convex nonlinearities.

1. Introduction

Let @ ¢ R be a bounded domain and 1 < t < +00. We
define the Sobolev space W"*(Q) equipped with the norm

Jul, = (L (19al’ + lul') dx>1/t. o

Then we denote X = WHP(Q) x WH(Q) and, for (u,v) € X,
I V)l = llull, + vl (2)

It is well known that X is a reflexive Banach space. The dual
space of X is denoted by X*.

In this paper, we consider the multiplicity results for
nonzero solutions of the operator equation

Awv)-Bu,v)-Cuv)=0, wv)eX, (3)

where A : X — X" is a (p,q)-Laplacian operator defined
by (A ), (1)) = [l + V| and B,C - X — X" are
homogeneous operators of degrees r — 1 and s — 1. It is well

known that the functionals corresponding to A, B, and C are
given by

1 1
atwn) = 1wl +
b (u,v) = % (B (), (1, 7)) )

c(u,v) = % (C(u,v), (u,v)).

Throughout the paper, we will assume the following.

H)l<s<p<g<r.
(H,) There exist (u;,v;) € X (i = 1,2) such that

(B(up, 1), (15 v1)) >0, (C(u3,3), (13, ) > 0.

(5)
(H;) B,C: X — X" are strongly continuous.
(H,) There exist positive numbers d; and d, such that
(B(w,v), (w,v)) <d (lull, + IVI) ©

(C ), w,v)) < dy (Il + VI -



There are several studies for existence and multiplicity of
solutions of the quasilinear elliptic system
—Au= fwv), inQ,
(7)
“Agv= gWw,v), inQ,
where Q is a smooth bounded domain of RY. See, for
example, [1-7].
In [5], Brown and Wu considered the semilinear elliptic
system

“Au+u= ﬁﬁf(x) [ul*2ulvl?, in Q,
“Av+v= ocf;ﬁf ) [ul*vF 2y, in Q, (8)
ou _ q-2 ov _ q-2
3 Ag (x) [ul?“u, 3 ph (x) |[v|T"v, on 0Q,

where Q is a smooth bounded domain of RY, o, >
lL,and 1 < g < 2 < a + f3 < 2*. They found that the above
problem has at least two positive solutions if the pair (A, y) is
below a certain subset of R*.

Recently, Afrouzi and Rasouli [3] considered the semilin-
ear p-Laplacian system

—Aju+m (x) |u|P_2u

o

= Mul"u + c(x) [ul*2uvf, inQ,
o+
—A,v+m(x) P2y 9)
_ y-2 + ﬂ ay B2 in QO
ulvl” v o ﬂc(x) [u|*|v]” v, in Q,
u=0=v, on 0Q,

where o, 3 > 1,1 < a+ ff < p <y < p". They proved that
the above problem has at least two solutions if 0 < |A|”/*77) 4+

|ul?P7 < §* Similar considerations can be found in [1, 4,
6].

We note that few researchers had used variational method
with the help of Nehari manifold to consider semilinear ellip-
tic system involving (p, q)-Laplacian operator to the best of
our knowledge. In this paper, we will use variational method
with the help of Nehari manifold and fibering maps (see [8])
to prove the existence of at least two nonzero solutions of
problem (3) and then apply this result to three types of (p, q)-
Laplacian systems. These applications extended some of the
results in [3-6].

This paper is organized as follows. In Section 2, we
discuss some of the properties of the Nehari manifold for
(3). In Section 3, we prove that (3) has at least two nontrivial
solutions. Applications to (p, q)-Laplacian systems with non-
linearities involving both concave and convex terms are given
in the last section.
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2. The Properties of the Nehari Manifold

We say (u,v) € X is a weak solution of problem (3) if
(A (u,v) - B(u,v) - C(u,v),(w,z)) =0 (10)
holds for all (w, z) € X.
Problem (3) has a variational structure. Let ] : X — R
be defined by
JWw,v) =aW,v)—bWu,v)—cuv), (11)
where a(u, v), b(u, v), and c(u, v) are defined by (4). Clearly,
the critical points of ] are the weak solutions of problem (3).

As the energy functional ] is not bounded below on X, it
is useful to consider the functional on the Nehari manifold:

A ={wv) € X\{(0,0)}: (J' (), (wv)) =0}. (12)
Thus (4, v) € ¥ if and only if
(A(u,v) - B(u,v) - C@wv),(w,v)) =0.  (13)
Moreover, we have the following result.

Lemma 1. The energy functional ] is coercive and bounded
below on N

Proof. If (u,v) € A, then
T () = a (1) - % (A @), ()

- (C (M, V) > (u’ V))) —C (M, V)

O L (14)
(o (G- o
_ <l _ l) (C (uv), (1, v)) .
S r
Thus, by (6),

1 1 1 1
J(u,v) 2 <E - ;) el + (5 - ;) vl

(57l

N r

(15)

Without loss of generality, we suppose [lull, > Lllvl, > 1;
then

J (w,v) 2 Cllw I = Gyl v (16)
where C, and C, are constants independent of (u, v). Thus |
is coercive and bounded below on /. O

Define

D (u,v) = <]' (u,v),(u,v)>
= (A(u,v) — B(u,v) - C(u,v), (u,v)).

17)
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Then, for (u,v) € A/, we have
<CD' (u,v), (u, v)>
= (p =) lulb + (g =) VI = (r =) (B (w, v), (u, )

= (p=7)lully +(q=7) IVl = (s = 1) (C (. v), (, ).
(18)

Now, we split ./ into three parts 4+, #~, and #° defined by
#* =) e ¥ 1 {0 wv), 7)) >0},
N ={wv) e (@ wv),wv) <0}, (19
# = {v) € # 1 {D @wv), ) =0}

We now derive some basic properties of 4, 47, and
Vs

Lemma 2. Suppose that (uy, v,) is a local minimizer for ] on
N and (ug, vy) ¢ N°. Then J' (ug, v,) = 0 in X*.

Proof. Consider the optimization problem

i , V), bject to @ (u,v) = 0.
(ul’nv)tn/y] (u,v), subject to @ (u,v) (20)

By the theory of Lagrange multiplier principle, there exists
¢ € R such that

T' (g, vo) = ' (ug, vg) (21)
Thus

<], (’/‘o’ Vo) > (uo’ Vo)> =H <(D’ (“0» Vo) > (”o> V0)> . (22)
Since (ug,vy) € A, we obtain (J' (g, vy), (g, vy)) = O.
However, the fact (u,,v,) ¢ #° implies that (®'(u,v,),
(ug, vo)) # 0. Thus 4 = 0 and so J' (g, v) = 0. This completes
the proof. O

Lemma 3. One has /° = 0 provided
di=dy P < (p-s)P " (r-p) Pr-s",  (23)
AT < (q- 9 -a) -9, @)

q (P_S) (r—p) P (25)

(r—s)dyvy —(r—q)vi < _f%’
(r=p)ub - (r - s)dyug > MTS, (26)
where
) :< g-s )1/(r—q) . <(1’—S)Sd2>l/(‘p_s)
"\ (r-s)d, ’ "\ (r-pp ’
L _< p—s )1/(1‘17) o ((T—S)Sd2>l/(qs)
0 (r-s)d, ’ 0 (r-q)q ’
(27)

Proof. Let (u,v) € Va By (18) and (6),

(p =) lullb + (g —s) VI < (r = s)d, (lull, + IV,) »

(r = p) lullb + (r = q) W2 < (r = )y (Ilull, + V1) -

If ||| =0 then it follows from (28)-(29) that
<—P = >1/(rp) < ull, < <(” -5)d, >1/(ps)
(r-s)d, TP r-p ’
which contradicts (23).

Similarly, [Ju]| p=0is impossible.
In view of (29), we have either

(r = p) Il < (r = ) dylulf,
or

(r=a) M < (r = ) dy vl

is satisfied. In the following, two cases are considered.

Case 1. Suppose that (31) holds. Then

(r - s)d, )1/(‘”_5)
flull, < < T p .

By (23), we obtain

((r—s)dz>l/(P_s)<< p-s )mr_P)
r—p "\ (r-9)d,

1/(r-p)
_p-s
< (E5)

The last inequality is equivalent to

and so

(p -9l = (r = 5) dy Jul,
Hence, by (28), we infer that
(q-3) M < (r - ) dy VI,

which is equivalent to

1/(r-q)
q—s
> _— = .
I, > <(r ) ) v

On the other hand, we obtain from (29) that
¢ (lull,) < v (Ivll,) »
where
¢)=(r-p)t’ - (r-s)d,t’,
v (1) = (r—s)d,r° - (r—q) 7".

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)



Obviously, ¢(t) attains its minimum at #, and ¢(r) attains
its maximum at 7,. Furthermore, ¢(t) is increasing on
(ty> +00), y(t) is decreasing on (7, +00), and

pla)=- L=y
(41)
v (%) = —(q ) (qr ~d 7.

In view of (24)-(25), we have v, > 1, and y(v,) < ¢(t,) and
0

v (IVl,) < w (vo) < (o), (42)
which contradicts (39). Thus #° = .

Case 2. Suppose that (32) holds. Then, by (24),

(r—s)d,\"/ g-s \/9
iy < r_q) s(m) L @)

which is equivalent to

(g-s) IIVIIZ > (r—s) d1||V||2~ (44)
Thus (28) and (44) imply
(p-s) ||u||§ <(r-s) dl"”";' (45)
Hence
1/(r-p)
p—s - 46
W,z (A57) e (46)

In view of (23) and (26), we obtain u; > t, ¢(u,) > y(7,)
and so </5(||u||P) > ¢(u,y) > w(1,), which contradicts (39). Thus

W0 =0, O

In order to get a better understanding of the Nehari
manifold, we consider the function m,, () defined by

My (8) = 7 Null§ + £ )3 = st™ e (u,v) (47)

for t
limt 0t m(u’v) (t) =

> 0, where c(u,v) is defined in (4). Obviously,
-0, lim, _, , ,my, ,(t) = 0, and

mgw) )
=t ((p =) "l + (g-r) IV (48)

-s (s—r)c(u,v)).

If c(u,v) > 0, then there is unique t; = t;(u,v) such that
méu’v)(tl) = 0. Furthermore, mgw)(t) > 0fort € (0,¢,) and

mEW)(t) < 0fort € (t;,00). By direct computation, we can
deduce that
My (8) = 657 (7 Nullf + 6712 = se (u,v))

(49)
=S p — S -
= Pt IS,
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Moreover

ser-9cwn

( s(r—s)c(u,v) )1/(q5)
(r=a)Ivli

if Jlu| »>0 and ||v|| q> 0. Then the following lemma holds.

(50)

Lemma 4. For each (u,v) € X \ {(0,0)} with c(u,v) > 0, one
has m, ,,(t,(u,v)) > rb(u, v) provided

ddP <2 (p-s) T (r=p) Pr-9s, (5D
ard; 1 <2 (q-s)"(r-q) r-s°".  (52)
Proof . The proof is divided into the following four cases.

Case 1 (||u||P =0< ||v||q). In this case,

o ( s(r—s)c(u,v) >1/(q_5) (53)
' (r—q) IV '

Thus, by (6), we infer that

m(u,v) (tl)

(g-1)/(g-s)
_g=s[s(r—s)c(u,v) v
Ty _ q Vilg
r—s\ (r—-9q) Ivid

r—s)d, (q-1)/(q-s) .
(9% )y,

r—s r—q
12 ( (r=9)d, >(qr)/(qs) rb(,v)
r-s\ r—-gq d,
In view of (52), we have
_ _ (g-1)/(g—s)
u(ﬂ) Loy (55)
r—s r—q d,

and somy,, ,,(t;) > rb(u, v).

(54)

\%

I\

Case 2 (Ivll; = 0 < [lull,). Then

- <s (r—s)c(u,v) )1/(}”) (56)
O\ (- p)

and so

(p—r)/(p~-s)
M (8)) = (S("_ S)C(”’”)> el

(r=p) lullb
S P s((r—s)d >(p /e )“ ul, (57)

r—s\ r—p

-5 < (r-s)d, >(pr)/(}”) rb (u,v)
r—p d,

Thus m, ) (t;) > rb(u, v) follows from (51).

[\

r—=Ss
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Case 3 (0 < ||u||p < ||V||q). It follows from (49), (50), and (6)
that

M, (t)
(p—)/(p-s)
p—sfs(r—-s)cuv) proie p
> a Jul?
r=s\ (r-p)lull
(g-1)/(g—s)
g-—s{ s(r—s)c(u,v) e 4
+ a vl
r=s\ (r—q) vl (58)
. N\ (-1 (p-s)
_ psf = 9)da (Iulf, + V1) Il
> u
=\ G p) Il ;
s s (g-7)/(q-s)
q-s( (r=s)dy (lull}, + V) ]
+ - v,
r—s (r-9q) viid
Since IIuIIP < ||v||q, we have
lally, + vl < 205, lally, + IVl < 20vllz. (59)
Thus
s\ (q-1)/(q-s)
e () > q-sf 2 =9 d,lvl; e
(u,v) 1 r—s (r _ q) "V"Z q
_q-s < 2(r-s)d, >(q_r)/(q_s) i (60)
r—s r—q 1
_4-s < 2(r-s)d, >(qr)/(qs) rb (u,v)
Tr—s r-q 2d,
Hence m,, ,(t,) > rb(u, v) provided
_ _ (q-1)/(q—s)
q s<2(r s)d2> LZI, (61)
r—s r—q 2d,

which is equivalent to (52).

Case 4 (IIuIIP > ||v||q > 0). In this case, (58) still holds. Thus,
in view of (6), we infer

p—s(20r=s)d;lul, (ponlte=9 ,
el

m(u,v) (tl) >

r=s\ (r-p)lul}
> p -S ( 2 (r - S) d2 >(P_r)/(P_$) "u”f (62)
T r-—s r—p 4
. p—5<2(r— s)d, >(p_r)/(P_s)rb(u,v)
T r-s\ r-p 2d,
Hence m, ,,(t,) > rb(u, v) follows from(51). ]

By Lemma 4, we have the following.

Lemma 5. Suppose that (51)-(52) hold. Then, for each (u,v) €
X\ {(0,0)} with c(u, v) > 0, one has the following.

() If b(u,v) < 0, then there is unique t* € (0,t;) such
that J(tu, tv) is decreasing on (0,t") and increasing on
(t*, 00). Moreover (t u,t*v) € /' and

J(tTut™v) = 1t121g] (tu, tv). (63)

(ii) If b(u,v) > O, then there are t* and t~ with 0 <
t7 < t; < t such that J(tu,tv) is decreasing
on (0,t%), increasing on (t',t”), and decreasing on
(t~,00). Moreover (t'u,t™v) e /", (tTu,t™v) e /7,
and

J(t'u,t'v) = inf J(tu,tv),
0<t<t™
(64)
J(t u,t v) = sup] (tu,tv).

t>t*

Proof. Fix (u,v) € X \ {(0,0)} with c¢(u,v) > 0. By (17) and
(19), we infer that

O (tu,tv)
= tP||u||§ + tq||v||g —t'rb (u,v) — t°sc (u, v) (65)
= tr (M(u’v) (t) — T’b (u, V)) N

<d>' (tu, tv), (tu, tv)>

= (p—r)tlull} + (g - r) tIvI (66)
—(s=r)t'sc(u,v) = tHlmEW) ).

(i) Suppose that b(u,v) < 0. Then m,,(t) = rb(u,v)
has unique solution t* € (0,¢,) and my, ,(t") > 0.
Hence ®(t"u,t*v) = (t*) (my,,,(t") - rb(u,v)) = 0,
(@'t wt™), (Fu,t*v)) = () 'y, (t) > 0,and
so (tTu, t"v) € #*. Moreover, since

%] (tus tv) = 27 fullf + 1 = £ b (u,v)
(67)

s—1

1
-t sc(u,v) = ?(D(tu, tv),

we obtain (d/dt)J(tu,tv) < 0 fort € (0,t") and
d/an)j(tu,tv) > 0 for t > t*. Thus J(tu,tv) is
decreasing on (0,t") and increasing on (t*, c0) and
J(t u, t7v) = inf o J (tu, tv).

(ii) Suppose that b(u, v) > 0. Since my,, ,(t;) > rb(u,v),
the equation m,,(t) = rb(u,v) has exactly two
solutions t*,¢~ with 0 < " < t; < t” such that
méu’v)(tf) <0< mzw)(t*). Thus there are exactly two



multiples of u lying in //; namely, (t'u,t"v) € 47
and (t u,t v) € /. Since

J <0, 0<t<th
E] (tu,tv) 1> 0, t"<t<t; (68)
<0, t>t,

we have J(tu, tv) is decreasing on (0, "), increasing on
(t%,¢7), and decreasing on (¢~, co) and (64) holds.
O
Similarly, we define

t"*rb(u,v), fort>0,

(69)

Py (6) = 7 a2+ 475V -

where b(u,v) is defined in (4). Clearly lim, _, o1, (t) =
0, lim, _, o 7, (t) = —00, and
i () = (p = 5) £l + (g = ) 77 ol
(70)
—(r=s)t" b (u,v).

If b(u,v) > 0, then there is unlque t, = t,(u,v) such that
n( )(tz) = 0. Furthermore, n um(£) >0 for0 < t < t, and
nzu V)(t) <0fort>t,.

Using arguments similar to those in the proof of Lemmas
4 and 5, we have the following.

Lemma 6. For each (u,v) € X\ {(0,0)} with b(u,v) > 0, one
has ny, ,(t,(u, v)) > sc(u, v) provided (51)-(52) hold.

Lemma 7. Suppose that (51)-(52) hold. Then, for each (u,v) €
X\ {(0,0)} with b(u,v) > 0, one has the following.

(i) If c(u,v) < 0, then there is unique t~ € (t,,00) such
that J(tu, tv) is increasing on (0,t”) and decreasing on
(t", 00). Moreover (t u,t v) € ¥~ and

J (t u,t™v) = sup] (tu,tv). 71)
t>0

(ii) If c(u, v) > 0, then there are t* and t” with0 < t* < t,
<t such that ] (tu, tv) is decreasing on (0, t"), increas-
ing on (t*,t7), and decreasing on (t~, 00). Moreover
tu,t™ vy e /", (tu,t v) e N/, and

J(t u,t'v) = Oinf J (tu, tv),
<t<t™
(72)
J (t u,t™v) = sup] (tu,tv).

t>tt

3. Existence of Nonzero Solutions

In this section, we will give simple proofs of the existence of
two nonzero weak solutions, one in .#* and one in /.

Proposition 8. Suppose that (25)-(26) and (51)-(52) hold.
Then there exists a minimizer (uj,vy) of ] on N* and
(ug,vy) £ (0,0).

Abstract and Applied Analysis
Proof. Since ] is bounded below on .#" and so on /7, there
exists a minimizing sequence {(u,,v,)} ¢ /" such that

I v,) = inf J(uv).
A ] (w,,v,) = inf ] (u,v) (73)

Since ] is coercive, {(u,,v,)} is bounded in X. Thus
we may assume, without loss of generality, that (u,,v,) —
(uy, vy) weakly in X. By (H,),

lim b (u,,v,) = b(ug, vy)
(74)
lim c (u,,v,) =c (ug>vy) -

Since (u,,v,) € A/, we can infer from (18) that
p-s) ||un||§ +(q-s) ||vn||3 >(r—s)rb(u,v,). (75)
Then
J (th>v,)

(55 )Wl (-5 ) Il
(2 D)) < (32 b
(1) Il

= (=9l + (a9 1v13)

(r-p)(p-5), » (r—a)(a—s), q
DRIy g CZDEZI
ps rqs
(76)

This implies

nleréo] (th,,v,) = (u,glefm*] (u,v) < 0. 77)
Notice that
] (un’ Vn)

11 »
“ (51 )l (2

and, letting n — +00, we obtain c(uy,v;) > 0. Hence
(ug,vy) # (0,0).

Now we prove that (u,,v,) — (uy,v,) strongly in X.
Suppose otherwise; then

DIl - (3 - 3)se )

(78)

P q P
lually + Ivolly < timinf (|} +[val3)- 79)
Let t, (u,, v,) be the unique solution ofm'u v >(1‘) =0and
let t,(uy, vy ) be the unique solution of m +)(1‘) 0, where

m,,,(t) is defined by (47). Since (u,,, v,,) € /V , we have from
(19) that

(r—s)sc(u,,v,) > (r-p) ||”n||§ +(r-q) H"""Z (80)

and so méuwvn)(l) > 0. Thus t,(u,,, v,) > 1.
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Since c(ug,vy) > 0, it follows from Lemma 5 that there is
unique ¢, € (0,t,(u,,vy)) such that

(305, 659) €

81
J (tyug,tyvy) = inf ] (tu,tv). (81)
ost<t, (ug.vy
From (79), we have
0= O (tyuy, tgvy) < iminf® (tyu,, tgv,).  (82)

This implies ®(tyu,, t,v,) > 0 for n sufficiently large.

Since m(uw,,n)(t) is increasing on (0, ¢, (u,,, v,,)) and so on
(0, 1), O(tu,, tv,) is also increasing on (0, 1).

In view of ®(u,,v,) = 0 and ®O(t,u,,t,v,) > 0 for n
sufficiently large, we deduce that t; > 1 and so

J (tgugtgvy) < T (ug,vg) < lim J (,v,),  (83)

a contradiction. Hence (u,,v,) — (ug,v;) strongly in X.
This implies J(u,,v,) — J(uy,v,) asn — oo. Thus (4, v,)
is a minimizer for J on 4. O

Proposition 9. Suppose that (25)-(26) and (51)-(52) hold.
Then there exists a minimizer (uy,v,) of J in N~ and
(uy,vy) # (0,0).

Proof. Similarly as the proof of Proposition 8, there exists a
minimizing sequence {(u,,v,)} ¢ 4~ and (1, v,) € X such
that

lim J (u,,v,) = inf J(uv),
n—co (e

(tv,) = (ug,v,) weaklyinX, (84)

b(un’vn) - b(u(;’vo_)’ C(uwvn) - C(u(;’v(;)
strongly in X.
Since (u,,,v,) € /", we can infer from (18) and (6) that

(P - S) ”“n”i + (q - S) ”Vn"Z <(r—s)rb (un’ Vn)

< (s dy () + Il

(85)
Then either

(0= 9) Juallh < =)y, (86)
or

(@=9)valls < =)yl (87)

is satisfied. That is to say, either [|u, || p > Ugor v, g > Vols
satisfied, where 1, and v, are defined in Lemma 3. Hence, for
all n, we obtain from (85) that

(r-s)rb(u,,v,) > min{(p—s) ul,(q-s) vg}. (88)

Lettingn — +00, we get that
(r—s)rb(uy,v,) > min {(p -s)ub,(q-s) vg} >0. (89)

Hence b(u;, v;) > 0 and so (u,,v;) # (0,0).
Now we prove that (u,,v,) — (ug,v,) strongly in X.
Suppose on the contrary; then
oo I+ Mo I < dimuinf (s, |5 + v l3) - (90)

n— 00

Let t,(u,, v,) be the unique solution of néun’vn)(t) =0and
let t, (1, v,) be the unique solution of néua’va)(t) = 0, where
N,y (t) is defined by (69).

By Lemma 7, there is unique t; > t,(uy,v,) such that
(tyug>tyvy) € A~ . Inview of (90), we infer that

liminf® (tyu,,tv,) > @ (1, t5v,) =0 (91)

This implies O (¢;u,,t,v,) > 0 for n sufficiently large.

Since (u,,v,) € /™, ®(u,,v,) = 0, and it is clear from
Lemmas 5 and 7 that J(tu, tv) is increasing on (¢,, 1); that is,
J(tyu,,tyv,) < J(u,, v,).

Thus

T (tttgstovy) < Jim J (tg1t,stgv,) < lim J (u,,), (92)

which is a contradiction. Hence (u,,v,) — (1, v,) strongly
in X. This implies J(u,,v,) — J(uy,v,) asn — oo. Thus
(4g, vy) is a minimizer for J on /™. ]

By Propositions 8 and 9, we can prove our main result
read as follows.

Theorem 10. Problem (3) has at least two solutions (ug,v,)
and (uy, vy) such that (ug, v;f) # (0,0) if (25), (26), (51), and
(52) are satisfied.

Proof. By Propositions 8 and 9, there exist (uy,vy) € A
and (uy,vy) € A such that J(ug, vy) = inf(, o4+ J (1, v),
J(ug,vy) = inf(, e - J (1, ), and (uy, vy) # 0. By Lemma 2,
(uy,vy) are critical points of J on X and hence are weak
solutions of (3). O

Remark 11. Inequalities (25), (26), (51), and (52) can be
fulfilled provided that d, or d, is sufficiently small.

4. Applications

In this section, we give some applications of Theorem 10.

(I) We consider the multiplicity of nonnegative solutions
for the following (p,q)-Laplacian system with nonlinear
boundary conditions:

p2 & a2 B
A u+ ul" = Tﬂf(x) || “ulv)”, in Q,
—Agv+ |92y = %f ) lul*vF 2y, in Q,
S_Z = Ag (x) |u]"u, g—:l = uh (x) |v]"*v, on 0Q,
(93)



wherea, B,y > 1,2 ¢ RV is a bounded domain with smooth
boundary, A,y are parameters in R \ {0}, and the weight
functions f € C(Q) and g,h € C(3Q) satisfy the following
condition:

(A)) f"=max{f,0} # 0,g" = max{+g,0} # 0, and
h* = max{+h,0} # 0

We consider problem (93) in the framework of the
Sobolev space X = WHP(Q) x W(Q). A pair of functions
(u,v) € X is said to be a weak solution of problem (93) if

J (qulp_ZVuV(/)l + |u|P_2u¢>1) dx -2 J glul'*ue,ds
o 30

fo4 o
e LGRS

J (|Vv|q_2VvV¢2 + |v|q_2v¢2) dx—u J hlv]' v, ds
Q 20

(94)

hold for all (¢;,¢,) € X, where ds is the measure on the
boundary. In the following, two cases are considered.

Casel 2 <a+f<p<q<y<p,(p.=(NN-1p/(N-p)
ifN>p,p, =00if N < p)).Leta+ =5, p =r. Then (H,)
is satisfied.

For all (u,v), (¢, ¢,) € X, we define potential operators
B,C:X — X" given by

(B (7). ($1,42)) = A LQ glul"2ug, ds

+u J v v,ds,
90

N (95)
(Cw) (B d)) = S | Ful g, dx
v [ o g,
Then we have
rb(u,v) = A J glul'ds + (,tj hlv|"ds,
20 20
(96)

sc(u,v) = J f|u|“|v|ﬁdx.
Q

By assumption (A,), we have (H,) is satisfied.
Itis clear that the corresponding energy functional of (93)
is defined by

1 1
Jwv) = —lull+ - bwy) —cwv).  (97)
p q
Let S, . and C,, be the best Sobolev constant for the
embedding of W"*(Q ) « L(Q) for 1 < o < 7" and the

best Sobolev trace constant for the embedding of whT Q) —

Abstract and Applied Analysis

L°(0Q) for 1 < o < 1, respectively, where 7° = TN/(N -

1), 7, = t(N-1)/(N-1)if N > tand t* = 7, = oo if
N < 7. Then we have
rb (u,v)
< Wlal | terds [l e, [ 1ot
0Q o0Q
< M| gllooCr plually, + |ea] 1l C IV
dy (lully + V1) »
« 98
j Flul®vPdx (%8)
Q
+ 1 9 1 9’
<1 |, (G +@|v|ﬁ )dx
b p6’ po’
<17 (550, + 5 2
< dy (Ilully + IvI5)
where 0 = (o + B)/a, ' = 0/(6 — 1) = (« + B)/3, and
d; = max {[M g].,C» ] uhnooc:, b
(99)

= max { e RS

(%) Sp’
Thus (H;)-(H,) are satlsﬁed.

Case2(1<y<p<qg<a+f<p)leta+f=ry=s
Then (H,) is satisﬁed

For all (4, v), (¢;,¢,) € X, we define potential operators
B,C:X — X" given by

(B fod)) = 5 J, 7P dx

+ % L Flul*vIP v, dx,

(Cu(Prg)) =1 | _glulupds

(100)

+ yj v 2 v,ds.
a0

Similarly as before, we have

o) = [ flulivds < dy (1l + 1),

sc(u,v) = AJ glul*ds + p J hv|’ds < d, (||u||; + ||v||;),
0Q o0Q
(101)

where

d, = max{

L1}

d, = max {2 |g,C5 - | Ilhllooci,q} :
Thus (H,)-(H,) are satisfied.

||f looSr.p0
(102)
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By applying Theorem 10, we obtain the following.

Theorem 12. If ()2 < a+ 3 < p < g <y < p, or (ii)
1<y<p<q<a+f<pissatisfied, then there exists
Cy > 0 such that, for [A] + |u| < C,, system (93) has at least
two nonnegative solutions (uy,vy) in /' and (uy,v,) in N~
such thatu(i)r E 1/0i £ 0.

Proof. Notice that (25)-(26) and (51)-(52) are satisfied pro-
vided C, is sufficiently small; we obtain all assumptions of
Theorem 10 which are satisfied. Thus, by Theorem 10, there
exist at least two solutions (u,v,) € A" and (uy,v,) € /.
Moreover, since J(ug,vy) = J(lugl, [vg]) and (Jugyl, [vg]) €
A, we may assume u; > 0, v; > 0. In the proof of
Propositions 8 and 9, we have proved that c(u;,v;) > 0 and
b(u,,v,) > 0, respectively; thus u; # 0,vy # O,u, #
0,v, #0. O

(IT) We consider the multiplicity of nonnegative solutions
for the following (p,q)-Laplacian system with Dirichlet
boundary conditions:

_ p-2
Au+ |u|”“u

) [l ulvf, in 0,

= Af (x) [u"u+ o B

— A+ VT

B

= ug (x) [v|" v + ——h() |ul*[v]P 2,

+B

u=v=_0,

in Q,

on 0Q),
(103)

wherea, B,y > 1,2 ¢ RY is a bounded domain with smooth
boundary, A,y are parameters in R \ {0}, and the weight
functions f, g, h € C(Q) satisfy the following condition:

(A,) f* = max{+£,0} # 0,g" = max{+g,0} # 0, and
h* = max{h,0} # 0.

We consider problem (103) in the framework of the
Sobolev space X = WOI"D(Q) X Wol’q(Q).

A pair of functions (u, v) € X is said to be a weak solution
of problem (103) if

j (IVulP?Vuve, + |ul” >u¢, ) dx — A J Flul’*u¢, dx
Q Q

[0

a+f3
J- (le|q72VvV¢2 + |v|q72v¢2) dx—u J glv|" vg,dx
o Q

B J hlu*|v|P v, dx
(04 Q

+B

J hlul* ulv|P ¢, dx,
Q

(104)

hold for all (¢,,¢,) € X.

f2<a+f<p<g<y<pileta+Bf=sy=rmn
then, for all (u, v), (¢, ¢,) € X, we define potential operators
B,C: X — X" given by

(BGw). (99:)) = A |1l i

+u L g|v|r_2v¢>2dx,

o (105)
(C. o) = g [ Ml ug a
, P J hlul*|v)P v, dix
& + ﬁ Q 2 ’
Thus we have
rb(u,v) = A JQ flul"dx + p JQ glv|dx,
(106)

sc(u,v) = J hlul*v|Pdx.
Q

It is clear that the corresponding energy functional of
(103) is defined by
1 1
)=l L= —e ). 07)

By standard Sobolev embedding theorems, we have

rb (u,v) < dy (Il + IVI})

(108)
sc (uyv) = JQ hlul*viPdx < d (lully, + IvI5)
where
dy = max (A1 | oS5 1 190}
(109)
_ [24 + S :8 + S
d, = max{a n ﬁ“h ||00 P o+ B ﬁ"h "ooss,q} :

Thus (H;)-(H,) are satisfied.
fl<y<p<g<a+pf<pileta+pB=ry=sand
define potential operators B,C : X — X" given by

<B (M, V) > ((/51’ ¢2)>

o a-2 B
a+ﬁL ul"2ulv]P s, dx

+ “/j 7 L hlul*|v|P v, dx,

(Cw,v),(¢1,¢,))

= )LJ flul**u¢p,dx + ﬂj givI" 2 vg,dx.
Q Q

Similarly, we have

(10)

rb (u,v) = L hlul*viPdx < d, (lull, + V7).

sc(u,v) = A JQ flul’dx + p L} ghvl’dx < d, (||u||; + ||v||;),
a11)



10

where

B .
il eoSrp o5 oS

d1=maX{ oorp’ +lg 001,

} (112)
dy = max {IM |l S5 o 4] 1901085} -

Thus (H,)-(H,) are satisfied.
Arguing as before, we obtain the following.

Theorem13. If2 <a+f<p<g<y<piorl<y<p<
q < a+B < p*, then there exists C, > 0 such that, for |A|+|u| <
Co» system (103) has at least two nonnegative solutions (ug, v, )
in /" and (uy,vy) in N~ such that uy # 0,v; # 0.

(IIT) Finally, we consider the multiplicity of nonnegative
solutions for the following (p,q)-Laplacian system with
boundary conditions containing both convex and concave
nonlinearities:

—Apu+ uP?u=0, inQ,
~A v+ V7% =0, inQ,
ou _ Af () |ul”u + ¢ h(x) [u]*ulv)? on 0Q
on a+pf ’
g_:z =g (x) v v + ocf‘Bh(x) ul*vF v, on 9,
(113)

wherea, B,y > 1, Q ¢ RY is abounded domain with smooth
boundary, A,y are parameters in R \ {0}, and the weight
functions f, g, h € C(0Q)) satisfy the following condition:

(A;) f* = max{+f,0} # 0, g" = max{+g,0} # 0, and
h* = max{h,0} # 0.

We consider problem (113) in the framework of the
Sobolev space X = WP(Q) x WHI(Q).

f2<a+f<p<g<y<p,thenweleta+f=sy=r,
and define potential operators B,C : X — X" given by

(B, ($042) =1 [l upyds

+u J gl ve,ds,
0Q
(114)

(Cm o)) = 55 [ v gds

ﬁ J o, -2
h d b
+(x+ﬁ . [ul™[v|]" “v,ds

for all (u,v), (¢;,¢,) € X. By standard Sobolev embedding
theorems, we have

rb (u,v)

:AJ ds + J "ds<d vl ),
flulds | ghvds 1 (Tl + v

se () = | HulviPds < d; (Jull, + V1),
(115)
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where
dl = max {|A| "f“ooc:,p’ |[’£l ”glloocir‘)q} ’
N (116)
+ s +
dzzmax{“+ﬁ|| ||00 sp’ g "h ”oo sq}

Thus (H,)-(H,) are satisfied.
Ifl<y<p<g<a+f<p,,thenweleta+f=r,y=s,
and define potential operators B,C : X — X" given by

(B(w,v),(¢1,4,)) =

o a-2 B
hlu|*“ulv|"¢,ds
g | i,

ﬁ J ay -2
h d bl
+ a1 B oo [t |v|" “ve,ds

(Cw), () =1 | flulugyds

(117)

+ yI glv|" vg,ds,
20

for all (u,v), (¢;,¢,) € X. By standard Sobolev embedding
theorems, we have

rb (1, v) = LQ Bl viPds < dy (lul, + V1)
sc(u,v) A J flul’ds + p J glvl'ds (118)
20 20

< dy (lully + V1) »

where

= max L Lol )

dy = max {|A | £ Co o 1] 19100 Cl} -

Thus (H,)-(H,) are satisfied.
Arguing as before, we obtain the following.
f2<a+f<p<g<y<p,orl<y<p<g<a+ff<
P, then there exists C; > 0 such that, for [A| + |u| < C,,
system (113) has at least two nonnegative solutions (1, vy) in
A" and (uy,vy) in A~ such thatuy # 0,v; # 0.

(119)
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