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We present two algorithms for finding a zero of the sum of two monotone operators and a fixed point of a nonexpansive operator
in Hilbert spaces. We show that these two algorithms converge strongly to the minimum norm common element of the zero of the
sum of two monotone operators and the fixed point of a nonexpansive operator.

1. Introduction

Throughout, we assume that # is a real Hilbert space with
inner product (-, -) and norm | - ||, respectively. Let € ¢ # be
a nonempty closed convex set.

Definition 1. An operator S : € — % is said to be non-
expansive if

[Su = Sv| < Jlu—v| @
forallu,v € €.
We denote by Fix(S) the set of fixed points of S.

Definition 2. An operator A : € — Z is said to be &-inverse
strong monotone if

(Au— Av,u —v) > E|Au - Av|* )
for some & > 0 and for all u, v € 6.

It is known that if A is -inverse strong monotone, then
A is 1/&-lipschitz, that is,

1
|Au - Av| < E lu-vl, 3)

for all u, v € €. Furthermore,

(I = 8A) u — (I - SA) v|)?
, , (4)
Sfu=v[|"+6(0 =28 |Au-Av|", Vu,veSE.
In particular, if § € (0, 2&), then I — A is nonexpansive.
LetB : # — 27 be a set-valued operator. The effective
domain of B is denoted by dom(B), that is, dom(B) = {x €
K : Bx + 0}.

Definition 3. A multivalued operator B is said to be a mono-
tone on Z if and only if

(x=y,u-v)=0 (5)
forall x, y € dom(B), u € Bx, and v € By.

A monotone operator B on 7 is said to be maximal if and
only if its graph is not strictly contained in the graph of any
other monotone operator on . We denote by B0 the set
of the zero points of B, that is, B'0={xe%:0¢cDBx.

For A > 0, we define a single-valued operator

Jy = (I+AB)": % — dom (B), (©)



which is called the resolvent of B for A. It is known that the
resolvent J; is firmly nonexpansive, that is,

1720 - 18 < (JBu = Bviu-v), 7)

forallu,v € €and B™'0 = Fix(]?) forall A > 0.

In the present paper, we consider the variational inclusion
of findinga zero x € # of the sum of two monotone operators
A and B such that

0€eA(x)+DB(x), (8)

where A : # — I isasingle-valued operatorand B : # —
2” isa set-valued operator. The set of solutions of problem (8)
is denoted by (A + B)™'(0).

Special Cases. (i) If # = R™, then problem (8) becomes the
generalized equation introduced by Robinson [1].

(ii) If A = 0, then problem (8) becomes the inclusion
problem introduced by Rockafellar [2].

It is known that (8) provides a convenient framework
for the unified study of optimal solutions in many optimiza-
tion related areas including mathematical programming,
complementarity, variational inequalities, optimal control,
mathematical economics, equilibria, and game theory. Also
various types of variational inclusions problems have been
extended and generalized. For related work, please see [3-20].

Zhang et al. [21] introduced the following iterative algo-
rithm for finding a common element of the set of solutions to
the problem (8) and the set of fixed points of a nonexpansive
operator:

Xpp1 = KXo T (1 - (xn) SI;LB (xn - /\Axn) > (9)

where S : € — € is a nonexpansive operator. Under some
mild conditions, they prove that the sequence {x, } converges
strongly to x* € Fix(S) N (A + B) " (0).

Recently, Takahashi et al. [22] introduced another itera-
tive algorithm for finding a zero of the sum of two monotone
operators and a fixed point of a nonexpansive operator

Xne1 = ﬁnxn"'(l - ﬁn) S (“nxo + (1 - (xn) ]jXBn (xn - /\nAxn))
(10)

for all n > 0. Under some assumptions, they proved that the
sequence {x,,} converges strongly to a point of Fix(S) n (A +
B)~'(0).

Motivated and inspired by (9) and (10), in the present
paper, we suggest two algorithms

x, = Jy (1-t)Sx, - AMASx,), te(0,1), (1)

Xp+1 = ﬁn'xn + (1 - ﬁn) IP\B ((1 - ‘Xn) an - AHAS.X") N
' (12)

n=>0.

It is obvious that (12) is very different from (9) and (10).
Furthermore, we prove that both (11) and (12) converge
strongly to the minimum norm element in Fix(S) N (A +
B)~'0. It should be pointed out that we do not use the metric
projection in (11) and (12).
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2. Lemmas

In this section, we collect several useful lemmas for our next
section.
First, the following resolvent equality is well known.

Lemma4. For A > 0and AT > 0, one has

B g (A AR
Jyu= ] 7u+ 1—7 Hul, YueZ. (13)

Lemma 5 (see [23]). Let € C H be a closed convex set. Let
S : € — € be a nonexpansive operator. Then Fix(S) is a
closed convex subset of € and the operator I — S is demiclosed
at 0.

Lemma 6 (see [24]). Let 2 be a Banach space. Let {u,} ¢ &
and {v,} < X be two bounded sequences. Let the sequence

{¢,} € (0,1) satisfy 0 < lim ¢, < mnﬂmfn < 1. Suppose
Uy = (1= ()v, + Qu, foralln > 0 and lim,, _, . (Iv,,,; —
Vol = 14,51 — 14, l1) < 0. Then lim lu,, — v,ll = 0.

1 — 00

n— 00

Lemma 7 (see [25]). Let {o,} ¢ [0,00), {y,} < (0,1), and
{0,} € R be three sequences satisfying

Opy1 < (1 - Yn) o, + anyn' (14)

IfZE; Yn = and mn—>008n <0 (07" ZEC:)I |8nyn| < OO)’

thenlim, _, .0, = 0.

3. Strong Convergence Results

Let € ¢ Z be a nonempty closed convex set. Let A :
€ — I be a p-inverse strong monotone operator. Let B be
a maximal monotone operator on 7 such that dom(B) ¢ 6.
LetS: € — ¥ be a nonexpansive operator.
Pick up a constant 7 € (0, 2¢). Forany ¢ € (0, (20—1)/20),
we define an operator
v(x)=J2((1-1)S - TAS) x, (15)

forall x € 6.
Since J. [TB ,S,and I - TA/(1 —t) are nonexpansive, we have

I ((1 _p) (1 - ﬁ/&) Sx)
#o-o{r- o)

<(1-1) ”(I— ﬁ&) Sx (16)

T
—I——A)S ||
(1=

ly ) —v (y)] =

<(1-Dx-y],

for any x, y € €. Hence vy is a contraction on €. We use x,
to denote the unique fixed point of y in €. Thus, {x,} satisfies
the fixed point equation

x, = J2((1-t) Sx, — TASx,) . 17)

Next, we give the convergence analysis of (17).
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Theorem 8. Assume that Fix(S) N (A + B) 10 # 0. Then {x,}
defined by (17) converges strongly, ast — 0+, to the minimum
norm element in Fix(S) N (A + B) " (0).

Proof. Choose any z € Fix(S) n (A + B)'(0). It is obvious
thatz = Sz = ][TB(z —1Az) for all T > 0. So, we have

2=Sz=]%(z-1Az) =]E"(tz+(1 —t)(I— %A)Sz)
)

forallt € (0,1).
From (17), we have

o015

- | ((1 1) <§xt - éASxt»

< -2l =

B (tz +(1-1) (SZ - ﬁASZ»"
< |l(1 —t)(Sxt— IL_tASxt)
_ (tz +(1-1) (SZ - é,&gz))“

- ||(1 —t)((Sxt— ﬁASxJ

- (Sz S ASZ)) - tz”
1-t
ca-ofi- ) (1o )
+t]z|

<(1-1)|x -2 +tlzl.
(19)

Hence, we get
|x; = 2| < llzll.- (20)

Thus, {x,} is bounded.
By (4) and (19), we derive

[l = z||2 < ||(1 —t) ((Sx, - éASxJ

2

- <§z - ﬁ/&&)) +t(-2)

<(1-1) ll(Sxt - %ASxt)

T 2 2
- <§z - ﬁA§z> Ttz

2
=(1-1)

|(§xt -Sz) - li_t (ASx, - ASz)

2
+tllz]]

3
2T
= (1 - t) (”Sxt - SZ"2 - 1_—t
x (ASx, — ASz, Sx, — Sz)
T2 2 2
t— |A§xt - ASZ“ ) +tz|
(1-1)
2
<(1-1) (“Sxt sz - %"AS)@ ~ ASz|?
2
+—|ASx, - A§z|;2> +tlz])?
(1-1)
- —t)<||§x _Seff e — (r-2(1-1)0)
t (1 . t)z Q
x |ASx, - A§z||2> + |z
<1 —t)||xt—z||2+ ﬁ(T—Z(l -1)p)
x |ASx, — ASz| + tl|zI
(21)
So,
= (20 -He-7)|ASx, - Az’
B (22)
< tllzl* - t|x, - 2| — 0.
Since 2(1 —t)o— 7 > O forall t € (0,1 — 7/290), we obtain
[Jim |ASx, - Az| = 0. (23)
Using the firm nonexpansivity of J©, we have
[l - z||2 =72 (1 -t)Sx, - tASKX,) - z"2
= “][TB ((1-t)Sx, — 7ASx,) — ]P (z - TAz)“Z
<{(1-t)Sx, - TASx, - (z - TAz2) ,x, — 2)
= % ("(1 —t)Sx, — TASx, — (z - TAZ)"Z
+ | - 2
|1 - 1) Sx, - T (ASx, - TAZ) - x,|*).
(24)

Note that

(1= 1) Sx, - TASx, - (z - TA2)|

_ ”(1 -0 ((sx - %_tASxJ

2

- (Sz - ﬁASz)) +t(-2)




4
<(1-t) ||<§xt - ﬁASxt)
T 2 2
- <§z - —ASz) +tz|
1-t
<(1-1)|x, - 2| +tllzl*
(25)
Thus,
1
e = 2l < 5 (=) e = 2l + 22l + e~ 2
—||(1-t)Sx, -7 (ASx, - Az) - xt"z) .
(26)
It follows that
Ix - 2z|* < (1 = 1) ||x, - 2| + tllzl?
— (1 =) Sx, - x, - T (ASx, - Az)|
= (=1 |x, - 2| +tlzl* = | (1 - £) Sx, - x|
+27((1-1t)Sx, — x,, ASx, — Az)
- ?|ASx, - Az’
<=1 |x, - 2| +tlzl* = | (1 - ) Sx, - x|
+27||(1 - 1) Sx, — x| |ASx, — Az|.
(27)
Hence,
||(1 —1)Sx, — xt"2
(28)
< t||z||2 + 21 ||(1 —1)Sx, — xt" ||ASxt - Az” .
This together with (23) implies that
[lim (1 -1)Sx, - x| = 0. (29)
So,
lim ||xt - Sxtn =0. (30)

t— 0+

By (19), we have

I - 2] < ““ -0 ((s% - IL_tAsxt)
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=(1-t)

(Sxt— LAS&)
1-t

1-t

Fat(1—1) <—z, <§xt - %Agxt)

- (z - LAZ)> + 22|
1-t

<(1-t)|x -2 +2t(1-1)

x <—z, Sx, - % (ASx, — ASz) - z>

+17z)%
(31)
It follows that
Ix - 2| < <—z, Sx, - 1L—t (ASx, - Az) - z>
t 2 2
+=(lzlI” + |x;, -z
JCRITEE -

Ttz llgxt - lit (ASx, - Az) - z"
< (-z,Sx, —z) + (t + |ASx, - Az|) M,
where M is some constant such that

1
wp L1 4 ol),
£€(0,(20-7)/20)

Izl ||Sxt - lit (ASx, - Az) - zll} < M.
(33)

Now we show that {x,} is relatively norm-compactast — 0+.
Assume {t,} < (0,(29—7)/2¢) such thatt, — 0+asn — oo.
Put x,, := x, . From (32), we have

I%, - 2|° < (-2, Sx, — 2) + (t, + |ASx, - Az|) M. (34)

Since {x,} is bounded, without loss of generality, we may
assume that Xy, = X € C. Hence, Xp, = (r/(1 - tnj))(Aanj -
Az) — X because of [ASx, — Az| — 0 by (23). From (30),
we have

nango ||xn - an" =0. (35)

By Lemma 5 and (35), we deduce X € Fix(S).
Next, we show that X € (A + B) 0. Let v € Bu. Note that
x, = J2((1 - t,)Sx, — TASx,,) for all n. Then, we have

(1-t,)Sx, — TASx, € (I + 1B) x,,. (36)

So,
1 —
T

t
"Sx, - ASx, - " € Bx,,. (37)
T
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Since B is monotone, we have, for (1, v) € B,

(),

-t X
. T”an—Aan—?”—v,xn—u>20
= ((1-t,)Sx, - TASx,, — x,, — TV, X, —u) =0
= (ASx, +v,x, —u)

t
< = (Sx, —x,,x, —u) — ?" (Sx,, x,, — u)

-

= (ASX +v,x, — u)

t
< = (Sx, —x,,x,—u) — ?" (Sx,, x,, — u)

Nl

+ (ASX — ASx,, x,, — u)

= (ASX +v,x, —u)

1 t
< IS =l e = ul + 2 S 15 - u

+[|ASx - ASx,||[|x, — u -

(38)
It follows that
~ ~ 1
(ASX +v,X —u) < - ”anj = X | 1%, = u"
t,
+—=[ISx,, || [x, — u“
T J J (39)
+ ”AS% - Aanj X, = u“

+ <A§5c'+ v, X — xnj> .
Since
(x, - % ASX, - AST) > o ASK, - A§5e||2, (40)

ASx

7 7
also observe that t, — 0and ||Sx,, — x,]| — 0. Then, from
(39), we derive

.. — ASz,and x,, — X, we have ASx, — ASX.We

(ASX +v, X —u) <0. (41)

That is, (—~AX — v, X — u) > 0. Since B is maximal monotone,
we have —AX € BX. This shows that 0 € (A + B)X. Hence, we
have X € Fix(S) N (A + B) 0. Therefore, we can substitute X
for z in (34) to get

|x, - X|* < (-% Sx, - %) + (t, + |ASx, - AZ|) M. (42)

Consequently, the weak convergence of {x,} to X actually
implies that x, — X. This has proved the relative norm-
compactness of the net {x,} ast — 0+.

From (34), we get

I%-z|* < (~z,X—2z), VzeFix(S)n(A+B)0. (43)

That is,

(%, x-z) <0, VzeFix(S)n(A+B)™0. (44)

It follows that

IZl < lzll, Vz € Fix(S) n (A + B) 0. (45)

It is obvious that X = Pprojg s)nas+s)0(0) by (44). This
denotes that the entire net {x,} converges to X. This completes
the proof. O

Next, we present another algorithm.

Algorithm 9. For given x,, € €, define a sequence {x,} ¢ €
iteratively by

X1 = GuXy + (1 -6,) ][2 ((1-o,) Sx, - 1,ASx,),

Vn >0,
(46)

where {7,} C (0,20), {g,} € (0,1),and {g,} c (0, 1).

Theorem 10. Suppose that Fix(S) N (A + B) 0 # 0. Assume
that the following conditions are satisfied:

(i) lim,, _, o0, = 0 and },,, 0, = 00;

(i) 0 <lim, _, G, <lim, _, oG, < 1;
(iii) a(l — ¢,) < 7, < b(1 - 9,)), where [a,b] C (0,2¢) and
lim, , (7, —7,) = 0.
Then {x,} generated by (46) converges strongly to a point X =
PIOjpiy(s)n(a+m)~! (o) (0) Which is the minimum norm element in

Fix(S) N (A + B)(0).

Proof. Let z € Fix(S) n (A + B)"'(0). We have z = ]Ei(z -
1,A2) = ] (g,z + (1 - g,)(z — 7,Az/(1 - g,))) for all n > 0.

Since J©, S, and I — 7,A/(1 - g,,) are nonexpansive, we have

JP ((1 - Qn) an - TnAan) - Z"

In Aan>>
1- n
e
1- On

<(1 —Qn)<§xn— 1f“QnA§xn>>
lfngnAz»H

T,
=(1- Sx, - ——AS
H( Qn) < Xn 1 0 Xn

~Kn

- (z 7 iﬂQn Az)) +0,(-2)

< (1 - Qn) ”xn - Z" +0, ”Z” .

HCETCE

_]E‘ (an+ (1 _Qn) <Z—

<

-<en2+(1-en) <Z-




Thus,
||xn+1 - Z" <Gy ”xn - Z" + (1 - cn) (1 - Qn) "xn - Z”
+(1-¢,) ezl
=[1-0, (1= lxn =2 + (1= c,) e ll=ll.
(48)
By induction, we have
[t~ < maxilo -l belh. 49)
Therefore, {x,} is bounded.
From (4) and (47), we derive
T,
Jo-o(( )-(=- l—nenAz»
2
+ Qn (_Z)
<(1-9,) <§x - Asx >—<z— In Az) 2
B ! S 1-9,
+ gzl
2
=(1-04) |(Sx, -2 Az)| +o,llzl?
=(1-0,) (”an — 2| - 2T (ASx, - Az,Sx, - z)
1- (4%
T2 2 2
+—"—|ASx, - Az|" | + g,z
(1 - Qn)
ZQT P
< (=) Ix =2l - IIAS - Az|
Ti 2 2
+ z[ASx, - Az|" ) + o,z
(l - Qn)
Tn
=(I_Qn)<”xn_z||2+ z(Tn_z(l_Qn)Q)
(1 - Qn)
X ||A8xn - Az”z) + Qn||z||2.
(50)

Setu, = (1 -,)Sx, — 7,ASx, for all n > 0. Since 7, — 2(1 -

0,)0 < 0 for all n > 0, we obtain

B 2
|75~

Tn
e

(Tn_z

x |ASx, - Az||2> + 0,112l

(1

~04)0)

(51)
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From (46), we have

“xn+l - Z"2 = “Cn ('xn - Z) + (1 - Cn ]‘r u, — )”
, (52
<Guln =2+ (1=6) |Frun -]

Set y, = ]5((1 -9,)Sx, —1,ASx,) foralln > 0. Then x,,,, =

G, X, + (1 -¢,)y, for all n > 0. Next, we estimate ||x,,; — x,,|.
In fact, we have

||yn+1 yn" Upt1 — ]Elun“

Tn+ 1

B B
< ]‘r un+1_] u,

n+l Tnt1

+ I

n+1

< ”((1 - Qn+1) an+1 - Tn+lA§xn+l)
- ((1 - Qn) an - TnAan)"

+

= ”(I - TnHA) SXppy — (I n+1A) an
+ (Tn n+1) ASX + QnSx Qn+1§xn+1 "

+

ot = Tt
< ”(I - TnHA) anﬂ (I n+1A) an"

+ s = 7 "Aert" + 0[S

+ Qn+1 ||§xn+l|| +

t = Tt

n+1

(53)
Since I - 1,,,; A is nonexpansive for 7,,,; € (0, 2¢), we have

”(I - Tn+1A) an+1 - (I - Tn+lA) an"
(54)
< [Sx,41 = Sx|| < %1 — x| -

From (13), we have

B B Ta Tn
]rm”n = ]Tn < u, + (1 -
Tn+1 Tn+1

It follows that

JPHun)- (55)

B B
||]Tn+lun - ]T,, un

B[ Tn Tn B
= ]Tn< Un+<1— ]T+1 " ]u
T+l Tu+l
T, T, B
< "un+(1— ”>]T un>—un
n+l
Ty+l T+l

Tyl — T | "

(56)

IN

n+1 n"
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So,

||yn+1 - yn" < nxn-f-l - xn” + |Tn+1 - Tnl ”Ag‘xnn

+ 0 [Sx

T, — T,
PO P I T Y P )
Tn+1

(57)
Then,
R (R T~
< [t - 1AS,] + 0 5% .
o ISkl + 2, g2 ).

Since g, — 0, T,

wil — T, — Oandlim, 7, > 0, we obtain

lim sup ([[y1 =yl = s = xa) <0 (59)
By Lemma 6, we get
lim |y, - x,[ = 0. (60)
Consequently, we obtain
Jim x| = lim (1-¢,) [y, —x,[ =0. (61)

From (51) and (52), we have

2 2 B 2
n < nil*n n T, n
s =2l < Gullen = 27 + (1= 6,) | — 2|

< (1 _Cn)(l _Qn)

g <||xn—z||2 -

(1 - Qn)z

(Tn -2 (1 - Qn) Q)
x |ASx, - Az||2>

+(1-¢,) eulzll® + 6, | x, — 2]
= [1 - (1 - cn) Qn] "xn - Z”Z

n (1 _cn)Tn

1— (Tn -2 (1 - Qn) Q) "Agxn - AZHZ

+(1-6,) ezl

1-g,)T
< ”xn_Z"2 + % (Tn_z(l _Qn)Q)
x |ASx, - Az”2 +(1-g,) o,llzII.
(62)

7
Then, we obtain
1-¢,)T
O (21—, -7 s, - A’
(1 - Qn)
< ou =2l = I — 2 + (1= ) @l (63)
< (s = 2 = Ites = 2l 1 = x|
+(1-6,) eullzll”.
Since lim, , 0, = 0, lim,_, lx,., — x,/l = 0, and

lim, | ((1-¢,)7,/(1-0,)2(1 -09,)e~-1,) >0, we have
Jlim [ASx, - Az| = 0. (64)

Next, we show [|x,,—Sx, | — 0. By using the firm nonexpan-
sivity of ] EB , we have

B 2
it =7

= 7% (- 0) Sx, - ,A8%,) - I (= - m,A2)

< <(1 -0,) Sx,, — 1,ASx, - (z - 1,Az) ,];B;un - z>

= % <||(1 -0,) Sx, - 1,ASx, - (z - TnAz)"2

+ <l
2
- ”(1 -0,) Sx, — 1, (ASx, - Az) - ]Eiun ) .
(65)
Observe that
“(1 - Qn) an - TnAS'xn - (Z - TrAZ)“z
= II(] -0,) <§xn -7 j” ASx,
2
- (z -1 T"Q Az)) +0,(-2)
’ (66)
<(1-0,)|Sx, - ! f” ASx,

2
2
+ o4zl

- (z _ Az)
1- On
< (1= 0.) %, — 2l + eullzl’.
Hence,
||][TB;L£"—Z“2 S% ((1_Qn) “xn_z||2+gn”2"2+"]Sun - Z'|2

_"(1—@") an—fiﬁiun—rn (Aan—Az)“z) .
(67)



It follows that
2
"]-Eun - Z” < (1 - Qn) ”xn - Z"2 + Qn"ZHZ
- "(1 - 0,) Sx,, — ]E”n -1, (ASx, - Az)“2
= (1 - Qn) ”xn - Z||2 + Qn||Z||2

- ||(1 - Qn) an - ]-Eun ’

+21, ((1-¢,) Sx, - ];'iun, ASx, - Az)
- 72| ASx, - Az’

< (1=0,) I, =2l + ullzl’
- -e) sx, - 12w

+21, "(1 - 0,) Sx,, — ]Sun“ [ASx, - Az]|.
(68)

This together with (52) implies that
s~ 2 < 6ol — 2l + (1= 6, (1 0, - 2P
+(1-6,) ezl
- (1 - Cn)

+21,(1-g,)

(1 - Qn) an - ]Eiun"z

(1 - Qn) an - ]E—iun

x |ASx, - Az|
= [1 - (1 - cn) Qn] "xn - znz + (1 - Cn) Qn"Z”z

- (1 - Cn) “(1 - Qn) an - ]-Eunuz

v 21, (1-6) (1~ 0) S5, - /P
x |ASx, - Az|.
(69)
Hence,
(1-6) | - @) S, = |
< =2l = I = 27 = (1= ) el = 2l°
+(1=6,) eullzl® + 27, (1 - <,)
X “(1 -0,) Sx,, — ]?;un [ASx, - Az| (70)

< (e = 2l + s = 20 s =
+(1=6,) eallel® + 27, (1 - 5,)

X “(1 - 0,) Sx,, — ]Sun" [ASx, — Az|.
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Sincelim,_, .G, < L [Ix,.,;—x,| — 0,0, — 0,and |ASx,—
Az|| — 0 (by (60)), we deduce

nll,r%o ”(1 - Qn) an - ]Eun" =0. (71)
This indicates that

lim ||§x,, -J. un” =0. (72)

n— oo

Combining (60) and (72), we get
Jim ||x, - Sx, || = 0. (73)

Put ¥ = lim,_,,, X, = Projp (s)na+m'(0)(0)> where x, is the
net defined by (17). We will finally show that x,, — X.

Setv, = x, — (1,/(1 — 0,))(ASx,, — AX) for all n. Take
z = X in (64) to get |[ASx, — AX|| — 0. First, we prove

_mn_mo(—)?, Sx,, — X) < 0. We take a subsequence {ani} of

li
{Sx,,} such that

n— oo

lim (-X,Sx, - %) = lim <—£, Sx,, - 9?> . (74)

It is clear that {Sx,,i} is bounded due to the boundedness

of {Sx,} and |ASx, — AX| — 0. Then, there exists a

subsequence {Sx, } of {Sx,} which converges weakly to
Ij 1

some point w € €. Hence, {x, } and {y, } also converge
weakly to w because of |Sx,, —x,, || — Oand|x, -y, | —
U i M

0. By the demiclosedness principle of the nonexpansive
mapping (see Lemma 5) and (73), we deduce w € Fix(S).
Furthermore, by similar argument as that of Theorem 8, we

can show that w is also in (A + B)'(0). Hence, we have
w € Fix(S) N (A + B)"'(0). This implies that

im (-% Sx,-%) = lim (% Sx, -%)
n— 00 j— oo 'j (75)
= <—5Cv, w — 52) .

Note that ¥ = projg, s)n(asm)()(0)- Then, (X, w - X) <
0, w € Fix(S) N (A + B)"}(0). Therefore,

lim (-%,Sx, - %) <0. (76)
From (46), we have
12
1 = %]

2
]Bu - x"

Tnn

< cn”xn - xllz + (1 - Cn)
= cn”xn - 5C~”2 + (1 - cn) "][TEiun - ]E (3? - TnAf)||2

= cn”xn - 55”2 + (1 - cn) "un - (55 - TnA§)|l2
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= cn”xn - 56”2 + (1 - Cn)
x|(1-¢,)Sx, - 7,ASx, - (¥ - Tn%\f)”z

(l—en)(<§xn— 1 fn

= (1 _cn)

2 2
+ Gl = X

+ Qn (_f)
= cn”xn - 56”2 + (1 - cn)

x((- 00| (sm-

Aan>

2

n

- <5z- Tn Ak‘)
I_Qn
Tn

20,(1-¢,){ -%( Sx, -
+2¢, ( en)<x(xn e

~(#-oax) )+ s
I_Qn

s cn”‘xn - 5”2 + (1 - cn)

Aan>

x ((1=0,)’|lx, - " +20,7, (-% ASx, - A%)
+2¢,(1-¢,) (% Sx, - X) + ;| %)
< Gullx, - &* + (1-6,)
x (1= 0., = X[* + 20,7, I1Xl |ASx, - AZ]

+ 2911 (1 - Qn) <_f’ an - f> + Qi"fﬂz)

< [1 -2 (1 - cn) Qn] "xn - 56”2
+ an (1 - cn) Ty ||f|| ||A§xn - Ax”

+20, (1-¢,) (1 -0,) (-%,Sx, - X)
+(1=,) g5 (117 + |x, - =)
=[1-2(1-¢,) o] |x, - &’
+2(1-¢,) ¢, {z. 1%l |ASx, - AZ]|
+(1-¢,) (-%,Sx, - %)
+ 0 (1817 + o, - 2)}-
(77)
It is clear that ), 2(1 —¢,,)0,, = 00 and
lim sup {z, 1] [ASx, - AZ] + (1 - 0,)

x (-, Sx, - %) + g, (1% + |x, - )} < 0.
(78)

By Lemma 7, we conclude that x, — X. This completes the
proof. O

Corollary 11. Suppose that (A + B)'(0) # 0. Let T be a
constant satisfying a < 1 < b, where [a,b] < (0,29). For
t € (0,1 —1/(29)), let {x,} C € be a net generated by

x, =2 (1=t x, — TAX,). (79)

Then the net {x,} converges strongly, ast — 0+, to a point
X = projia,py-1(o)(0) which is the minimum norm element in

(A +B) (0).

Corollary 12. Suppose that (A + B)™'(0) # 0. For given x,, €
G, let {x,} C C be a sequence generated by

Xpr1 = CuXy T (1 - cn) ]5 ((1 - Qn) Xn — TnAxn) (80)
for all n > 0, where {1,} C (0,29), {¢,} < (0,1), and {g,} ¢
(0, 1) satisfy

(i) lim =0and}, 0, = 0o;

< lim

n—)oogn

(ii) 0 < lim,, _, G,

(iii) a(1 — ¢,) < 7, < b(1 - 9,), where [a,b] c (0,2¢) and
lirnrt—w)o(""rﬁl - Tn) =0.

n—00Sn < L;

Then {x,} converges strongly to a point X = projs g1 (0)
which is the minimum norm element in (A + B) "1 (0).
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