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The definition of Caputo fractional derivative is given and some of its properties are discussed in detail. After then, the existence
of the solution and the dependency of the solution upon the initial value for Cauchy type problem with fractional Caputo nabla
derivative are studied. Also the explicit solutions to homogeneous equations and nonhomogeneous equations are derived by using

Laplace transform method.

1. Introduction

Fractional differential equation theory has gained consider-
able popularity and importance due to their numerous appli-
cations in many fields of science and engineering including
physics, population dynamics, chemical technology, biotech-
nology, aerodynamics, electrodynamics of complex medium,
polymer rheology, control of dynamical systems, and so on
(see, e.g., [1-4], and the references therein). On the other
hand, in real applications, it is not always continuous case,
but also discrete case. For example, in recent papers [5-8], in
order to deeply understand the background of the discrete
dynamics behaviors, some interesting results are obtained
by applying the discrete fractional calculus to discrete chaos
behaviors. In [9-12], the delta type discrete fractional calculus
is studied. In [13, 14], the nabla type discrete fractional
calculus is studied. In [15], the theory of fractional back-
ward difference equations (i.e., the nabla type fractional
difference equations) has been studied in detail. So how to
unify continuous fractional calculus and discrete fractional
calculus is a natural problem. In order to unify differential
equations and difference equations, Hilger [16] proposed
firstly the time scale and then some relevant basic theories are
studied by some authors (see [17-22]). Recently, some authors
studied fractional calculus on time scales (see [23-25]), where
Williams [24] gives a definition of fractional integral and
derivative on time scales to unify three cases of specific time

scales, which improved the results in [23]. Bastos gives defini-
tion of fractional A-integral and A-derivative on time scales in
[25]. The delta fractional calculus and Laplace transform on
some specific discrete time scales are also discussed in [26—
28]. In the light of the above work, we further studied the
theory of fractional integral and derivative on general time
scales in [29], where V-Laplace transform, fractional V-power
function, V-Mittag-Leffler function, fractional V-integrals,
and fractional V-differential on time scales are defined. Some
of their properties are discussed in detail. After then, by using
Laplace transform method, the existence of the solution and
the dependency of the solution upon the initial value for
Cauchy type problem with Riemann-Liouville fractional V-
derivative are studied. Also the explicit solutions to homoge-
neous equations and nonhomogeneous equations are derived
by using Laplace transform method. But there is a short-
coming for Riemann-Liouville fractional V-derivative. That
is, Cauchy type problem with Riemann-Liouville fractional
order derivative and the Laplace transform of Riemann-
Liouville fractional order derivative require the initial condi-
tions in terms of non-integer derivatives, which are very dif-
ficult to be interpreted from the physical point of view. Thus
this paper’s focus on defining nabla type Caputo fractional
derivative on time scales proves some useful property about
Caputo fractional derivative and then studies some Caputo
fractional differential equations on time scales.



The structure of this paper is as follows. In Section 2,
we give some preliminaries about time scales, generalized V-
power function, and Riemann-Liouville V-integral and V-
derivative. In Section 3, we present the definitions and the
properties of the Caputo nabla derivative on time scales in
detail. Then in Section 4, Cauchy type problem with Caputo
fractional derivative is discussed. For the Caputo fractional
differential initial value problem, we discuss the dependency
of the solution upon the initial value. In Section 5, by applying
the Laplace transform method, we study the fractional
order linear differential equations with Caputo fractional
derivative. We derive explicit solutions and fundamental
system of solutions to homogeneous equations with constant
coeflicients and find particular solution and general solutions
of the corresponding nonhomogeneous equations.

2. Preliminaries
First, we present some preliminaries about time scales in [17].

Definition 1 (see [17]). A time scale T is a nonempty closed
subset of the real numbers.

Definition 2 (see [17]). For t € T one defines the forward
jump operatoro : T — T by

o(t):=inf{seT:s>t}, 1)
while the backward jump operator p: T — T is defined by
p(t):=supf{seT:s<t}. 2)

If o(t) > t, we say that ¢ is right-scattered, while if p(t) < t,
we say that t is left-scattered. Points that are right-scattered
and left-scattered at the same time are called isolated. Also,
ift < supT and o(t) = ¢, then t is called right-dense, and if
t > inf T and p(t) = ¢, then ¢ is called left-dense. Finally, the
graininess function v : T — [0, 00) is defined by

v(t)=t-p(t). 3)

Definition 3 (see [17]). If T has a right-scattered minimum
m, then one defines T, = T — {m}; otherwise T, = T. Assume
f: T — Risafunction and let ¢ € T,. Then one defines
f V(#) to be the number (provided it exists) with the property
that given any € > 0, there is a neighborhood U of ¢ (i.e.,
U= (t-34,t+35)NT for some d > 0) such that

F(p®) =& - T @O [p@) -5l selp®) -
(4)
Vs e U.

We call £Y(t) the nabla derivative of f att.

Definition 4 (see [17]). A function f : T — R is called
regulated provided its right-sided limits exist (finite) at all
right-dense points in T and its left-sided limits exist (finite)
at all left-dense points in T. A function f: T — R is called
1d-continuous provided it is continuous at left-dense points in
T and its right-sided limits exist (finite) at right-dense points
inT.
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Definition 5 (see [17, page 100]). The generalized nabla type

polynomials are the functions 73, : T* := TxT — R,k € N,,
defined recursively as follows. The function A, is

hy(t,s) =1 Vs,teT, (5)

and given hy, for k € Ny, the function hy,, is
t
P, () = J B (,5) Ve Vs,teT. ©)

Definition 6 (see [18, page 38]). The generalized delta type
polynomials are the functions iy, : T> := TxT — R,k € N,
defined recursively as follows. The function A, is

hy(t,s)=1 Vs teT, 7)

and given hy for k € N, the function hy,, is
t
he (t5) = J h (1,8) AT Vs,t € T. (8)

It is similar to the discussion in the reference [17, (page
103)] for n € N, and ld-continuous functions p; : T — R,
1 <i < n, we consider the nth order linear dynamic equation

Vn—i

Ly =0, whereLy= yvn + ZP:’)’ )

i=1

Definition 7 (see [17]). One defines the Cauchy function y :
T x Tn — R for the linear dynamic equation (9) to be for
each fixed s € Tj» the solution of the initial value problem

Ly =0, yvi(p(s),s)zo, 0<i<n-2,

n-1 (10)
¥ (p(s),8) = 1.

Remark 8 (see [17]). Note that
y(t,s) = h, (t,p(s)) (11)
is the Cauchy function for yvn.

Theorem 9 (see [17] (variation of constants)). Let o € Ty and
t € T.If f € Cy, then the solution of the initial value problem

Ly=f(t),

,, (12)
yV (x) =0, 0<i<n-1

is given by

t

y(t) = J y(t,7) f (1) VT, (13)

[04

where y(t,T) is the Cauchy function for (9).

Theorem 10 (see [17] (Taylor’s Formula)). Letn € N. Suppose

n+1l
the function f is such that f° s ld-continuous on Tyu. Let
& € Tyn, t € T. Then one has

FO=Yhtw " @+ j B (tp@) f7 ().
k=0 «
(14)
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Definition 11 (see [24]). A subset I c T is called a time scale
interval, if it is of the form I = ANT for some real interval A C
R. For a time scale interval I, a function f:I — Rissaid to
be left-dense absolutely continuous if for all € > 0 there exist
8 > 0such that Y;_ | f(b) — f(a)| < € whenever a disjoint
finite collection of subtime scale intervals (a,, b ] N'T c I for
1 < k < nsatisfies Y ;_, |b. — a| < 8. One denotes f € ACsy.

If fvm € AC, then one denotes f € ACY.

Theorem 12 (see [4]). Let X be a normed linear space, € C X
a convex set, and U open in G with@ € U. Let T : U — G be
a continuous and compact mapping. Then either

(i) the mapping T has a fixed point in U, or

(ii) there exists u € OU and A € (0, 1) withu = ATu.

The following results can be found in our recent paper
[29].

Lemma 13 (see [29]). Let E C T — {max T} be a measurable
set. If f: T — R is integrable on E, then

J f7(s)As = J f(s)Vs. (15)
E E

From now on, let T be a time scale such that sup T = co
and fixt, € T.

Definition 14 (see [29]). Assume thatx : T — R is regulated
and t, € T. Then the Laplace transform of x is defined by

Ly, 1x} (2) = J x(t) Egvz (t,t,) Vt. (16)
ty
for z € D{x}, where D{x} consists of all complex numbers

z € R, for which the improper integral exists.

Theorem 15 (see [29]). Assume that x : T — C is such that
k
xV is regulated. Then

k k-1 . i
Los, {xV }(z) =Ly, (@) - YN (1) ()

i=0

for those regressive z € C satisfyinglim, _, Oo{xvi(t)é‘evz (t,t)}=
0,i=0,1,....,k- L

Definition 16 (see [29]). One defines fractional generalized
V-power function on time scales

hy (t,10) = 5%, {L} ® (a>-1)  (18)

Zac+1

to those regressive z € C\ {0}, > ty;and fort < tg, h(t,ty) =
0.

Here we introduce generalized V-derivative on time
scales:

J flgvt=- J fPg"vt. (19)

Since Ea(t, ty) (@ > -1) is integral, we can consider it as
a generalized function, and thus we can define h,(t,t,) =
Dyh,(t,t,) for -2 < a < -1, where Dy here means a

generalized derivative. In the same way, we can define i, (¢, t,)
fora < 1.
For a > 0, we have

By (02 t,) = 0. (20)

Definition 17 (see [29]). For a given f : [t,,00)y — C, the
solution of the shifting problem

u"t (t,p(s)) = —u" (t,s),
u(t,to) = f ),
is denoted by f and is called the shift of f.

t,sel, t>s>t,,
(21)
teT, t>t,

Definition 18 (see [29]). For given functions f,g : T — R,
their convolution f * g is defined by

t~
(f *g)(t)=Jtf(t,p(r))g(T)VT, feT, (22

where f is the shift of f, which is introduced in Definition 17.

Definition 19 (see [29]). Fractional generalized V-power
function h,(t,s) on time scales is defined as the shift of
h,(t,t,); that is,

By (tys) = By (o t) (t,s)  (t=s>1ty). (23)
In this paper, we always denote Q := [t,,t,]; a finite

interval on a time scale T (sup T = 00).

Definition 20 (see [29]). Lett,t, € Q. The Riemann-Liouville
fractional V-integral I@‘)to f of order a > 0 is defined by

Ig, f () = hey (B10) * £ (1)

t—
| Berato) (tp0) £ () Ve o

= L Byt (bp(@) f@VT (E>18,).

Definition 21 (see [29]). Lett,t, € Q. The Riemann-Liouville
fractional V-derivative D, f of order a > 0 is defined by

Dy, f () =DYIGTf(©) (m=lal+ 1 t>14). (25)
Throughout this paper, we denote f* = D f = Dy, f>
neN.

PropertyI(see[29]). Leta > 0,m = [a]+1, B > 0, 1,1, € Qym.
Then

1) Ig,tg’l:lﬁfl (t.ty) = Eoﬁﬁﬂ (t.t)), (a>0);
R R (26)
(2) Dy, gy (tty) = g oy (ttg), (@ 20).



Property 2 (see [29]). If « > 0 and 3 > 0, then the equation

I, 00, fO =1L f @) (27)

is satisfied at almost every point ¢t € Qfor f(t) € Lv)p(Q) (1<
p < 00).

Property 3 (see [29]). If « > 0 and f(t) € LV,p(Q) (I<p<
00), then the following equality

Dy, Iy, f () = f(t) (28)

holds almost everywhere on Q.

Property 4 (see [29]). If « > B > 0, then, for f(t) €
LV,p(Q) (1 < p < 00), the relation

Dy, I5, f () =1L f(t) (29)

holds almost everywhere on Q. In particular, when f = k € N
and « > k, then
DVt Iy, ft) =1y, f(t) (30)

Property5 (see [29]). Letax > 0,m =

(DIfl1<p<ocoand f(t) € I%"to(LV)p), then

[¢]+1andlet f,, . (t) =

Ig,t0D$,t0f(t) =f(). (31)

(2) If f(t) € Ly,(Q) and f,,_,(t) € ACY(Q), then the
equality

13, D%, f()=f(t)- Yh,

4 (Bt) DY Sf(t)  (32)
holds almost everywhere on Q, where Dy " y(t,) =
lim, _, .. Ig, “y (2).

Lemma 22 (see [29]). Leta > 0, m—1 < a < m (m € N)
and f: Q — R. Forty,t € Qum with t, < t. Then one has the
following.

(WIffe Ly ,(Q), then

Lo Iy, f O} (2) = Ziazv,to fOl ). (33
() If f € ACY(Q), then

$V>t0 {Dg,tof (t)} (2)

(34)
= 2%y, {f 0} (2) - sz ‘DG f (t)

for  those  regressive  z € C
lim, _, . {D}, I8 f(0)eg (1)} =0, j=0,1,...

satisfying
,m—1.
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Definition 23 (see [29]). V-Mittag-Leffler function is defined
as

vE.p(Aittg) = ZAanj+ﬁ—1 (t.to) (35)
=0

provided the right-hand series is convergent, where «, 8 > 0,
AeR.

Theorem 24 (see [29]). The Laplace transform of V-Mittag-
Leffler function is

Lo, {oFup Bt10)} @) =

T (M <z1%). GO)

By differentiating k times with respect to A on both sides
of the formula in the theorem above, we get the following
result:

klzo P
(Z“ _ )L)kJrl :

ak
L R
o { oAky

3. Definition and Properties of Caputo
Fractional Derivative on Time Scales

Fup (Ast, to)]» (z) = (37)

Definition 25. Lett,t, € Q. The Caputo fractional derivative
of order « > 0 is defined via Riemann-Liouville fractional

derivative by

m—1 X
DS, f®) =Dy, | fO- Y B (tty) f* ()
k=0

38)
(t> 1),

where

for « ¢ N; m = « for o € N. (39)

m=[a] +1

In particular, when 0 < « < 1, the relation (38) takes the
following forms:

CDg,tof(t) = Dg,to [f &)~ f(t)]- (40)

If « ¢ N, then the Caputo fractional derivative coincides
with the Riemann-Liouville fractional derivative in the fol-
lowing case:

Dy, f@®)=D§, f(®), (41)
if Y (t) =0 (k=0,1,...,m—1,m = [a] + 1).
In particular, when 0 < « < 1, we have

°D§, f(t) =D, f(t), when f(t)=0. (42)
If « = m € N and the usual nabla derivative f v (t) of
order m exists, then CD%U f(¢t) coincides with f v (t):

Dy, ft)=1" (1) (meN). (43)
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The Caputo fractional derivative CD%O f(¢) is defined for
functions f(t) for which the Riemann-Liouville fractional
derivative of the right-hand sides of (38) exists. In particular,
they are defined for f(f) belonging to the space ACy(Q)
of absolutely continuous functions defined in Definition 11.
Thus the following statement holds.

Property 6. Let « > 0 and let m be given by (39). If f(t) €
ACy (Q), then the Caputo fractional derivative CD@)IO f(#)
exists almost everywhere on Q.

() Ifa ¢ N, CD%O f(¢) is represented by

Pt (t10) % 7 (8) = I7,*DY £ (1),
(44)

“D§, f () =

where m = [«] + 1. Thus when « ¢ N, CDg)tof(to) =0,
where the notation CDg,tU f(#,) denote the limit of CD%O f(#)

ast — t.
In particular, when 0 < « < 1 and f(t) € ACy(Q)),

DY f ) =ho(tty)  f7 (0 = Iy f (). (49)

(b) If « = m € N, then CD%JO f(¢) is represented by (43).
In particular,

Dy, f®)=f(). (46)

Proof. (a) By Taylor’s formula on time scales

f0- th(r ) 7 (0)+ [ Tt (60 0) £ ()5

m—1 X -
= Z hy (t,ty) fV (to) + ng,tgfv (1)

and using (29), we have

m—

Dy, [f(t Z

‘D§, f () =

(t.to) f v to):|

(48)
Dy to Iy tof

= Iy, ” ).

(b) If « = m € N, then (38) takes the form
m—1 i
Dy, f (6) =Dy, [f (0 = Y I (t.t0) f (to)] . (49)
k=0

and, from Taylor’s formula and (28), we derive CD’V”J0 f) =
7). O

Property 7. Let « > 0 and let m be given by (39), f > 0,t €
Q. Then

CDng‘ﬁ—l (t.t,) = Eﬂ—(x—l (t.ty) (B>m), (50)
DY, P (1) =0 (k=0,1,....m-1). (5]

In particular,
Cpg,t01 =0. (52)

Proof. From Property 6 and (26), it is obtained that for « ¢ N,
c - .
D%,tohﬁ—l (t> to) = Ign,to“DrVnhﬁ—l (t’ to)

- Ign;“ﬁﬁ—m—l (t.to) = hg_ oy (B:1),

53)

DY, Iy (t,tg) = 15 Dyl (t,tg) = 1550 = 0

(k:O,l,...,m— 1, t>t,),

while fora =m e N,
CDrVn,tgﬁﬁfl (t.ty) = Drvnflﬁ—l (t.ty) = ’I:I,B—m—l (t,t0)»
°DY, Iy (t.t,) = Dyl (t,1,) = 0 (54)
(k=0,1,....m—1, t > t;).

U

Property 8. Let « > 0 and let f(t) € Ly (Q) or f(t) €
ACy(Q). Then

CDg,tOIg,tof t)y=f(). (55)

Proof. Let f(t) € Ly (Q)(f(t) € ACy(©))), and let > 0
and k = 0,1,...,m — 1. Since f(t) € Ly (Q)(f(t) €
ACy(Q)), then for a.e. (for any) € Qm, we get

B O [ R (60 0) F 0 V7 < K (1)

ok (t>P(T))'} < K)
(56)

<where ?323)( {”f”Lvm’ “f"ACV’

.»m—1 = [a], and hence

-k
Ig,tof(fo) =0

foranyk =0,1,..

DSIg, f () = (k=0,1,....m-1).

(57)

Thus using (41) for a ¢ N with f(¢) replaced by Ig,to f(t) and
(28), we derive

°Dg, 15, f (O = f(t). (58)
Fora =m €N,

Dy, Iy, f(®) =Dy, Ig, f ()= f (). (59)
O



Property 9. Let « > 0 and let m be given by (39). If f(¢) €
ACy(Q), then

I, DY, f () = f (1) - th tt) DE, f(ty).  (60)

k=0
In particular, if 0 < « < 1 and f(t) € ACy(Q), then
I, D f (B = f(B) = f (to). (61)

Proof. Let o ¢ N.If f(t) € ACY(Q), then using Property 6,
(27) and (32), we have

Ig, DS, f (1) = Iy, Ig.° DY f (t) = Iy, DY f (¢)

m—lA f (62)
=f)- th (t.to) Dy, f (to)-
k=0
For « = m € N, the result is obvious from Property 6 and

(32). O

Property 10. Assume that f(t) € ACy(Q)andm -1 < f <
o < m. Then, forallk € {1,...,m -1},

CDoc m+kDm kf (t) = Dg,tof(t) , (63)
Dy fDf, f(t)=D§, f () (64)

forallt € Q.

Proof. Foreachk € {1,...,m

°D§, f () = I "Dy f (1)

— 1}, by Property 6,

= [ s (P ) DYF 9V
J~t

Noting that a—(m—k) € (k—1, k) and according to Property 6,
we have

E‘)

L (t,p () DEDI £ () Vs.
(65)

k—(a—(m—k))—

t -~
J M (am-kyy-1 (£ (5)) DéDyv”_kf (s) Vs
o (66)

_ CDot m+kDm kf (t)

Thus (63) holds.
Now, for all «, 8, € (0,1) with &y + 3, < 1, we have

C C C C C
Dy, D, £ (t) = DI f (1) = °DE, DR, £ ().
(67)

In fact, from Property 6, we can get CDg‘th f(t,) = 0. Since
&> [30 € (0, 1), then by (41), (29), and Property 6

DB f(t) =Dy, Dl f(t)=D

_ Ié) Bo- “of (t) = D(x0+ﬁﬂf ).

‘xo Il ﬁof (t

(68)
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Similarly, we have CDIV;‘jt()CDo‘0 f() = CD%J'ﬁ ° £(t). Thus (67)
holds. Then, by using (63) and (67), we have that

th f(t) _ Doc m+1Dm lf(t)

Cpya-Br(p-m+1) ym-1
= Dy, DG f (1)

c c 1 (69)
= Dg,tf Dlvg,tzn+ Drvn_lf(t)
= DD, f ().
That is, (64) holds. The results follow. O

The next assertion yields the Laplace transform of the
Caputo fractional nabla derivative.

Property I1. Leta > 0,m— 1 < a < m (m € N) be such that
f) € ACY (). Then

Lo, D5, f O} (2)

m—1 k (70)
=2Zg, Af O} - Y 2" 1Y (1)
k=0

for those regressive z € C satisfying lim, _, { ka(t)éevz(ﬁ
t)}=0(k=0,1,...,m—1).
In particular, if 0 < « < 1, then

Zoi D5, f O} (2) = 2Ly, {f O} (2) - 2" £ (&)

(71)

for those regressive z € C satisfying lim,_, .. {f(t)e . (t,

)} = 0.
Proof. By Property 6, (33), and (17), for « ¢ N, we have
Loi D5y, f O} (2)

= tho{ ve, D f(t)} (2)
= mffm {DYf (1)} (2)

1

Zm(x

" Zy, {f O} () - Zz’“’” (k)

m—1
= Z, [F O} @ - Y 27 (1),
k=0

(72)
and for « = m € N, we have
Zyi, (D5, f 0} @) = Lo {7 0} (2)
=2"%y, {f O} (2) 73)
m—1 "
Sy ).
k=0
The result follows. O
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Remark 26. (1) For Riemann-Liouville fractional derivative,
D, 1=h_,(tt) (O<a<l), (74)

while for the Caputo fractional derivative,
‘D§, 1=0, (75)

which shows that the Caputo fractional derivative is more
near to the usual sense derivative than Riemann-Liouville
fractional derivative.

(2) Comparing (34) and (70), we know that the Laplace
transform of the Caputo fractional derivative involves only
initial value with integer order derivative, such as f v (t), k =
0,1,...,m — 1, while the Laplace transform of the Riemann-
Liouville fractional derivative is related to initial value with
fractional order derivative which is difficult to understand
the physics background, such as D@;’; fto)k = 1,...,m.
Thus, the Caputo fractional derivative is used more widely in
realistic applications.

4. The Cauchy Problem with Caputo
Fractional Derivative

4.1. Existence and Uniqueness of the Solution to the Cauchy
Type Problem. In this section we consider the nonlinear
differential equation of order « > 0:

Dy, y(t) = f(ty®) (76)

involving the Caputo fractional derivative CD%O y(t), defined
in (38), with the initial conditions

DSy(ty) =be boeR (k=0,1,....,m—-1; m=—[-al).
(77)
We give the conditions for a unique solution y(t) to this

problem in the space ACy/(Q)). Our investigations are based
on reducing the problem (76)-(77) to the integral equation

m—1 t
y () = Zﬁj (t.to) b; + J by (tp (D) f (7,5 (1) V1.
j=0 fo
(78)

First we establish an equivalence between the problem (76)-
(77) and the integral equation (78).

Theorem 27. Let « > 0 and let m be given by (39). Let G be an
open setin R andlet f: QO xG — R be a function such that,
forany y € G, f(t,y) € ACy(Q). If y(t) € ACY(Q), then
y(t) satisfies the relation (76)-(77) if and only if y(t) satisfies
the Volterra integral equation (78).

Proof. First we prove the necessity. Let y(¢) be the solution to
the Cauchy problem (76)-(77). Applying the operator Iy, to
(76) and taking into account

m—1

I3, Dy, y () =y ()= Y hy(t,t0) D§, y (te)  (79)
j=0

and (77), we arrive at the integral equation (78) since y(t) €
ACY(Q).

Inversely, if y(t) satisfies (78), for f(t,y) € ACy(Q),
applying the operator CDg’tO to both sides of (78) and taking
into account (51) and (55), we have

m—1

D,y (0 = Y D5, by (6:t0) b+ °DG 15, f (65 ()
j=0

=f(ty®).
(80)

In addition, by term-by-term differentiation of (78) and using
(51), we have

m—1
DSy (t) = Y Dyhy (t,t,) by + Dyly, f (£, y (1))
j=0

m—1
= Y Dyh; (t.t) b,
=0
[ s (60 @) £ (ry ) Ve

k-1 m—1
= Y DSk (t.t,) b+ Y DSk (t.t)b; (8D
= =k

t -~
+ j Pt (6p (@) f (1,3 (@) Ve

[ eica (p @) £ (1 y @) Ve

fork = 0,1,...,m — 1. Thus we obtain relations in (77) by
letting t = £, in (81). O

In the following, we bring into Lipschitzian-type condi-
tion:

|f (6 )= f Ly )] < Al () = 3, @], (82)

where A > 0 does not depend on t € Q. We will derive a
unique solution to the Cauchy problem (76)-(77).

Theorem 28. Let « > 0 and let m be given by (39). Let
G be an open set in R and f : QO x G — R a function
such that, for any y € G, f(t,y) € ACy(Q), y(t) e
ACY(Q). Let f(t, y) satisfies the Lipschitzian condition (82),
and max gy sefl f (£ Y, o1 (t,$)|} < M. Then there exists
a unique solution y(t) to initial value problem (76)-(77).

Proof. Since the Cauchy type problem (76)-(77) and the
nonlinear Volterra integral equation (78) are equivalent, we
only need to prove there exists a unique solution to (78).
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We define function sequences:
7O =300+ [ T (69 0) £ (r31. () e
(83)
1=12,...,
where
m—1
Yo (8) = Y b (t,5) by, (84)
=0

To simplify our proof, without loss of generality, we assume
that G is large enough such that y;(t) € G,Vt € Q, VL.
We obtain by inductive method that

Iy ) = yiy ()] < A7 MRy (8, 1) (85)

In fact, for I = 1, since max e, il f(t )|, o1 (9]} <
M, we have

203001 = | [hes (@)1 (30 @) Ve
o (86)
< M? J Vr = M*h, (t,t,).
If

[y () =y (D] < Al_leEl—l (t.to) (87)
then

AGES/=0]

< J; |sz—1 (t.p (T))' |f (T ) (D) = f (1,91, (T))l vr
t
< AM L Y21 (1) = 31y (1) VT

t o~
< AMJ AT M'y | (1,1,) VT

to

= AT MR (1,8
(88)

According to

Yn® -y, o< ZAI?IMMEI (t.to)
I=1 I=1

- %Z(AM)lhl (0(t).t)  (89)
1=1

1
< —Z(AM) —0 ®)~t)

and by Weierstrass discriminance, we obtain y;(¢) convergent
uniformly and the limit is the solution. Thus we prove the
existence of solution.

Abstract and Applied Analysis

Next we will show the uniqueness. Assume z(¢) is another
solution to (78); that is,

2(t) = 7o (1) + j hos (hp (@) f (12 (@)VE.  (90)

Since

max {If &), |E¢x—1 (t, S)H’ <M, (91)

yeGt,seQ

we have

90 (6 -2 (®)] < j Lt p@)||f (2 ()| Vr
M?

(92)

IN

I V1 = M°h (t,t,).

If
Iy () -z ()] < AT MR (t,1), (93)
then
Iy () -z (8)]

< | o (p @))If (s () = £ (mz @) v
< AM J; Iy (1) -z (0)| Vr

t
< AMJ AT MR (1,1,) VT

to

< AIMHZEHI (t’ tO) .
(94)

By mathematical induction, we have
Iy (8) = 2 ()] < A'M™ Py, (8,1,). (95)

and then we get that

Z Ly (&) -
i=0

z(0)] < Y AM™hy, (1 t)

1=0

M N
< 2 AM) iy (0 0),0) (96
1=0
1 (0t) — to)H1
I+

Thus, lim; _, | y,(t) — z(t)| = 0, and then we have z(t) = y(t)
owing to the uniqueness of the limit. The result follows. [

MOO
< =Y AM)
il

In the following, we consider generalized Cauchy type
problems:

Dy, vy =f(ty®,

(O=apsa <

CDgl,toy (t))

<o <a), (97)

CD%ttoy(t),...,

Dg,to)’(to) = bk (k =1... —[-«]).

M, &x =
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Theorem 29. Let « > 0,G be an open set and let f : Q x
G — R be a function such that, for any (y, y;,...,y) € G,

fty,y..p) € ACy(Q). If y(t) € ACY(Q), then y(t)
satisfies (97) if and only if y(t) satisfies the integral equation

m—1
y () =Y hi(t,ty)b;
=0

+ j Fos (£ (D)

< f(r.y(1), CD@;ﬂ y(1),..., CD@JO y (1)) Vr.
(98)

Suppose that f satisfies generalized Lipschitzian condi-
tion:

If (. Y0 ¥ s 31) = £ (120,21, 5 21)|

! (99)
Z |Yj - Zj|
j=0

<A (A>0).

According to the theorem above and the proof of
Theorem 28, we have the following theorem.

Theorem 30. Let the condition of Theorem 29 be valid. If f
satisfies Lipschitzian condition (99) and max eq, cofl f(t, y,

Visee s Vs Iﬁa_l(t, s)I} < M holds, then there exists a unique
solution y(t) to initial value problem (97).

4.2. The Dependency of the Solution upon the Initial Value. We
consider Caputo fractional differential initial value problem
again:

°Dy, vy =f(ty®),

Dlé)’ (to) = be

(100)
(k=0,1,....m-1;, m=—-[-«a]),

where o > 0.
Using Theorem 27, we have

y(t) =y (t) + L h, (t,p(1) f(z,y(¥)) VT,  (101)

0

where

m—1
Yo () = ZE] (t:ty) bj' (102)
=0

Suppose z(t) is the solution to the initial value problem:

DY,y () = f(ty®),
(103)
D’éy(to) =¢q ((*k=01,....m-1; m=-[-a]).
We denote || y|| := sup,.q y(t). We can derive the dependency
of the solution upon the initial value.

Theorem 31. Let y(t), z(t) be the solutions to (100) and (103),
respectively, and let ty,t,s € Q, |h,_,(t,s)| < M. Suppose f
satisfies the Lipschitz condition; that is,

If(t.2)-f(ty)|<Alz-y| (A>0). (104)
Then we have
oo BPRY,
|z (&) =y (0] < |20 = ol Z(AM)jM, vt € Q.
j=0 :
(105)

Proof. By the proof of Theorem 28, we know that y(t) =
lim,, , ¥,.(®),z() =lim,,_, z,,(t), where

m—1
Yo t) =Y hi(t:to)b;,
=0

t

Vo () = ¥ (£) + J oy (tp (D) £ (T2 Yy (@) VT,

)

(106)

m—1
zy(t) = Y h;(t.1,) ¢,
j=0

z,, (1) =z, (t) + L hy (t,p (D) f (1, 20y (7)) V7.

Using the Lipschitz condition, we have
|21 (1) = 3 (1)]

< |lzo = yol

[ o (@] 1F (r20 () = £ (730 )] V7
t
< leo = ol + M | Ao ()~ 3y @] v

t
< |20 = ol + 120 = 3o AM L vr
0

= "Zo - J’o” + ”Zo - J’o” AMEI (t.t)

= |z = yo [1 + AMh, (t, to)] .
(107)

Suppose

m—1
21 (8) = Yues ()] < |20 = 35| Z;,)(AM)]hj (t.to),
=

(108)
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then
|zm (t) ~Vm (t)|

< |lzo = 3ol
t -~
# [ s tp)

X |f (T> Zm-1 (T)) - f (T’ Ym-1 (T))l VT

< |lzo = yo
t
+ M J; A |zm_1 (T) = Vi (T)l \Y% s
0
= ||z0 - J’o“

t m—1 R
+M L Allzg = yo| Y (AMY'h; (7,15) V7

j=0
m—1 - t

= o= oll + leo = ol Y, (430" |y (1. 10) v
j=0 0

m—1 o
=20 = yoll + llzo = yoll Y. (AMY "'y (8 1)

j=0

= |lz0 = 3ol Z;)(AM)jflj (t,t) -
=
(109)

According to mathematical induction, we have

|Zm (t) ~Vm (t)| = "ZO - yO” Z(:)(AM)JTIj (t’ tO)
j=

<z - yol Y (AMY'h; (0 (1), %) (110)
=0

m ' Y,
S zmww-
j=0 '

Taking the limit 1 — 00, we obtain that

0 ' PRY,
|2 (t) = y (1) < |20 = yo| Z(AM)]M

j=0

> (1)
and the proof is completed. 0

4.3. Initial Value Problems for Nonlinear Term Containing
Fractional Derivative. In this section, we are interested in the
nonlinear differential equation

Dy, u()=f(t CDé,tou(t)) (teQt>t,), (12)

Abstract and Applied Analysis

of fractional order & € (m—1,m), where f € (n—1,n),m,n €
N, and & > S, with the initial conditions

D§, ulty) =m, k=0,...,m-1. (113)

We obtain the existence of at least one solution for integral
equations using the Leray-Schauder Nonlinear Alternative
for several types of initial value problems and establish
sufficient conditions for unique solutions using the Banach
contraction principle.

Our objective is to find solutions to the initial value
problem (112) and (113) in the space ACy (€2). There are two
cases to investigate: n -1 < S <nm <m -1 < a < mand
n-l<f<a<n.

Throughout this section, we suppose that the following
are satisfied:

(H) f: QxR — Risald-continuously and nabla
differentiable function;

(H,) there exist nonnegative functions a,,a, € ACy(Q)
such that | f(t,2)| < a,(t) + a,(t)|zl;

(H;) f(ty,0) = 0and f(¢,0) # 0 on a compact subinterval
of O\ {t,}.

The following shows that the solvability of the initial value
problem (112) and (113) is equivalent to that of the Volterra-
type integral equation (115) in the space ACy ().

Lemma32. Letn—-1 < f<n<m-1<a« < mand
assume that (H,) and (H;) hold. A function u(t) € ACY(Q)
is a solution of the initial value problem (112) and (113) if and

only if

n—1 t

u(t) = Zﬁk (t.to) My + J B, (t,p(s))v(s) Vs,

k=0 Lo

teQ,

(114)

where v € ACy(Q) is a solution of the integral equation

m-n—1

v(t)= ) By (t,t) i
i=0
+ J; ilzx—n—l (t’p (S))

x f <s, L: ﬁn_ﬁ_l (s, p(D)v(7) VT) Vs.
(115)

Proof. By (63), we have

Dy "Dyu (t) = “D§, u(t) = f (t, CDg,tou(t)). (116)
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By using Property 6, CDﬁ u) =1I, rh ., Dyu(t), thus we have

Doc an” ) = f( L fln—ﬁ—l (t,p (1)) Dyu () VT).

(117)
Let v(t) = Dyu(t), by using Theorem 27, we obtain
v(t) = Z (t.to) Div (t,)
i=0
+ J ha—n—l (t>P (S)) (118)
to

x f (s, L: ﬁn,ﬁ,l (s, p(@)v() VT) Vs

As Divv(t) = Dgﬂu(t) and by (113), the above equation
transforms into (115). An application of Definition 7 and
Theorem 9 yields (114) in view of v(t) = DGu(t) and (113).

To prove the converse, let v € ACy(Q) be a solution of
(115). Since v € ACy(Q), the function

s— L En,ﬁ,l (s,p(@)v(r) VT (119)

is Id-continuous on Q \ {t,} and so is

s— f <s, J; ﬁn,ﬁ,l (s, p(@)v () VT). (120)
We have
Dyu (t) = v (t)

1
hy (t,t0) i

t —~
+ J't ha—n—l (t’p(s))

x f (s, Jt: ﬁn,l;,l (s, p (1)) DGu (1) VT> Vs

m-n—1

Z 7:1 (t tO) Hovi +

i=0

15, f (6505, u ().

(121)
Sincea —n e (m-n-1,m—-n),by
°D§, u(t) = “Dy,"Dyu (t)
- Vt0< Z ttO ’/ln+z>
i=0 (122)

+CDy s f (8 °Df R10))

= f(£°Dg, u),

1

so u is a solution of (112) in view of (H,). By absolute
continuity of the integral, differentiating (115), we obtain

m—n—1
D@v(t) = Z Dléhi (t.t0)
i=0

k —
+ DY f (8, CD’,f,tou )

k —~
= h (t tO 7/Inﬂ

i

1 m—-n—1

Z D h (t tO)ﬂnﬂ

i=k

Il
o

+ DRI f (1D, u(t))

m-n—1
=0+ Y By (ttg) fs + 15, f (1D, u (1))
i=k

(123)
for each k = 0,...,m - n - 1. Thus, Dg*ku(to) = D’év(to) =
Hprio k = 0,...,m—n—1;thatis, Dyu(ty) = n;,i = n,...,m—-1.

On the other hand, from (114),

. n_l . .
Dyu (t) = Y Dyhy (t:to) mi + DIy, v(t)
k=0

= ZD Ry (t,t,) k+ZD Iy (tt0) g+ Ig o v (£)

k=0 k=i
n—-1 N

= ) Dihy (tto)nk+1"'v(t)
k=i

(124)

and thus Divu(to) =7, (i=0,...,n—1). Also it is easy to see
that Dy "v(t) = Dy'u(t) € ACy(Q). O

For the sake of brevity, by ¢, we denote the first term in
the right-hand side of (115).

Theorem 33. Suppose that (H,)-(H;) hold. Then the integral
equation (115) has a solution in ACy(Q) provided

A—Supj <|ha et (Bp9)]

teQ)
N
>< J‘
to

0<B= sup<|¢(t)
teQ)

fzn,ﬁ,l (s,p (T))' VT) a,(s)Vs< 1,
+ L |f10HH (t.p (s))' a, (s) Vs) < 00.
° (125)

Proof. In the normed space (ACy(Q), | - |l,) with the sup-
norm | - [|,, we define the mapping T by

(Tv) () = ¢ (t)
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+ ~|-t Ecx—n—l (t’P (S))
x f <s, L fln_[;_l (s,p (1) v (1) VT) Vs
(126)

for all t € Q. Indeed, one can easily verify that the mapping

T is well defined and T': ACy(Q)) — ACy(Q).
Let

U={veACy(Q): |, <R} (127)

with

> 0. (128)

Let € ¢ ACy(Q) be defined by € = U.
Let v € U; that is, |v, < R. Then

ITvilo

= sup
teQ)

¢ (1)

t -~
+ th ha—n—l (t’p (S))

x f (s, L fln_ﬁ_l (s p(0)v(r) VT> Vs

< sup ( 6]
teQ)
t -~
], o (6 9)

X

0

f (s, J: ﬂn,ﬁ,l (s, p(@)v(7) VT)
< sup ( |6 )]
t -~
+ Jto |ha—n—1 (t’p(s))|
X (“1 () +a,(s)

X Jt: |fln—ﬁ—1 (s,p (T))| v (1) VT> Vs>

< sup <|¢>(t)| + J |fza_n_1 (t,p (s))| a, (s) v$>

t
to

Abstract and Applied Analysis

+ sup J-; ( |’]:l(x7nfl (t.p (S))|

teQ)
N
X v|/
ty

fln_ﬁ_l (s,p (T))' VT) a, (s) Vs|vll,
=B+ Aljv|,

< B+ AR

=R,
(129)

which shows that Tv € €.
In addition,

|(Tv) (,) = (Tv) (t,)|
< |¢ (t)-¢ (tz)|

+

RSO
x f (s, E ftn_ﬁ_l (s, p(@)v (1) VT) Vs
[ Pens o)

x f <s, L fln_ﬁ_l (s, p(@)v() VT) Vs

m-n—1 m—n—1

z By (t15t0) i — z By (£20t0) thes
i=0 i=0

+

J 1 J 1 Ea—n—Z (0’/) (S)) Vo

ty Jp(s)
x f (s, J: ftn,ﬁ,l (s, p(@)v(7) VT) Vs
- J; 2 J 2 7:loc—n—Z (0’ P (S)) Vo

p(s)

xf <s, J;: ﬁn,ﬁ,l (s, p(@)v(r) VT) Vs

m-n—1 t
< J iy (T, 80) VTt
i=0 “to
m—-n—1 ty
- Z J- iy (Toto) VTH,y
i=0 “to

o
J h(x—n—Z (0’ P (S)) Vo
p(s)
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x f (S,J fzn_ﬁ_l (s, p(D)v (1) VT) Vs
t
ty oty
[ A @p)ve
ty Jp(s)

x f (s, L: ﬁn_ﬁ_l (s,p(@)v(r) Vr) Vs

+

ty oty
[ ] Bea®p(s)ve
ty Jp(s)
X f(s, J; En,l;,l (s, p(@)v (1) VT> Vs

_ er Jt: ) Frons (6,p(s)) VO

p(s

x f (s, Jt: fzn_ﬁ_l (s, p(@)v (1) VT) Vs

m—n—1
>
i=0

tl
+ J
ty

ty .
L hi_, (T: to) VT

L s (0,0(5) ve|

X Vs

f (5, j Bapr (5P (@) v (1) vf)

t
+ 4[
t

L
J, hoc—n—2 (6’ P (S)) VO’
p(s)

X Vs

f (s, J;: fln_[;_l (s, p (D) v (1) VT)

m—-n—1
<M Z il |E1 = ta] + MP |t = 15] + M |t = 8,
i=0

m—-n—1 5
= (M [fsi] + M +M> t, - 15|,
=0

1

(130)

where maxfﬂ)s)tl)tzm{ﬁi,l(‘r, ty) G = 0,....m —n — 1),
—~ t s =~ 31
s @ PO, [ 1F [} Fucpa 5 @@V, [ £,
jjo By g1 (s, pO)V(T)VT)|Vs} < M.

Thus, T'v is equicontinuous on (). This shows that T is a
compact mapping.

Consider the eigenvalue problem

v=ATv, Ae€(0,1). (131)

13
Under the assumption that v is a solution of (131) fora A €
(0, 1), one obtains

vllo

A (t)

= sup
teQ)

+A L Erx—n—l (t’ P (S))

xf <s, L En_ﬁ_l (s, p (D) v(7) VT) Vs

< sup( 60|

teQ)

+ Jt |,I:loc—n—1 (t’p (S))'

7(s

< B+ A|v|y, <R,

X

9

(132)

I: fzn,ﬁ,l (s, p(@)v(7) VT>

t,

which shows that v ¢ 0U. By Theorem 12, T has a fixed point
in U, which we denote by vy, such that [|[vyll, < R. ]

It follows from Lemma 32 that

n—lA t
u, (1) = th (t,t0) My + J h,_ (t,p(s)vy(s) Vs, teqQ,
k=0 fo
(133)
is a solution of (112) and (113).
In the following, we will discuss another case:n—-1 < 8 <
a<n

Lemma 34. Letn—1 < < o < nand suppose that (H,) and
(H;) hold. A function u € ACy(Q) is a solution of the initial
value problem (112) and (113) if and only if

u(t) = niflk (t.to) 1y + J: By (tp(s)v(s)Vs, teq,
o 0 (134)
where v € ACy(Q) is a solution of
v(t) = f By gy (6p(s) f(sv(s) Vs,  (135)
Proof. Letu € ACy(Q) be a solution of the
CD@}f CD@,tou (t)=°D§, u(t) = f(t, CDé,tou 1), (136)
which, after the substitution v(t) = CDé‘tou(t), becomes

CD$}fV ) =ftv). (137)
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Next, by Property 9 and (113)

n-1 t
u(t) = Zfzk (t.t0) My + Jt hg_y (t,p(s)) v (s) Vs,
= ' (138)

t

v(t) =v(t,) + J ﬁ“,ﬁ,l (t.p(s)) f(s,v(s)) Vs.

t,

By Property 6, we have that v(t,) = CDg,tou(to) = 0, and thus

the above equation becomes (135).
Conversely, let v € ACy(Q) be a solution of the integral
equation (135); that is,

v(t) = L By gy (P () f(5v(s) Vs, (139)

n—1 t
u(t) = Zﬁk (t.to) My + J hg i (t,p(s)) v(s) Vs, (140)
k=0 to

Then, by (H,),
Dyfvity=ftv(t), teQ t>t, (4]
and CDg,tou(t) = v(t). Hence

cpggiﬁhua):fufﬁﬁhuan (teQ,t>ty),
(142)

and we obtain (112). Also, it follows from (140) that u €
ACg(Q) and (113) are satisfied since, fori = 0,...,n -1,

Diu (t)

n—-1

= > Doy (t.to) i + Divlg,to"(f)
k=0

i-1 n-1

= ZDika (tto) my + ZDivilk (tto) My + DiVIVﬁ,tOV (t)
k=0 k=i
n—-1 R >
= ZD’th (t.to) M + Ig’t;v ).
k=i
(143)

O

Our next existence result corresponds to the case n — 1 <
B<a<n

Theorem 35. Suppose that (H,)-(H;) are satisfied. Then the
integral equation (135) has a solution in ACy(Q) provided

t
A= supj |ho¢—[3—1 (t,p (s))| a,(s)Vs< 1,
teQ) Jt,

, (144)
0<B= supj 'ﬁa_ﬁ_l (t.p (s))' a, (s) Vs < co.
teQ Jit,

Abstract and Applied Analysis

Proof. We endow ACy(Q2) with the sup-norm and define, for
v € ACy(Q), the mapping T by

t

Tv(t) = L o gy (t:p(9)) f (5,7 (5)) Vs.

0

(145)

The mapping T is well defined and T : ACy(Q2) — ACy(Q).
Let

U={veACy(Q): ||, <R} (146)
with
R= B > 0. (147)
1-A
Let € ¢ ACy(Q) be defined by € = U.
If v € U, then
t -~
ITv]l, = sug L hopr (£ () f (5,7 () Vs
te o

< sug L 'fla_/;_l (t.p (s))| |f (s,v ()| Vs

te

< 50p [ [fucpr (P )] (@, ) + 0 ) VO Vs

teQ Jit,

t o~
<sup | [ pr (6o )] a (Vs

teQ) Jt,

t o~
+ sup J |ho¢,ﬁ,1 (tp (s))| a, (s) Vs]lvll,

teQ) Jt,
=B+ Alvlly

<R

(148)

thatis, T: U — €. Certainly, T: U — % is continuous and
compact. Consider

v=ATv, A€(0,1).

The rest of the proof is the same as the corresponding part of
the proof of Theorem 30.

(149)

The uniqueness results are based on applications of the
Banach contraction principle.

The main assumption in the existence theorems below is
that

(H,) for each R > 0, there exists a nonnegative
function y such that |f(t,z,(t)) — f(t, z,(t)] <
yt)lz, —z,l, t € Q, 21,2, € R.

The first uniqueness result is for the casen-1 < f < a < n.

Theorem 36. Suppose that (H,), (H,), and (H,) hold. Assume
that

t -~
(= sup Jt |11(X_ﬁ_1 (t,p(s))| p(s)Vs< 1,
o (150)

t o~
0< supj lha,ﬁ,l (tp (s))' |f (5,0)| Vs < co.
teQ Jt,

Then the integral equation (135) has a unique solution.
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Proof. In the Banach space B = (ACy(Q), | - ll,) we define €
by

€ ={ve RB:|vl, <R}, (151)
where
1 f e
R=- supj [opr (P 9))||f (50)] Vs, (152)
=6 teq Jg
We define the mapping T : ACy(Q) — ACy(Q) as in the
proof of Theorem 31.
If v € @, then

ITvllg < ITv—=T6lo + IT6ll,
t —~
<{vlly + sup J't |h(,<_ﬁ_1 (t,p (5))| |f (s,0)| Vs
teQ Jt,

={lvlly + (1 -OR
<R;

thatis, T: 6 — .
Let v;,v, € €. Then

”T"l - Tv2||0

= sup |Tv, — Tv,|
teQ

<sup [ fiu gy ()] 1S (591 ) = £ (512 9)] Vs

teQ)

< sup J |ﬁa_ﬁ_1 (tp (s))' Y (s) vy (s) = v, (s)| Vs

teQ) Jit,

t o~
<sup [ [ s (6.0 O]y () Vsl = el
teQ Jit,

< vy = valos 150
154

that is, T is a contraction since { < 1.
By the Banach contraction principle, T has a unique fixed
point, which is a solution of the integral equation (135). [

Forthecasen -1 < B <n <m-1< a < m, the
uniqueness result is given without proof.

Theorem 37. Suppose that (H,),(H;), and (H,) hold and
assume that

¢=sup [ [hucps (P O]y

teQ Jit,
N
x <J‘
to

Assume further that

(155)

ﬁn_ﬁ_l (s,p (‘r))| VT) Vs < 1.

0< sug <|</> )]+ L 'ﬁa_ﬁ_l (tp (s))) |f (s,0)] Vs) < 00.
° (156)

Then the integral equation (115) has a unique solution.

15

5. Laplace Transform Method for
Solving Ordinary Differential Equations
with Caputo Fractional Derivatives

5.1. Homogeneous Equations with Constant Coefficients. In
this section we apply the Laplace transform method to derive
explicit solutions to homogeneous equations of the form

zAk [CDglftoy(t)] +Ayy () =0
k=1

(157)
(meN; 0<a; < - <a,;

I-1<a, <L LeN, ty,t € Qu, t>tg)

involving the Caputo fractional derivatives CDgftU y(k =
1,...,m), with real constants A;, € R (k = 0,...
A, =1

The Laplace transform method is based on the formula:

,m—1) and

m

gv,to {CDg,toy (t)} (2)

= (Xg
2Ly, {y O} (2) (158)
-1
=Ydz* (-1<as<leN),
j=0
d;=Dly(t,) (j=0,....1-1). (159)

First, we derive explicit solutions to (157) with m = I:

DY, y(®) = Ay (1) =0

(t>ty l-1<a<l leN; LeR).

(160)

In order to prove our result, we also need the following
definition and lemma.

Definition 38. The function W (¢) is defined by

W () = det (DS y;) (t)):’j: (te Q). (161)

1

Lemma 39. The solutions y,(t), y,(t),..., y,(t) are linearly
independent if and only if W(t*) + 0 at some point t* € Q.

Proof. We first prove sufficiency. If, to the contrary, y;(t) (j =

1,2,...,n) are linearly dependent in €, then there exist n
constants {cj};f:l, not all zero, such that

G

Il
(e}

(D5, 27) ) 1, (162)

Cn

holds, and thus, W(t) = 0 which leads to a contradiction.
Therefore, if W(t*) # 0 at some point t* € , then
y1(®), y,(t), ..., y,(t) are linearly independent. Now we prove
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the necessity. Suppose, to the contrary, for any t € Q, W(¢) =
0. Consider the equations

(DG 5) (¢ *)):,1':1(: =0, (163)

Q
where t* € Q,C = <

). As W(t") = 0, the equations have

C,
nontrivial solution ¢ (j = 1,2,...,n). Now we construct a
function using these constants:

y () =Y cy; 1), (164)
=1

and we get y(f) as a solution. From (163), we obtain that y(t)
satisfies initial value condition
Dy, y(t')=0, k=1,...n (165)

However, y(t) = 0 is also a solution to equation satisfying the
initial value condition. By the uniqueness of solution, we have

n
Yy () =0, (166)
=1

and thus, y]-(t) (j = 1,2,...,n) are linearly dependant

which leads to a contradiction. Thus, if the solutions
@), ¥,(t), ..., y,(t) are linearly independent, then W (¢*) #
0 at some point t* € Q. The result follows. O

The following statements hold.

Theorem 40. Letl -1 < a <1 (I € N)and A € R. Then the
functions

yi®) = Fujn(htity) (j=0,....,1-1)

yield the fundamental system of solutions to (160).

(167)

Proof. Applying the Laplace transform to (160) and taking
(158) into account, we have

Zocfjfl

-1
Loy} @) =Y d—— (168)
=0

24—\

whered; (j=0,...,1- 1) are given by (159).
Formula (36) with 3 = j + 1 yields
Z(x—j—l
* -2

z
Thus, from (168), we derive the following solution to (160):

L1 Fajor Mitot)} (2) = (Al < |2I%). (169)

-1
y®)=Ydy; ), () =y Fyju (hitty).  (170)
j=0

It is easily verified that the functions yj(t) are solutions to
(160):
Dy, [VFoc,j+1 (ht.t)] = AvFyji (it k)
171)
(j=0,....,1-1).
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In fact,

CDg,tO [ VFoc,j+1 (A; £ to)]

[ee]
i~
= CDg,to |:z/\ hiasj (t, to)]
k=0
c 07 c kT
= Dg,to/\ hi(t.t,) + Dg)%z}t Hias; (£10)
k=1

=0+ Y Mhg e, (o) (172)
k=1

o0

= Z/\kﬂﬁkoﬁj (t.to)
k=0

= AZ:/\k/]:lkoﬁ-j (t> tO)

k=0

= A Fujn (Bt ty).
Moreover,

k k
Dyy; (t) = DygFy ji1 (A1)

= D | 5y (010 = TNy )
s=0 s=0

173)
It follows from (173) and (20) that
Diy;(t) =0 (kj=0,....1-1; j>k),
(174)
Diy(t)=1 (k=0,...,1-1).
If j < k, then
Dlé)’j (to) = Dléﬁj (tty) + D@Zri’saﬂ‘ (t.to)
s=1
=0+ Z/\staﬁ—k (t’ tO) (175)
s=1
= Z/\lesaﬂxﬁ—k (t’ tO) >
s=0
and,sincea+ j—k>a+1-1>0foranyk,j=0,...,]-1,
the following relations hold:
Diy;(t) =0 (kj=0,....1-1; j<k). (176)
By (174) and (176), the Wronskian function
W (t) = det (Dyy; (1)) o 177)

att, isequal tol: W(t,) = 1. Then yj(t) (j=0,...,1-1)yield
the fundamental system of solutions to (160). O
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Corollary 41. The equation

DY,y -Ay (=0 (1>t 0<a<l; AeR)
(178)
has its solution given by
y () =  Fo 1 (Mt ty), (179)

while the equation

Ay()=0 (t>ty; 1<a<2; LeR)

(180)

“D§, y(t) -

has the fundamental system of solutions given by
Yo () = GF, (Atty), () = gFy, (At.t5) . (181)
Next we derive the explicit solutions to (157) with m = 2:

Dy, y®) = A°Dg, y (1) —uy () = 0
(182)

(t>tp l-1<a<lleN; 0<B<a)
with A,y € R.

Theorem 42. Let [ -1 < o« <1 (I € N),0 < < o, and
A, u € R. Then the functions

(o] n 1

0
y;(6) = n;)% Wszx—ﬁ,ﬁn+j+l (Astt0)

o (183)
-4 [:ll oMy Fy g pnrjriva—p (Bt ty),
n=0
j:0,...,m— l;
N
(t)_ n Fa—,n '1(/\;t,t0),
Z « nl oAty aPPntit 189
j=m...,01-1

yield the fundamental system of solutions to (182), provided
that the series in (183) and (184) are convergent.

Proof. Letm —1 < B < m (m < I; m € N). Applying the
Laplace transform to (182) and using (158), we obtain

-1 a—j-1
j
(185)
m—1 p-j-1
-4 Z d] - B _
= - Az 14
where dj (j=0,...,I - 1) are given by (159).
For z € C and Iyz_ﬁ/(z"‘_ﬁ —A)| < 1, we have
1 _ 1
AP - 2P 1 (uz P/ (z2F - 1))
(186)

&) —ﬂ np
S

o Za ﬁ A,)n+1

17
In addition, for z € C and |AzF™%| < 1, we have
Zoc—j—l—ﬁ—nﬁ
(Z“fﬁ _ A)n+1
Z(oc—ﬁ)—(ﬁn+j+1)
- (Za_ﬁ _ A)n+1
1 0"
= Vl_g {BA” a—p,pn+j+1 (A t, tO)} (2),
187
ZPi-1-p-np (187)
(Z“fﬁ _ A)n+1
2@ P)—(Br+jt1+a-p)
- (Za_ﬁ _ A)VH—l
1 0"
= Vl_g {BA” a—B,pfn+j+1+a—f (/\ t, tO)}
From (185) and (187), we derive the solution to (182):
-1
(188)

y(®)=Ydy @),
j=0

where y;(t) (j = 0,...,] — 1) are given by (183) for j
0,...,m—1andby(184)for]—m,.. I-1.Fork =0,...,I-
the direct evaluation yields

1,
Dlé)’j (t)
Db | 3o
2 nl oty
uo
-A
Z 2 nl oty
g
! oA
o0 Hﬂ a
Y W
n;)n' oA

(9] n (o]

Z—Z

oc B.pn+j+1 (A £, tO)

oc B.pn+j+1+a—f (/\’ £, tO):|

I3 - ST
- Dy [ZA hg(a—pyrpnej (t, to)]
s=0

k O ST
Dy [Z/\ Pty s jrap (5 to)]
s=0

(189)

s(a—p)+pn+j—k (t, to)
o] ‘l/ln n oo

_ AZ o WZ MR pyepne jra-pk (B 1)
n=0""" 5=0

(j=o0,...

k [ee] Hn a'Vl (o] s
Dyy;(t) = r;); W;A Ao pypns o (1)

)m_l))

(j=m,....,1-1).

For j > k, Dv)’(to) = 0, and for j = k, D¥ y(to) = 1. Thus
we have W(t,) = 1. Thus the functions y](t) (] = LI=-1)
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in (183) and (184) are linearly independent solutions to (182).
The result follows. O

Corollary 43. The equation

g, y(t) - A°D, y(t) =

(190)
(t>tp l-1<a<hleN; 0<B<a)
has its fundamental system of solutions given by
Y (#) =y Fopju1 (Mt t9) = AyFopapsjni
(j=0,...,m-1), (191)
y;(t) =y Fypin (Bitity)  (j=m,....1-1).
Corollary 44. The equation
Dl (0= XD,y (6~ py () = 0
(192)
(t>ty; 0<B<a<l; LueR)
has its solution by
[ee] n 1
_yH 9 _
Yo (t) = ;}E WvFa—ﬁ,ﬁnH (At ty)
(193)
afl
_/\Z!:l' oAy «x B.pn+l+a— ﬁ(/\ t, tO)
In particular,
Yo () =v Fopy (Mststg) = AvFy_pa-p (itstg)  (194)
is a solution to the equation
CDgt y(t) - /\CDVt y(t) =
(195)
(t>tp; 0<B<a<l; LeR).
Corollary 45. The equation
°Dg, y(t)-A°DY, y(t) - uy () =0,  (196)

wheret > t;; 1 < <2,0< B <a A pueR, has one solution
¥o(t), given by (193), and a second solution y, (t) given by

o0 ‘un an
»n @)= ;; WvFa—ﬁ,ﬁer (Lt to)

(197)
uo
B AZ 2l oAy Fo g prvo—pr2 (A5t ty)
for 1 < B < a, while, for0 < f <1, by
[ee) ‘un an A
2 (t) z 1’1' a/\n Ot B.pn+2 ( t, tO) (198)
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In particular, the equation

DY, y () - A°DE, y(t) =
(199)
(t>tyy I1<a<2, 0<f<a; LeR)

has one solution y,(t) given by (194), and a second y, (t) given
by

1 () =y Fopr (Mststg) = AvFy pa-pea (Bititg)  (200)
forl< B <« whilefor0 < <1,by
y1 (1) =y Fp,r (Bs1:1p) . (201)

Finally, we find explicit solutions to (157) with any m €
N\ {1, 2}. It is convenient to rewrite (157) in the form (202)

m—2
D§,y (1) = A°Dg, y () = Y ACDS ¥ () =0
k=0

(t>tgy meN\{L,2}; 0=0ay<a; <+ <@, ,<P<w

MAg...sA,, €R).
(202)
Theorem 46. Let o, B, «,, 5,...,0 and L1, _,,....]; €
Ny (m e N\ {1,2}) be such that
O=ay <oy < <, ,<f<a,
O0=ly<l <o <, <,
I-1<ac<l,
(203)
lm—1_1<ﬁglm—l’

lk_1<(kalk

(k=0,...,m-2),

andlet A, Ay,..., A,,_, € R. Then the fundamental system of
solutions to (202) is given by the formulas

n=0 \ ko+- +km ,=n k ek *2!
0

{ oAy
an

_Aﬁ Foc Boa—P+j+1+Y 7 (B-at,)

;i ()

Fop iy p-ak, (11 t0)

K, (Ait1o)

m=2 7
0
B ,;,Ak o a1 nd (p-ak, (i1 o) ]’
(204)
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forj=0,...,1, ,—-1 by

)’j(f)=z<k Zk: _>k0 ]

H(AV)

n=0
"
. {W Fopjrsgrg-ak, (it to)
o
_Aﬁ Fa Boa—P+j+1+Y7 0 (B-at,) (/\ t, to)
(205)
forj = lm—Z) e ’lm—l - 1; Lmd by
& 1 m-2 L
y](t)zz Z —kolk _2! H(AV)V
n=0 \ kot+--+k,,_,=n m =0 (206)
. (Mststo)

X S gL B S (Ba )k,

forj=1, ,,....,1-1

Proof. Applying the Laplace transform to (202) and using
(158), we obtain

-1 a—j-1

z
Lo ly O} (2) = ZdJ W
k=0

ZP-it
- Az B — Zk 0 Akz"‘k

_AZ
j=0
ockj—l

/XZﬁ Zk 0 AkZ‘xk
(207)

—mZAkZ ]

k=0 j=0

where dj (j=0,...,1-1) are given by (159).
Forz € Cand | Y17 Az P /(2% — 1) < 1, we have

1
2% — 2P — Yl Azt
_ z P ) 1
zB -} (1 —( Az Bl (zoB /\)))

m=2 B~y (e, )k
k. z
x | |(A )|
14 v (Z‘x_ﬁ _ A)n+1

(208)

19

if we also take into account the following relation:

(x0+"'+xm2)n=< Z

ko+-tk,, ,=n
(209)

where the summation is taken over all k, . .., k,,,_, € N, such
thatky +---+k,,_, =n.

In addition, for z € C and |AzF™%| < 1, we have

2012 (e )k,
(Z‘X_l; _ )L)n+1

2B -G T (Boo)k,)
= (Z‘x_ﬁ _ A)’H—l

(A £, to)} (2),
(210)

1 "
= 12 {a)v' oFoap 150 ()

2P 1-B-E (B-ak,
(za_ﬁ _ A)n+1

2@ B (o Brj+ 1+ L (B-a)k,)
(Z“_ﬁ _ A)n+1

1 0"
= Egv,to {W VFa—ﬁ,ocfﬁ+j+l+Z:n:})2(ﬁfav)kv (A5 £, to)} (2),

(211)
2 1=B-E0 (Bou)k,
(za_ﬁ _ A)I’Hl
LB ~(aoget 1T (B0t k)
- (Z“_ﬁ _ /\)nJrl
1 0"
= 17540 | 3 vFapaarinasizg-ak, (A HT0) [ (2)-
(212)
From (210) to (212), we derive the solution to (202):
-1
(213)

y ()= Zdjyj )
=0

.,I = 1) are given by (204) for j =

where yj(t) (j =0
l,_;—1,and by (206)

0,...,0,,—1,by(205)forj =1, ,,...,
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forj=1,,,...,I-1.Fork = 0,...,1-1, the direct evaluation
yields
Dy i (1)
) D e et 10 0%
_ i@
n=0 \ ko+--+k,,_,=n kO! o km_Z! v=0 !
« 71 00 -
N
- Dy —HZA hs(oc—ﬁ)+zt"=’02(ﬁ—av)kv+ j (f’ to)
oA &
o
- AWZ)A hs("‘*ﬁ)Jerle(ﬁ*%)kﬁjﬂx*ﬁ (t.1o)
=
m—2 n
d
_ Z Ap—
o oA
XZA hs (a— [§)+ZV To (B—a, )k, + j+o—oy, (t’ tO)}>
8] 1 m—2 i
Z | k | H(AV) !
n=0 \ ko+- +km ,=n m=2* | »=0
af’l OOAS
a/\nsz:(; a-P)+YT I (B-a, Vk, + j—k (t to)
“Aow ZOA Mo gy p-o i j-keacp (2 10)
mZ—Z
- YA,
o oA
XZ/\ hs(a +37 2 (B )k, + j—k+a—oy, (t tO)}>
(214)
for j =0,.
X 1 m-2 ,
DV)/]' (t) k | H(Av)
kot +km ,=n =2* | »=0

(o) - an
Z o B2 (Bat, )kt S (Btg) = A G

{

o0
XD ARy g s kras ( to)}
s=0

(215)
forj=1,5,...,1,; —1,and
Déyja):z( y )k, H(A)
n=0 \ ko+-+k,, ,=n !

X = ZAShs(a—ﬁ)+z;§f(ﬁ—av)kv+ ik (t.tp)
o &
(216)
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forj=1,,...,1 —1.Forj> k,D@yj(to) = 0,and for j =
k, D@ yi(tg) = 1. Thus we have W(t,) = 1. Thus the functions
yj(t) (j=0,...,I-1)in (204)-(206) are linearly independent
solutions to (202). The result follows. O

5.2. Nonhomogeneous Equations with Constant Coefficients.
In this section, we still use Laplace transform method to find
general solutions to the corresponding nonhomogeneous
equations

m
2 Ax[”
k=1

(meN; 0<a; < <a,;

D, y )]+ Agy () = f (®)
217)

I-1<a, <L 1eN, ty,t € Qu, t>tg)

with real coefficients A, € R (k = 0,...,m) and a given
function f(t). The general solution to (217) is a sum of
its particular solution and of the general solution to the
corresponding homogeneous equation (157). It is sufficient to
construct a particular solution to (217).

By (158) and (159), for suitable functions y, the Laplace
transform of CDg,tO y is given by

Lo D5,y 0} @) =22y, [y O} @), (28)

Applying the Laplace transform to (217) and taking (218) into
account, we have

m
3
Ay + ZAkz
k=1

Py, Iy 0} (2) = Ly, {f O} (2).
(219)

Using the inverse Laplace transform #' from here we obtain
a particular solution to (217) in the form

[ Ze if 0}
SRCibes v LI

Using the Laplace convolution formula
Ly, {f*g}2)= Lyg, {f} (@ Ly, {9} @), (221)

we can introduce the Laplace fractional analog of the Green
function as follows:

(222)

and express a particular solution of (217) in the form of the
Laplace convolution G, (¢) and f(t)

y(t) = w, (£) % f(D). (223)

,,,,,
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Theorem 47. Letl -1 <a <l (I €eN),A e R, and f(t) bea
given function. Then the equation

Dy, y( - Ay () = f (1) (224)

is solvable, and its general solution is given by

y(t) V (A £ tO) f(t) * Z JV tx]+1 (A’ (8 tO)’ (225)

wherec; (j =0,...,1-1) are arbitrary real constants.
In particular, the general solutions to (224) with0 < a <1
and 1 < « < 2 have the forms

y (t) = vFoc,oc (A’ t’ tO) * f (t) + COVth,l (A’ t’ tO) >

y(t) = vFac,oc (/\’ £, tO) * f (t) + COVFa,l (A’ t, tO)

(226)

(227)
+0yFy, (Astoty),

respectively, where ¢, and ¢, are arbitrary real constants.

Proof. Equation (224) is (217) withm = 1, &) = o, A; = 1,
A, = -\ and (222) takes the form

G, (t) = 75, { } (1) =g Fup (hitatg). (228
Thus (223), with G, |, (t) = G,(t), and Theorem 40 yield
(225). Theorem is proved. O

Theorem 48. Let/ -1 <a<l(IeN),0<f<a LueR,
and let f(x) be a given function. Then the equation

DY,y -ADh, yO -wy®) = () (229)

is solvable, and its general solution has the form

-1

Y = Z”, e Fucpaun (b 1o) I )
(230)

where yj(t) (j=0,...,1-1) are given by (183) and (184) and
¢; (j=0,...,1-1) are arbitrary real constants.

Proof. Equation (229) is the same as (217) withm = 2, o, = «,
o, =BA,=1,A, =-A A, = —p, and (222) is given by

1 1
Gusns 0= 7 { O @9
For z € C and Iyzfﬁ/(zo‘*"‘; —A)| < 1, we have
1 _zF 1
AP -y 2P 1 (uz P/ (%P - 1))
(232)
S

ford (Z‘x B _ A)t’l+1

21

and then we get

- 00 . z—ﬁ—nﬁ
Gopru(t) =2 V,lt0 {ZV

— (). 233
= (Za_l; _ /\)nﬂ } ( ) ( )

In addition, for z € C and |AzF™%| < 1, we have

-B-np n
z 1 d
(z"“ﬁ B /\)n+1 = ;3 {a/\” v+ a-Potnp (A t, to)} (2)
(234)
and hence (233) takes the following form:
aﬁ/ly (t) Z‘M' oAV a B.at+nf (/\’ t, tO)' (235)

Thus the result in (230) follows from (223) with G, «, (t) =

~~~~~~

G, pr,u(t) and Theorem 42. O

Theorem 49. Let m € N\ {1,2}, 1 -1 < a <1 (Il € N),
Boay,... 0, 5 besuch thatoa > B > o, 5 > -+ > ap >
oy =0, andlet A, Ay,..., A, _, € R, and let f(t) be a given
function. The equation

m—2
°Dg, y () -A°D5, y() - Y ASCDE y (1) = f (1)
k=0

(meN\{1,2}; a>B>a, ,>>a >a =0;

LAg... A, ,€R)

(236)

is solvable, and its general solution is given by

y ()
-2, ( 2 ) T
n=0 k0+"'+km,2:n ol Kpo!
= w9
* Q(A”) | 5 vEeparsrig-ak, (Aitto) = f (@)

Z ¢y (1),

(237)

where y](t) ( = 0,...,1 — 1) are given by (204)-(206) and
¢ (j= — 1) are arbztrary real constants.

Proof. Equation (236) is the same equation as (217) with «,,, =
a o, =B A, =1A,,=-A and with —A instead of
A fork =0,...,m—2.Since ot = 0, (222) takes the form

1
Ga,,onty oy past () = { }(t).
2Pk Vt‘) - AP — ZkoAkz“k

(238)
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Forz € Cand | ZZ:OZ Az P1(z%F — 1)| < 1, we have

1
Azﬁ Zk 0 Akz"‘k

z P ) 1
N (NS Y))

©0 -B m-2 n
— A =B
§ i (Bae)

n!
... |
0 \ kot+-tk,,_,=n ko' -

m=2 =Y (B-a, )k,
| [T |
=0 (Za_ﬁ_A)HJr

I
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Il

if we also take into account the following relation:

m—2
n k,
(x0+"'+xm—2) = Z |1—[xv’
0 m—2

kot+-tk,,_,=n v=0

(240)

where the summation is taken over all k, . .., k,,,_, € N, such
that ky + - -- + k,,,_, = n, and then we get

Gocl,...,ocm,z,/i,a;/\ (¥)
oY )
= ggt -
i E= A kol kpys! (241)

§

|

For z € C and |A\zP™

-2 -B-Ti s (et )k,
(a,)° ] Z(—} (t).

Z“_[; _ A)n+l

=
Il
(=}

| < 1, we have
2 B2 (B )k,
(za_ﬂ _ A)n+l

(/\ t, to)} (2).
(242)

O ey (t)

1 7"
= a7l {a/w oo Byl

Thus the result in (237) follows from (223) with G
G, . pasr(f) and Theorem 46.
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