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Let E be a smooth Banach space with a norm || - ||. Let V(x, y) = llxll? + ||y||2 —2(x,]Jy) for any x, y € E, where (-,-) stands for
the duality pair and J is the normalized duality mapping. We define a V-strongly nonexpansive mapping by V (-, -). This nonlinear
mapping is nonexpansive in a Hilbert space. However, we show that there exists a V-strongly nonexpansive mapping with fixed
points which is not nonexpansive in a Banach space. In this paper, we show a weak convergence theorem and strong convergence

theorems for fixed points of this elastic nonlinear mapping and give the existence theorem.

1. Introduction

Let E be a smooth Banach space with a norm | - || and let E
be the dual space of E. We denote by (:,-) a duality pair on
EXE" and let J be the normalized duality mapping on E. It is
well known that J is a continuous single-valued mapping in a
smooth Banach space and a one-to-one mapping in a strictly
convex Banach space (cf. [1]). We define a mapping V : E x
E — RbyV(x,y) = x| + lyl* - 2{x,Jy) forall x, y € E,
where R is a set of real numbers. It is obvious that V(x, y) >
(Ixll = Ilyl)* = 0. Let any y € E be fixed, and then V (-, y) is a
convex function because of convexity of |- 12 Many nonlinear
mappings which are defined by using V (., ) are studied (see
[2-4]). We also defined a nonlinear mapping which is called
a V-strongly nonexpansive mapping in [5] as follows.

Definition 1. Let C be a nonempty subset of a smooth Banach
space E. A mapping T : C — E is called V-strongly nonex-
pansive if there exists a constant A > 0 such that for all x, y €
C

V(Tx,Ty) <V (x,y) AV (I -T)x,(I-T)y), (1)
where I is the identity mapping on E.

From this definition, it is obvious that the identity
mapping I is also a V-strongly nonexpansive mapping. In a

Hilbert space, it is trivial that this mapping is nonexpansive
since V(x, y) = [lx - y||2 and that any firmly nonexpansive
mapping is a V-strongly nonexpansive mapping with A = 1
(see [5]). Moreover, we showed that if there exists a fixed point
of a V-strongly nonexpansive mapping T, then T is strongly
nonexpansive with a Bregman distance in [5]. However, in
Banach spaces, as we give an example in the later section,
we find that there exists a V-strongly nonexpansive mapping
with fixed points which is not nonexpansive. We should
point out that a guarantee of continuity of the V-strongly
nonexpansive mappings has not been given in a generalized
Banach space yet.

In this paper, we prove a weak convergence theorem
and strong convergence theorems for finding fixed points of
a V-strongly nonexpansive mapping in Banach spaces and
show the existence theorem of fixed point with a dissipative

property.

2. Preliminaries

In this section, at first we show the relationship between a
V-strongly nonexpansive mapping and other nonlinear map-
pings, in a Hilbert space. Secondly, we state some properties
of V-strongly nonexpansive mappings in a Banach space
and give an example of a V-strongly nonexpansive mapping



which is not a quasinonexpansive mapping in a Banach space
although T has fixed points. We finally show some lemmas
which are necessary in order to prove our theorems.

Let C be a subset of a Banach space EandletT: C — E
be a mapping. Then a point p in the closure of C is said
to be an asymptotically fixed point of T if C contains a
sequence {x,,} which converges weakly to p and the sequence
{x, — Tx,} converges strongly to 0. F(T) denotes the set of
asymptotically fixed points of T In [6], Reich introduced a
strongly nonexpansive mapping which is defined by using the
Bregman distance D(:, -).

Definition 2. Let E be a Banach space. The Bregman distance
corresponding to a function f: E — R is defined by

Dxy)=f@-f-f k-, @

where f is Gateaux differentiable and f'(x) stands for the
derivative of f at the point x. Let C be a nonempty subset of E.
We say that the mapping T : C — Eis strongly nonexpansive
if F(T) # 0 and

D(p,Tx)<D(p,x) VpeF(T) xeC, 3)
and if it holds that lim, ,  D(Tx,, x,) = 0 for a bounded

sequence {x,} such that lim, _, . (D(p,x,) — D(p,Tx,)) = 0
forany p € F(T).

Taking the function || - |* as the convex, continuous, and
Gateaux differentiable function f, we obtain the fact that the
Bregman distance D(:, ) coincides with V'(:,). In particular,
in a Hilbert space, it is trivial that D(x, y) = V(x, y) = |lx -

%

Proposition 3 (see [5]). In a Hilbert space, a V -strongly non-
expansive mapping with F(T) # 0 is strongly nonexpansive.

Next we recall two mappings of other nonlinear mappings
(cf. [6-9]). A firmly nonexpansive mapping and an a-inverse
strongly monotone mapping are defined as follows.

Definition 4. Let C be a nonempty, closed, and convex subset
of a Banach space E. A mapping T : C — E is said to be
firmly nonexpansive if

ITx =Tyl < (x = . ) (4)
forall x, y € Cand some j € J(Tx — Ty).

It is trivial that a firmly nonexpansive mapping is nonex-
pansive.

Definition 5. Let H be a Hilbert space. A mapping T : C —
H is said to be a-inverse strongly monotone if

a|Tx = Ty|* < (x = 7. Tx = Ty) ©
forall x, y € C.
The relation among firmly nonexpansive mappings, -

inverse strongly monotone mappings and V-strongly nonex-
pansive mappings is shown in the following proposition.
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Proposition 6 (see [5]). In a Hilbert space, the following hold.

(a) A firmly nonexpansive mapping is V -strongly nonex-
pansive with A = 1.

(b) Let A be an a-inverse strongly monotone mapping for
a > 1/2; then S = (I — A) is V-strongly nonexpansive
with 2o — 1).

The above (b) is obvious by showing that, for all x, y € H,

($x=Syx-y) < -yI - -9x - -9y
(6)

We will introduce some properties of V-strongly nonexpan-
sive mappings in [5].

Proposition 7 (see [5]). In a smooth Banach space E, the
following hold.

(a) Forc € (-1,1], T = cl is V-strongly nonexpansive. For
¢ =1,T = I is V-strongly nonexpansive for any A > 0.
Forc € (-1,1), T = cl is V-strongly nonexpansive for
any A € (0,(1 +¢)/(1-¢)].

(b) If T is V-strongly nonexpansive with A, then, for any
a € [-L,1] with « # 0, &T is also V-strongly
nonexpansive with a*\.

(c) If T is V-strongly nonexpansive with A > 1, then A =
I —T is V-strongly nonexpansive with A™".

(d) Suppose that T is V-strongly nonexpansive with A and
that « € [-1, 1] satisfies oa?L > 1. Then (I — «T) is V-
strongly nonexpansive with (a*1)~". Moreover, if T, =
I —aT, then

V (T, T,y) <V (x,y) = A7V (Tx, Ty). (7)

Now we give an example of a V-strongly nonexpansive
mapping in a Banach space.

Example 8 (see [10]). Let1 < p,q < cosuchthat1/p+1/q =
1. Let E = R x R be a real Banach space with a norm | - ||p
defined by

/
<l = {|x1|P + |’C2|‘D}1 Pk = (x;,x,) € E. (8)

Then E is smooth, and the normalized duality mapping J is
single-valued. J is given by

Jxe = 1272 ([ [P, [, 7)€ 1 (R X R)

)
Vx = (x,x,) € E.
Hence, we have for x, y € E that
V (% y) = Ixl + [yl -2 (x. )
2 2-
=l + Il = 2 0, (10)

: {xlyl I)’llp_z T X320 I)’zlp_z}'
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We define a mapping T : E — E as follows:

x if lxll, <1

Tx = 1 11
—x if llxll, > 1. an
Il

In a case of p = 1, we have shown that the mapping T defined
by (11) is a V-strongly nonexpansive mapping (see [5]). We
will show that T' is V-strongly nonexpansive with any A < 1,
for p > 1.

Proposition 9. Suppose that T is defined by the formula (11)
under the above situation. Then, T is a V-strongly nonexpan-
sive mapping with any A < 1.

Proof. Case (a): suppose that x, y € E with IIxIIP < 1and
Iyl > 1.

Since Ty = ((Ty),, (Ty),) = (ylllyllgl,yzllyll;,l), we have
that

V(Tx,Ty) =V (x,Ty) = Il + [Tyl - 2 Ty]
Axey (T) [(Ty), [+ x5 (Ty), |(Ty), P}
= Ixl} + 1 -2y,
Ao P+ 0 [P
(12)
Since
-1
- < Il - o Iy, > )
||y|| Ixl,

we have that

V(x-Tx,y-Ty)=V(0,y-Ty) = ")’_T)’“;

(ol -1
1 b, P “} o

= (Iyl,-1)"-

Hence, we obtain that

V(x,y) -V (Tx,Ty) - AV (x = Tx, y = Ty)

i

= ||x||§, + ”)’"i -2 "J’"j;P {xl}ﬁ 7+ 20y, |J’2|p72}

P

- ||x||; -1+2 "J’”;ﬁp {xlyl |J’1 T X)) |y2|p72}

2
=A(Iyl, - 1)
=Ily-1-20x0, " (Il - 1)
2+ X232 |)’2|P_2} -

A(Iyl, - 1)

: {xlyl |}’1|P_

3
> (Ivl, - D, +1) -20x0,*
: (|x1| |J’1|p_1 + x| |)’2|P_1)
=A (I, - 1)}
(15)

Holder’s inequality implies that

_ _ _ _ /
e I3 77+ sl [yl < el {77+ (Ll )}

1/
= llxll, (| [ + |yl P)

= lxl, 115
(16)

Therefore, we obtain that

V(x,y) =V (Tx,Ty) = AV (x - Tx, y - Ty)
> (Ixl,-1)
Ayl + 1 =200, T il 15 = Ay, + A}
= (Il - DI, + 1=20xl, - Ayl + A} )
(1, - D) {a =D |yl, +1-2+2}
= (Il - {a-n (1, - 1)}

= -1 (Il - 1) 20,

That is, the inequality (1) holds.

Case (b): suppose that x, y € E with ||x||p >
1.

Then we have that

[\

for any A € [0,1].

1 and IIyIIP <

V(Tx,Ty) =V (Tx, y)
= Lt ol = 200 Il (13)
: {xlyl |)’1|p_2 T X2, I)’zlp_z} >
llxll, -1
V(x-Tx,y-Ty)=V <(”;:—")x,0> = (||x||P - 1)2.
p
(19)

Hence, we have that

V(x,y) -V (Tx,Ty) = AV (x - Tx, y = Ty)
2 2-
=l + Il - 290,

: {xlyl |)’1|Pi2 X0 |J’2|p72} -1- ”)’"i

[

+2 ”)’“12;}’ ||x||;1 {Xl)’l In]” + %3, |)’2|P72}

~A (=, - 1)’



2l 12y
Al P ol Dl (1= Dl

“A(1=lxl,)’
(20)

As (a), we obtain from Hélder’s inequality that
V (x,y) - V (Tx, Ty) = AV (x - Tx, y — Ty)
> Ixl2 = 1 =2l 057 Iyl
(=1l = A (Ul - 1)
= (llxll, = 1) (lxll, + 1) =2y, (<, - 1)
A, - 1)’
= (lIxll, = 1) {lixll, + 1 =2y, = Allxl, + A}
> (IIxll, - 1) (1 = 1) (lIxll, - 1)

= (=M (Ixl,~1)" >0, forany X e[0,1].
(21

That is, the inequality (1) holds.
Case (c): suppose that x, y € E with ||x],, [lyll, > 1.
Then we have that
V (Tx,Ty)
=1+ 1-2(lxl, (%0, %,)
1- -2 -2
Iyl (3l 32 19277))

i

=2-2 ||x||;1 “)’“;,_p {xl)’l 7+ x0, I)’zlp_z} »

V(x=Tx,y-Ty)

il V( ”xu”afu; . “yu“;n; 1y>

= (Itl, = 1)" + (Iyl, - 1)°
=2(lxll, = 1) (Il = 1) 15 Il Il
(e ), (I i 19”7 )

= (Il = 1) + (I, - 1)°

=2 (Iell, = 1) (I, - 1) el o2

I

: {xl)’l |)’1 2y X2)2 |)’2|P_2}-

(22)
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Hence, we have that
V(x,y) =V (Tx,Ty) = AV (x = Tx, y = Ty)

-

= ety + Iyl = 2l * e Il + a3 [l 7

"

—2+2 ||>C||1;1 ")’":p {x1}’1 " + %29, |)’2|P_2}

A (b, - 1) = A (Il - 1)’
+ 22 (el = 1) (Il = 1) el iyl
i

: {xl)/l |J’1 4 X2 |J’2|P_2}

I+ Il - 2= A (el — 1) = A (], - 1)

[

-2 ||9C||;1 ")’”;_p {xlyl |)’1 T X230 |J’2|p_2}

et I, = 1= 2 (e, - 1) (I, - 1)}
23)

It is obvious that
Il Iyl = 1= A (Ixl, = 1) (9], - 1) 20 (29)

for any A € [0,1] and |lx[|,,, [¥ll, > 1. Thus, we have from
Holder’s inequality that

V(% y) -V (Tx.Ty) - AV (x - Tx, y - Ty)
> el + Iyl -2 = A (1l = 1) = A (I, - 1)
2l Il el ]
Al 91, 1= A (el = 1) (], - 1))
= Il + 2 2= A (Il = 1) = A (o], - 1)’
= 2{Jxll, Iyl = 1= A (el - 1) (Il - 1)}
= Il + o, -2 A
Al = 2000, + 1+ Iyl - 20yl + 1)
~20xll, [y, +2 + 22 {lxll 9], = Il ~ ], + 1
= (bl = I, ) = 2. (el = D1,

=@ - N (Ixl, - Iyl,) 20, forany A €[0,1].
(25)

That is, the inequality (1) holds.

It is clear that if ||x||P, Iyll, < 1 then inequality (1)
holds. Therefore, from Cases (a{, (b), and (c), we obtain the
conclusion that T is V-strongly nonexpansive for any A €
(0,1]. O
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Remark 10. When p = 1, we have given the result in [5].
When p = 2, we already know that E is a Hilbert space and a
V-strongly nonexpansive mapping T is nonexpansive.

Theorem 11. There exists a V-strongly nonexpansive mapping
T with a nonempty subset of fixed points such that T is not
nonexpansive for some Banach space.

Proof. It is enough to show that the V-strongly nonexpansive
mapping which is given in the previous proposition is not
nonexpansive.

Let x = (0,1) € E. Suppose that y = (y,, y,) satisfies
that [yl5 = [3]” + |3,/ > 1and 0 < y,,y, < 1. Then
Ty = IIyII;y. Leth = (y,/y;) and t = ||y||;1y1 — y;. We have
thatt < 0 and ||y||;1y2 — v, = ht < 0. Then we obtain that
Ty = (Iyl,' 1, Iyl hy)). Then, we have that

[z =191 = |~ 11, et = Dol )

-1 p -1 p
==, »n| +1-lxl, W
Iy |+ =1l 06
_ p - p
=(Iyl, )"+ (0 =1yl yn)
=+ +(1-h(y +1)",
and since ||x — yII“Z = y‘lo + (1 — hy,)?, we have that
|7 =Tyl ~ -~ 1
p P 27)

=+t =yl +(1-h(y +1) - (1-hy)".
Therefore, we will show that
|Tx = Ty|2 = x = y]I} > 0
=S+t =+ (1 =h(y+1) = (1-hy)’ >0
= [ +t)f -y}

=R )" = (1 -hy)"} <0,
(28)

since t < 0. Let h be fixed. As ||y||§ = y‘lb + (hy)f — 1,
t= ||y||;1y1 -y, — 0. Thus, we have for a sufficiently small
|t| that

[ +1)f =P}
+{A-h(p+0) - -hy)}r' <0 (29
— py{”1 - ph(1- hyl)‘t’_1 < 0.
It is trivial that
pyr = ph(1-hy)P " <0 = ¥ <h(1-hy)""
P
(30)

‘:’yf<J’2(1_)’2

Let p = 3/2. For y = (0.2, 0.95), we have that
yP = (027 <0.95(0.05) = 3, (1-y,)"". ()

We obtain that [[yll5 = (0.2)* + (0.95)** > 1 and that

[rx =y = ol {022 + (Il - 095)""}

> (0.2 + (0.05)°% = ||x - ¥
Therefore, we obtain the conclusion. O

We remark that the symbols x,, — uand x, — u mean
that {x,,} converges strongly and weakly to u, respectively. We
will introduce the following important lemmas for proofs of
our theorems.

Lemma 12. (a) Forall x, y,z € E,
V(xy) <V(xp)+V(y.z2)
=V(x,z)-2{(x-yJy-Jz).

(b) Let {x,} be a sequence in E such that there exists
lim V(x,, p) < co for some p € E; then {x,} is bounded.

(33)

n— 00

Lemma 13 (see [3]). Let E be a smooth and uniformly convex
Banach space and C a nonempty, convex, and closed subset of
E. Suppose that T : C — E satisfies

V(Tx,Ty)<V(x,y) Vx,yeC. (34)

If a weakly convergent sequence {z,},., < C satisfies that
lim, , V(Tz,,z,) =0, it holds that z,, — z € F(T).

Theorem 14 (see [1, 11]). Let Y be a compact subset of a
topological vector space E and let X be a convex subset of Y. Let
A: X — 2" be an operator such that, for each y € Y, A" y is
convex. Suppose that B: X — 2" satisfies the following:

(1) Bx c Ax foreach x € X,

(2) B'y# 0 foreach y €Y,

(3) Bx is open for each x € X.

Then there exists a point x, € X such that x, € Ax,.
Lemma 15 (see [12]). Let s > 0 and let E be a Banach
space. Then E is uniformly convex if and only if there exists

a continuous, strictly increasing, and convex function g
[0,00) — [0,00), g(0) = 0, such that

2 )
e+ 507 2 el® + 2y, ) + g (1) (35)

forallx,y e {z € E:|z]| < s}and j € Jx.

Lemma 16 (see [13]). Let E be a smooth and uniformly

convex Banach space. Then, there exists a continuous, strictly

increasing, and convex function g : [0,00) — [0, 00) such
that g(0) = 0 and, for each real number + > 0,

0<g(fx—yl) <V (xy) (36)
forallx,y € B,={z € E: |zl <r}.



Lemma 17 (see [13]). Let E be a smooth and uniformly convex
Banach space and {y,} and {z,} in E. If lim,, _,  V(y,,2,) =0
and either {y,} or {z,} is bounded, then {y, — z,} — 0.

3. Main Results

In this section, we prove a weak convergence theorem and
strong convergence theorems for finding fixed points of a V-
strongly nonexpansive mapping T in Banach spaces, and then
we show the existence theorem for fixed points of T with a
dissipative property (cf. [10]).

Theorem 18. Let E be a smooth and uniformly convex Banach
space and C a nonempty, closed, and convex subset of E.
Suppose that a mapping T : C — C is V-strongly nonex-
pansive with A and that F(T) # 0. One defines a Mann iterative
sequence {x,} as follows: for any x, € Candn > 1,

Xn+1 = ﬁn'xn + (1 - ﬁn) Txn’ (37)

where {B,} < (0,1) and lim,, , 8, = 0. Then x,, — p, for
some p, € F(T).

Proof. Suppose that p € F(T). Then we have from the
convexity of V that

V(xn+l’ P) = V(ﬁnxn + (1 - ﬂn) Txn’ P)
< BV (xwp) + (1= B,)V(Tx,p)  (38)
= ﬁnV (xn’P) + (1 - ﬁn) 14 (Txn’Tp) :

Since T is V-strongly nonexpansive with A, we have that

V (%,11: P)
< BV (xmp) + (1= B,)
AV (% p) =AWV (I -T)x,, I -T)p)} (39
=V (x,p) = (1= B,) AV (x, = Tx,, 0)

<Vix,p).

Hence, we have lim, , V(x,, p) = & < co. From Lemma 12
(b), {x,} is bounded. Furthermore, we have that

(1 - ﬂn) AV (xn - Txn’O) < V(xn’p) - V(xn+1’p) . (40)

Since lim,, , 3, = lim,,_, ,{V(x,, p) = V(x,.1, P)} = 0, we
obtain that

1im V (x, - Tx,,0) = lim |lx,-Tx,|"=0.  (41)

This means that {x,, — Tx,} converges strongly to 0. Hence,
{Tx,} is also bounded, and there exists M > 0 such that
lloc, I, 1T, < M - |Ipll foralln > 1.
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On the other hand, we have from Lemma 12 (a) that
0<V(x,Tx,)
=V (%, p) =V (T, p) = 2{x,, — Tx,, JTx, = Jp)
<V (%, p) =V (Tx,, p) + 2 |x, = T, | (| T, | + | )
<V (%, p) = V (T, p) + 2M |[x,, = Tx, |

= ||x,,||2 - ||Txn||2 -2(x, - Tx,,Jp) + 2M ||x,, - Tx,)|

= (leall = 17 Clall + 1726,1)
=2(x, = Tx,, Jp) + 2M | x,, — Tx,)|

< "xn - Txn” (“xn” + ”Txn“ + 2M) -2 <xn - Txn’ ]P> .
(42)

Hence, we obtain that lim, , . V(x,,Tx,) = lim, ,  V(Tx,,
x,) = 0. From Lemma 13, there exists a point p, € F(T) such
that x,, — p, and Tx,, — p,. O

The duality mapping J of a Banach space E with Gateaux
differentiable norm is said to be weakly sequentially continu-
ous if x, — x in E implies that {Jx,} converges weak star to
Jx in E* (cf. [14]). This happens, for example, if E is a Hilbert
space, or finite-dimensional and smooth, or I if 1 < p < oo
(cf. [15]). Next we prove a strong convergence theorem.

Theorem 19. Let E be a reflexive, smooth, and strictly convex
Banach space. Suppose that the duality mapping ] of E is weakly
sequentially continuous. Suppose that C is a nonempty, closed,
and convex subset of E, T : C — C is V-strongly nonexpansive
with A, and F(T) # 0. One defines a Mann iterative sequence
{x,} as follows: for any x, € Candn > 1,

Xt = B+ (1= ) Tx, (43)
where {,} € (0,1) and lim,, _, .3, = 0. If T satisfies that
(x,JTx) <0 VxeC, (44)
then x,, — p, and Tx,, — p, for some p, € F(T).

Proof. As in the proof of Theorem 18, we obtain that
lim,_, V(x,,Tx,) = 0and x, — p, and Tx, — p, for
some p, € F(T). Furthermore, from Lemma 12 (a), we have
that

0 <V (x,,py) +V (pp Tx,,)
=V (x,,Tx,) = 2 (x, = po» Jpo — JTx,,)
=V (x,, Tx,) = 2 (%, = P> J o)
+2(x,, JTx,) = 2 {po, JTx,) .

(45)

Hence, the assumptions imply that
V(x, po) — 0, V(pyTx,) — 0 asn— co. (46)

From Lemma 17, we have the conclusion that x, — p, and
Tx, — po. O
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Condition (44) is a definition of a linear dissipative
mapping T (cf. [16]). Moreover, we give a definition of a
J-dissipative mapping for nonlinear mappings in a Banach
space.

Definition 20. Let ] be a single-valued duality mapping on E
and let C be a nonempty subset of E. Then a mapping T' :
C — Eis called J-dissipative if it holds that

(x =9, JTx-]Ty) <0 (47)
forall x,y € C.

In a Hilbert space, such a mapping T is called dissipative.
In Banach spaces, we remark that the J-dissipative mapping
is not equal to the dissipative mapping (cf. [17]). Next we give
a characterization of J-dissipative mappings by using V(;, -).

Theorem 21. Let E be a smooth Banach space, C a nonempty
subset of E, and T : C — E a mapping. Then, the following
are equivalent.

(a) T is J-dissipative.
(b) Forallx,y € C,
V(x,Ty)+V (3, Tx) <V (x,Tx) +V (y,Ty).  (48)
Proof. Forany x,y € C,
(x=y,]JTx-]JTy) <0 (49)
is equal to
=2(x,JTy) =2y, JTx) < =2(x,JTx) —=2{y,]Ty),
=2, JTy) = 2 (. JTx) + Il + [Ty + 7 + Iel?
< =2(x,JTx) = 2 (3, JTy) + IxI* + I Tx|
2 2
™+l
(50)
From the definition of V, this inequality is equivalent to
V(x,Ty)+V (y,Tx) <V (x,Tx)+V (y,Ty).  (51)
O

Furthermore, we have the following result by this theo-
rem.

Lemma 22. Suppose that E is a smooth and strictly convex
Banach space and that C C E is a nonempty convex subset.
Assume that a mappingT : C — E is J-dissipative. If there are
fixed points of T, then F(T') is singleton.

Proof. Assume that there exist p, and g, such that Tp, = p,
and Tq, = q,. Since T is J-dissipative, we have by Theorem 21
that

0 <V (poTqo) +V (g0, Ty)
<V (po> Tpo) +V (40, Tqo) (52)

=V (po» Po) +V (40> o) = 0.

Thus, we have that V(py,q,) = V(g py) = 0. This implies
that

0 < (| poll - ”%")2 <V (pp4o) = 0,

(53)
1ol = 4ol
Furthermore, we have
V(po o) = ”Po”2 + ”%"2 =2{po>Jq0)
(54)

= ”Po”2 + “Po”2 ~2{py-Jq0) =0,

and we have || pyl* = (py» Jqo)- Since E is strictly convex and
] is one-to-one, we obtain that p, = g. O

We give a result before proving an existence theorem for
fixed points.

Theorem 23 (see [10]). Let E be a smooth and uniformly
convex Banach space, and let T : E — E be a V-strongly
nonexpansive mapping with A. Then, one has that

lim |Tx-Ty|=0,
=yl =0 ” |

(55)
for lxll Iyl Tl [Ty < r, where r > 0.
Proof. Since T is a V-strongly nonexpansive with A, we have
0 <V (Tx,Ty) + AV (x — Tx, y — Ty)

<V(xy)

= Il + o) -2 ¢ Jy)

=l = y)* - 2 (x -y J)

< Jlx =y (=l + vl + 2[150)

= Jlx =y (=l + 350D

Thus, we obtain, for x, y with ||x||, [|y]l <,

(56)

for any x, y € E.

V(Tx,Ty) — 0,
(57)
V(x-Tx,y-Ty) — 0 as |x-y|—0.
From Lemma 16, we have that

0<g(|Tx-Ty|) <V (Tx,Ty). (58)

Therefore, we have from (57) that lim Xyl =0 gUITx-Tyl) =
0. From the definition of g, we obtain that

lim |Tx-Ty||=0.
ool 9

O

Remark 24. 1f x € E satisfies that | Tx|| < r, for r, >0, the (57)
implies that |Ty|l < r, + 1 for y in the neighborhood of x.



We will prove the following existence theorem by using
Theorem 14.

Theorem 25. Let E be a reflexive, strictly convex, and smooth
Banach space and C a nonempty, bounded, closed, and convex
subset of E. Suppose T : C — C is a V-strongly nonexpansive
and J-dissipative mapping. Then, there exists a unique fixed
point of T.

Proof. At first, we will show that there exists y, € C such that
{[x e C:V(x,Tx) <V (3, Tx)} = 0. (60)
Assume that, forall y € C,
[xeC:V(x,Tx) <V (y,Tx)} # 0. (61)

Let Ax = {y ¢ C: V(x,Ty) < V(y,Ty)} and Bx = {y €
C : V(x,Tx) < V(y,Tx)} for all x € C. Then, from the
assumption, B™'y is nonempty for all y € C. Since T is J-
dissipative, Theorem 21 implies that

V(x,Ty) -V (y,Ty) <V (x,Tx) -V (y,Tx) (62)

for all y € Bx. This means that Bx ¢ Ax for any x € C. For
any y € G, letv; € A”'y with j € {1,2,...,n}, and suppose
thatv = " a;v;and 37, «; = 1 with &; > 0. From the
convexity of V, we have

V(v,Ty)=V (Z(xjvj,Ty> < Zoch (v;» Ty)
i1

! (63)

Thus, we obtain that A~ y is convex for all y € C. Since it is
obvious that Bx is open for each x € C, Theorem 14 implies
that there exists a point x, € C such that x, € Ax,. This
means that

V (xq, Tx) < V (x4, Txp) - (64)
This is a contradiction. Thus, we have for some y, € C that
[x e C:V(x,Tx) <V (3, Tx)} = 0. (65)
This means that there exists y, € C such that
V (55, Tx) <V (x,Tx) (66)

forall x € C.

Furthermore, we will show V(y,, Ty,) < V(x, Ty,) for all
x € Cif y, satisfies (66). Let y, = (1-t) y,+tx foranyt € (0, 1)
and x € C. Since C is convex, then y, € C. Thus, we obtain
that

V (50 Ty) <V (¥, Ty,)

=V((1-1t)y, +tx,Ty,).

(67)
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From the convexity of V(., y) for y € C,
Ve Tr) < 0=0V (e Ty) +V(xTy)  (68)

and we have V(y,,Ty,) < V(x,Ty,). From the definition of
V(-,), we have that

IV (%, Ty,) =V (. Tyo)|
= Iyl = ITyoll” - 2 (. )Ty, = T Ty))|

< (ITyell + I Tyol) 1T: = Tyoll + 2111 |J Ty, = T Ty
(69)

Therefore, we have, by Theorem 23 and the continuity of ] on
a smooth Banach space, that lim, _, o, V(x,Ty,) = V(x,Ty,)
and

V (5o Tyo) = lim V (3, Ty,)
(70)
< lim V (x,Ty,) =V (x, Ty,)

t— 0+

for all x € C. Letting x = T',, we have that

V (50, Tyo) < V (T, Ty,) = 0. (71)

Hence, V(y,, Ty,) = 0. This implies that

“)’0"2 * ”T)’oll2 = 2(yp, JTyp) <2 "J’o“ “TJ’OH > (72)

and then we obtain that

(Iyoll - ”T)’0||)2 <0. (73)

Thus, we have | y,ll = [Ty, |l and we have by (72) that IIyOII2 =
(¥9> JTy,). Since ] is one-to-one on a strictly convex Banach
space, JTy, = Jy, implies that Ty, = y,. Therefore, we have
the conclusion. O

Finally, we will prove a strong convergence theorem for
finding fixed points of a V-strongly nonexpansive mapping T
in a Banach space, without the assumption that F(T') # 0.

Theorem 26. Let E be a smooth and uniformly convex Banach
space, and let C be a nonempty, compact, and convex subset of
E. Suppose that T : C — C is J-dissipative and V -strongly
nonexpansive with A. One defines a Mann iterative sequence
{x,} as follows: for any x; € Candn > 1,

xVH'l = ﬁnxn + (1 - ﬁ?l) T'x?l’ (74)

where {,} ¢ (0,1) and lim,, | f3, = 0. Then, there exists a
unique fixed point p, € C such that x,, — p,andTx, — p,.

Proof. From Theorem 25, we have that F(T') # 0. As in the
proof of Theorem 18, we obtain that lim, _, .,V (x,,Tx,) = 0
and that there exists a point p, € F(T) such that x, — p,and
Tx, — p,-. Since T is J-dissipative, Theorem 21 implies that

o<V (xn’ TPO) +V (pO’ Txn) <V (xn’ Txn) +V (pO’ TPO) .
(75)
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From Tp, = p,, we have for n > 1 that

o<V (xn> Po) +V (Po’ Txn)

(76)
<V (xn’ Txn) +V (pO’ PO) =V (xn’ Txn) :
Since lim,, _, .,V (x,,, Tx,) = 0, we have that
nlergOV (xn’ pO) = nll_{%ov (pO’ Txn) =0. (77)

By Lemma 17, we obtain that x, — p, and Tx, — p,. We
have the conclusion.
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