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Existing literature in nonparametric regression has established a model that only applies one estimator to all predictors. This study
is aimed at developing a mixed truncated spline and Fourier series model in nonparametric regression for longitudinal data. The
mixed estimator is obtained by solving the two-stage estimation, consisting of a penalized weighted least square (PWLS) and
weighted least square (WLS) optimization. To demonstrate the performance of the proposed method, simulation and real data

are provided. The results of the simulated data and case study show a consistent finding.

1. Introduction

Regression analysis is aimed at modeling the association
between the predictor and the response. If the data pattern
shows an unknown regression curve, nonparametric regres-
sion is used [1]. However, if the form of the regression curve
is known, parametric regression can be applied [2]. Addition-
ally, nonparametric regression has high flexibility because the
data is expected to find its regression curve estimation form
without being influenced by the researcher’s subjectivity
[3]. In this study, we have analyzed several models such as
kernel, spline [4-7], and Fourier series [8].

A spline estimator, which has an excellent ability to han-
dle data with changes at subspecified intervals [9], was
obtained using penalized least square optimization [10] and
the Bayesian approach [11]. A spline estimator can be
applied for cross-sectional data as well as longitudinal data.
Additionally, several studies on nonparametric regression
for longitudinal data have been addressed using kernel esti-
mator [12, 13], generalized spline regression [14], and
mixed-effects model [7]. Fourier series, which is useful to
explain curves that show sine and cosine waves, is generally
used if the data pattern is unknown and there is a tendency
to iterate.

A considerable amount of research has used only one
estimator for each predictor. However, because each predic-
tor can have a different pattern, it was proposed to develop
a mixed estimator. Recently, Sudiarsa et al. [15] discussed a
study of the mixed estimator of the truncated spline and Fou-
rier series. The study, which only discussed cross-sectional
data, did not obtain a model for each subject as it did not
include longitudinal data. Consequently, this study cannot
be used to investigate response behavior based on the time
change.

Although some research has been carried out on a mixed
estimator, no studies have explored multisubject data so far.
This paper proposes a new methodology for a mixed estima-
tor of the truncated spline and Fourier series in the nonpara-
metric regression for longitudinal data. This study addresses
the gap in previous research by obtaining a mixed estimator
of the truncated spline and Fourier series in the nonparamet-
ric regression for longitudinal data and applying it to simu-
lated data and a case study.

This study is organized as follows. We briefly explain the
materials and methods used in our study in Section 2. Section
3 consists of three subsections: the developed theory, simula-
tion study, and case study. We present the developed non-
parametric regression theory for longitudinal data with a
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mixed estimator of the truncated spline and Fourier series
with two-stage estimation in Section 3.1. In Section 3.2, we
conduct a simulation study based on the developed theory
to assess the proposed estimator’s behavior. To illustrate
the applicability of the model, we use a dataset of patients
with pulmonary tuberculosis in Section 3.3. Section 4 pre-
sents the conclusion.

2. Materials and Methods

Longitudinal data has n independent subjects and T observa-
tions for each subject. Given paired data (xy;, " Xy Zyj0
“**> Zgip» Y )> Which consist of p and g predictors with n sub-
jects, each subject has T observations. The relationship
between Xy, *+, Xy Zyjp *++5 Zgi and yy, which followed a
nonparametric regression model for longitudinal data, is as
follows:

.,Zqi[) +€it’i: 1,2,--,nt= ]’2,.,_”1“
(1)

Each regression curve is additive so that the model can be
expressed as

Vie = i (xlir’ 2 Xpis Lyjp

P q
Auit(xlil’ = Xpip Zijp ""Zqi[) = iji(xjit) + ngi(zkit)’i: L2,-mt=12,-,T.
j=1 k=1

(2)

Zé’:l fi(xji) is the truncated spline component and Y9k
(2zy;) is the Fourier series component.

This study’s first objective is to obtain the mixed estima-
tor of the truncated spline and Fourier series in nonparamet-
ric regression for longitudinal data. To achieve this, we
propose a two-stage estimation method. The first stage is esti-
mating the components of the Fourier series using the penal-
ized weighted least square (PWLS) method. The second stage
is estimating the truncated spline component using the
weighted least square (WLS) method. For the second goal,
that is, a simulation study, we generate functions that meet
the truncated spline and Fourier series characteristics. In
the third step, we apply the developed theory to a dataset of
patients with pulmonary tuberculosis.

3. Results and Discussion

3.1. Mixed Model of Truncated Spline and Fourier Series with
Two-Stage Estimation. Lemmas and theorems are used to
obtain a nonparametric regression model for longitudinal
data with a mixed estimator. The regression curve compo-
nent that is approximated by the Fourier series estimator is
presented in Lemma 1 and the penalty component for the
Fourier series function is presented in Lemma 2. Following
the PWLS form in Lemma 3, we estimate the Fourier series
component by using PWLS in Theorem 4. The regression
curve component that is approximated by the truncated
spline estimator is presented in Lemma 5, and we estimate
the truncated spline component using the WLS method in
Theorem 6. The results are summarized as follows:
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Lemma 1. If g,,(z;;,) is approached by the Fourier series func-
tion, then the goodness of fit is

.
Wi | Vi =
k

where N=nx T and W is the nT x nT weighting matrix.

T 2
ngi(zkit)) =NT(y" - Zo)' W(y" - Ze),

(3)

M=
M~
M-

N—I

I
—
Il
—

i

Proof. The regression curve g,,(z;;,) is a regression curve of
an unknown shape and is contained in continuous space C(
0, 7). The component of g;,(zy;,), k=1,2, -+, g, in Equation
(2) is approximated by the Fourier series function with the
trend line as follows:

1 H
9xi(Zkit) = Aiizpie + 5 Coki Z Chki €OS Mz (4)
h=1

If the regression curve g in Equation (4) involves only one
predictor, then it can be written as follows:

g= (gigé'-' gL)', (5)

8 = (91(2ki ) 91i (2ki2) - gki(zkiT))” i=1,2,-, 1. (6)

By using Equation (4), Equation (6) can be written in the
form of a matrix as follows:

1
AriZkin + = Coki + Crii €OS 1241 + Cppi €OS 2255 ++ -+ 08 Hzpyy

Iri(Zxin) 2
1
9xi(Zhi2) AiiZkin + = Cori + C1ii €OS 12445 + Cop; €OS 2230+ -+ €08 Hzpy
g = ) = 2
Iii(Zuir) d 1 .
| BiZkir + 5 Coki *+ Cuki COS 127 + Copg COS 22+ +Cyyyg €08 Hzgy
_ . [ i T
Zki 3 cos 1z, cos 2z, cos Hzy;,
Coki
1
| % 2 cos 1z, cos 2z, cos Hzy;, Cki -z
= = LyiCi
: Coki
| Zkir 2 cos lzyr  cos 2zyr cos Hzyr
L CHki

(7)

The Fourier series function in the nonparametric regres-
sion component for longitudinal data with predictor g can be
expressed in the following form:

i (8)

q
g = Z Ly = Ly;€y; + Lyt '+Zqicqi =Z
k=1
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So, Zis a nT x (2 + H)nq matrix as follows:
Z. 0 - 0
' 1
g Z., Z, 0 - 0][¢ - .
, e
g Zyc, Z, 01|¢c Z= , (10)
g = = . = = ZC. : : .. :
' 0 o z
g Z,.c, 0 0 Z,||c, "
(9)  with
- 1 1 -
Zip 5 08 Zy;;  €0s 2z, cos Hzy;;  zg 5 cos Zg1 €08 2z cos Hz;
1 s 1
Z,- Z1p 3 COS Zy;, COS 2z cos Hzy;, Zgin 3 COS Z,, €082z, -+ cos Hzgj, . (11)
1 1
Zur 5 COSZyp COS 22y cos Hz,;p Zyr 5 COSZgr COS 2zg7 cos Hz;p
Whereas, cis a (2 + H)ng x 1 vector given by
<
<) i
c=|  |-G= [dy cou Gu G i v g Cogi G Cagi Chgi | - (12)
c

To estimate the Fourier series component, the nonpara-
metric regression model in Equation (1) can be written as

)4 q
Vit — iji (xjit) = Z Iri(Zkie) + €i>
=

k=1

(13)

q
V= ngi(zkit) +e,i=1,2,,nt=1,2,--,T. (14)

k=1

The model in Equation (14) can be written in matrix
form:

(15)

Then, a goodness of fit for the model is formed as follows:

y =g+e

M:

T q 2
N7 Zwit (yi*t_ zgki(zkit)> > (16)

t=1 k=1

I
—

i

with N =nx T. If the function g,,(z;;) is approached by a
Fourier series function as in Equation (4), then the goodness

of fit can be presented in the form

2
gkl kat )
1

T 2
z Wi <yzt Z z (dkxzkxt %Cokz + z Chii €OS hzkzt))

M=

n T q
N3 Y w, (y:; )

i=1t=1 k=1

-
Il

Nl

]
M:

L

=1 k=1t=1

N° l(Y Ze)'W(y" - Zc),

*

(17)

with W as a weighting matrix for the regression of longitudi-
nal data.

Lemma 2. If the Fourier series is given, then the penalty com-
ponent is

Zq:)t Jﬂ (ﬂk:

k=1

>dzk— Z/\kJ (gk, '(z )>2dzk=c'D()t)c.
(18)

Proof. The penalty component Y| A, [7(2/7) (gki"(zk))zdzk



in the PWLS optimization based on Equation (4) can be
obtained as follows:

’ d |d 1 g
9k (z) = d_zk d_zk diiZiip + 5 Coki + Z Chki €08 hzy,

h=1

H
_ 2
=- Z h*cyy; cos hzy,.

h=1
(19)
As a result,
4 H 2
) = J - Z Wcy,; cos hzy, | dz,

07 \ 41

2 (7| (& ’
—J Z Wcyy; cos hz,,
TJo h=1

H
+2 Z (K cgs €08 hzyy ) (mPc,y cos mzkit)l dz,.

h<m
(20)
To simplify, we defined
2& 2
A=— h*cpy; cos hzy,) dzy,
”h; JO( Chki €OS Zku) 2k
(21)
2 & ("
B= - 2 ZJ (K c cos hzy, ) (P ey, cos Izy,, ) dz.
h<1J0
The value of A will be obtained as follows.
28 (7 2
A= - Y J (W ey cos hzyy,) " dz;
h=te (22)
1§ 2 TN
= ;Z h Ciki [zkit + 7 sin hzkit] = Z h ¢y
h=1 0 h=1
Furthermore, the value of B is given by
2 & ("
B=-2 Z J (W cyi cos hzyy, ) (Pey cos lzy, ) dz,
T h<lJ0 (23)
H T
~ Z (hl)zchkiclkij cos hzy,, cos lzy;,dz;, = 0.
h<l 0

Based on Equations (22) and (23), it can be written as fol-
lows:

H
Pi(gy) =A+B= Zh45121ki- (24)
ot
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Fori=1,2,---,n, we obtained
q n
> MPi(gi) = Y DV
k=1 171 / ’ (25)
=¢,D(A)c; + ¢, D(A)cy+---+¢,D(A)c,
=c'D(A)c,
where
D(A,) 0 0
0 D(A 0
b - ) |
0 0 D(A
) e
0o 0 A1t A2 AH*
0o 0 A1t A2* ... ALH?
e
0o 0 A1t A2 AH*

1

Thus, the penalty component can be expressed in a
matrix form as follows:

i J” (9k1 ))2d2k=C'D(l)c. (27)

Lemma 3. If the goodness of fit component is presented in
Lemma 1 and the penalty component is given by Lemma 2,
then the PWLS is

N (y* - Zc)'W(y" - Zc) +<'D(M)c. (28)

In general, PWLS is defined as follows:

n T q 2
N! z Zwit (}’; - z gki(zkit)>

i=1 t=1 k=1

q 1)
+ Z /\kjo - (gki”(zk))zdzk, 0< Ay < 0.

k=1

(29)

Besides, PWLS can be presented in the form of a matrix
as follows:

N (y* - Ze)'W(y* - Zc) +'D(M)c. (30)

The next step is to obtain a Fourier series estimator in
nonparametric regression for longitudinal data derived in
Theorem 4.

Theorem 4. If paired data are given, which follows the non-
parametric regression model for longitudinal data, then the
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mixed estimator that minimizes PWLS in Lemma 3,

T T 2
Zw <yl*t_ ngl Zkl[)

t=1 t=1

M:
M.&

min {N7!
gx€C(0,m)

+ Z /\kJn

I
—

e ))Zdzk},

*

is  Buny(xz)=Ly" with y'=y-f and
[Z'WZ+ND(\)] 'Z'W.

Il
—

RN

0

Proof. The first estimation step in the mixed estimator of the
truncated spline and Fourier series in the nonparametric
regression model for longitudinal data is performed by esti-
mating the form of the Fourier series estimator by using the
PWLS method. The PWLS in Equation (29) can be written
in the form of a matrix as follows:

Q(c) =N (y" - Zc)'W(y" - Zc) + c'D(A)c=N"'y* Wy*
—2N''Z'Wy* + N7 Z'WZe + ' D(M)e.
(32)

Next, we complete PWLS optimization using the follow-
ing steps:

= min {N'y" Wy" —2N"'c'2' Wy

min {Q(c)} g(nn){ v Wy cZWy
"1c'Z'WZc+c/D(/\)c}.

(33)

To complete the optimization, the estimators are

obtained by performing a partial derivative of Q(c) concern-
ing c and the results are equaled to zero. The given results are

= [Z'WZ+ND(/\)]_1Z'Wy*. (34)
By substituting ¢ into Equation (9), we get
By (%) = Z¢ = Z[Z'WZ + ND(})| T z'wy =1y,
(35)
So, the model in Equation (15) can be written as
=8ny)(%2) =Ly", (36)
with y* =y —fand L= Z[Z'WZ + ND(A)]_IZ'W.

Lemma 5. If f ;;(x;;) is approached with the truncated spline
function, then the WLS is

'W[I-L)y-(I-L)My].  (37)

[(I-L)y-

Wis a nT x nT weighting matrix.

(I-L)My]

PVOOf f]z( ]1t) l 2
component. The component regression curve f is a linear

truncated spline function defined as follows:

-+, p, is a truncated spline estimator

fji( ]1t ]1 ]tt + Zﬁu]z ]1[ u]1)+’ (38)

with truncated function

Xiit = K ii]> Xy 2= K 5
(xjit _ Kyﬁ) _ ( jit u]z) jit uji (39)
+ 0, x]lt < K

If the component of the regression curve f involves one
predictor, then it can be written as follows:

(41)

By using Equation (41), it can be described in the form of
a matrix as follows:

fji (xjil) X1
(%) Xji2
f, = = i

f] ( J'iT) Xjit
( jil Kl]l) ( jil KZji)i (xjil - Ksji)i Blji
(i = Kuj), (2 = Kayi), (5 = Kgi), | | Poi
(xjiT - Klji)l ( T T K2ji) (xjiT - Ksji)l 'BSJ'i

+ +
=X+ Sj,-/Sji.

(42)

The truncated spline function in the nonparametric
regression component for longitudinal data with p predictors
can be expressed in the following form:

M’t:

S XS] xarsh @)

1

J



6
So,
f) X S18, X 0 - 0 *
f, X, S,5, o X, - 0 *
f: = =+ =
f X,a, S,.B, 0o 0 - X, |la,
S 0 - 0 B,
0 S, - 0 B,
+ =Xa+Sp.
o o - s]lp,
(44)
Furthermore, it can be written as follows:
o]
%)
X, 0 0[S, 0 0
0 X, 00 s 0] «a,
f:
By
0 o X0 0 S, 1| B,
L B |
24
= [X]§] =My.
B
(45)

MisanT x (1 +s)np matrix and y is a (1 +s)np x 1 vector.

The mixed model of nonparametric regression for longi-

tudinal data in Equation (1) can be written in a matrix as fol-
lows:

y=f+g+e. (46)

By substituting Equation (36) with Equation (46), we get

y=f+Ly" +e. (47)

The truncated spline component can be written as

y-Ly" =f+e,
y-Liy-f)=f+e
y-Ly+Lf=f+e, (48)

y-Ly=f-Lf+eg,
(I-Lyy=(I-Lf+e
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Substituting Equation (45) with Equation (48), we obtain
(I-Lyy=(I-L)My +e¢. (49)

If the function f ;(x;;) is approximated by the truncated
spline function as in Equation (38), then

e=(I-L)y—- (I-L)My. (50)
Therefore, we obtain the WLS by
e'e=[(I-L)y - (I-L)My]'W[(I-L)y - (I-L)My], (51)

where W is a weighting matrix for the regression of longitu-
dinal data. Next, the truncated spline estimator in the non-
parametric regression for longitudinal data is derived in
Theorem 6.

Theorem 6. If paired data which follows the nonparametric
regression model for longitudinal data is given, then the mixed
estimator that minimizes WLS in Lemma 5,

min {[(1-L)y - (1-L)My]'W[(I- L)y - (1-L)My]},

yeR(H:)np
(52)

is £y (%.2) = MJ 'Ky with J=(2-L')WLM - WM and
K=[L' -)W(I-L)].

Proof. The second estimation stage of the mixed estimator of
the truncated spline and Fourier series in the nonparametric
regression model for longitudinal data is performed using the
WLS method. The estimator can be obtained by completing
the WLS optimization as follows:

min {[(I-L)y - (I-L)My]'W[I-L)y - (I-L)My]}
yER(Hs)nP
= min {Q(y)}-
YGR(HS)np
(53)
The estimators are obtained by performing a partial

derivative of Q(y) and the results are equaled to zero. The
partial derivative results are as follows:

7= Kz - L’)WLM - WM} B [(L' - I)W(I - L)}y = J 'Ky,
(54)
where J = (2 -L')WLM - WM and K= [(L' ~-T)W(I - L)].

By substituting y into the form of a truncated spline esti-
mator component as in Equation (45), we obtain

Ein) (X 2) = My = MJ 'Ky, (55)

ficna) (%.2) = Ak b, A)y. (56)
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TaBLE 1: Model for the simulation study.

Subject Model
1 ¥ =8.25(xy, — 1)(1 = x;,)% +sin (2mz,) + cos (2mzy,) + &,
2 Vo =9.55(x5, = 1) (1 = th)z +sin (2712,,) + cos (27z,,) + &y,
3 Y3 = 6.75(x5, — 1) (1 = x3,)% + sin (27123,) + cos (27z3,) + &3,
4 Y4 =3.25(x4 — 1) (1 = x,)* + sin (2712,,) + o8 (2712,,) + &4y
5 Vs =5.55(x5, = 1)(1 —xSt)2 +sin (271z5,) + cos (2mz5,) + &5,
6 Ve =7-75(xgr — 1)(1 = xg,)% + sin (2m24,) + €08 (272, ) + £,
7 Vo =4.25(x5, = 1)(1 = x7t)2 +sin (271z,,) + cos (27z,,) + &5,
8 Vg = 8.55(xg, — 1) (1 — xg,)? + sin (271zg,) + cos (2mzg,) + &g,
9 Yor = 9.75(xg, = 1) (1 = xo,)? + sin (27124,) + cOS (27124,) + €,
10 Yior = 4.75(x 10, = 1) (1 = x10,)% + sin (271210, ) + cOs (27210, + €10
-10 -5 0 -10 -5 0 00 05 10 00 05 10
1 2 3 4
1.0 L = 3 — 4'. NS e N —
05 - s R K 054 % e | e oLt
o Lot - e i, N R LR o
5 6 7 8 5 6 7 8
- = ; ot 10 = ; S T+ T1l0
~ s 7 L o o “los O A N RO B Y
Y '. Q‘." . 'Q 04 . LY d .Q . *
- e L 00 : e e Lo
1.0 A 9 o 10 ; 0 -5 0 1.0 1 9‘ — lf) 0 05 1.0
(N T . . * . .
0.5 1 . ° (U S
. "". . . LI Y
0‘0 B T T - 0'0 -I T T hd *
-10 -5 0 00 05 10
X z
(a) (b)

FIGURE 1: Scatterplot of simulated data for each subject and predictor: (a) truncated spline; (b) Fourier series.

After obtaining y, we obtain € by substituting Equation

(56) with Equation (34).

e)
Il

r 1-1
Z'WZ+ND(1)| Z'wy*

i -

= |Z'WZ+ND(A)| Z'W(y-£

- [zwz+ND()] Z'W(y - M7)

r 1-1
Z'WZ+ND(A)| Z'W(y-MJ'Ky),

¢=[z'wz+ND)| Z’W(I-MJ'K)y.  (57)

So,

8 (%2)=ZC=Z [Z’wz + ND()L)} W
. (I - M]’IK)Y = L(I — M]*lK)y,

8kn) (%:2) =B(k,h, A)y. (58)

By substituting y and € into the mixed estimator of the

TABLE 2: Summary of simulation results.

Knots Oscillation A GCV
1 0.033 3.112
1 2 1.715 3.142
3 0.967 3.116
1 0.033 3.197
2 2 1.800 3.209
3 0.950 3.158
1 0.001 3.452
3 2 0.100 3.471
3 0.001 3.441

truncated spline and the Fourier series in the nonparametric
regression for longitudinal data, the following estimation
results are obtained.

Bcngy = Fionay + 8enay = MY +ZE=MJ” 'Ky +L
- (I-MJ'K)y = [MJ"'K+L(I-MJ'K)]y,

Hcna) = C(k b, Ay, (59)
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FIGURE 2: Scatterplot between suPAR levels with each predictor for the

Miller.

with L=Z[Z'WZ + ND(A)] 'Z'W,J = (2 - L' )WLM - WM
,and K=[(L' ~-)W(I-L)].

The mixed estimator depends on the optimum knot
point, oscillation parameter, and smoothing parameter. To
obtain the best model, it is essential to select the optimum
parameter. One of the criteria to select the optimum param-
eter is the generalized cross-validation (GCV) method [11].
The GCV function of the nonparametric regression model
for longitudinal data is as follows:

—1)7 _ 2
GOV (Ko Hope o) = NYT-C(k h, A) (0
[N“'trace(I- C(k, h, A))]

The optimum knot point, oscillation parameter, and
smoothing parameter are obtained by solving the minimum
optimization, as presented in Equation (60).

3.2. Simulation Study. To demonstrate the performance of
the proposed method, we created one sample size # = 10 with
t =13. For the simulation study, we considered ten models
for each subject. The models are generated from the formula
that contains two different functions to represent the trun-
cated spline and Fourier series pattern. A polynomial func-
tion is used to present the truncated spline, while a
trigonometry function is used to present the Fourier series.
Additionally, x;, and z,, are generated from U(0, 1) distribu-
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subject: (a) minimal lesion; (b) mod advance; (c) far advance; (d) KP

tion, and random errors ¢;, are generated from a multivariate
normal distribution.

Using ten subjects and two predictors, the formula for
generated data is stated as follows:

Vi =fiu(Xi) + 9ip(2) +€pi=1,2,-,10,£=1,2,---,13.
(61)

The simulation study is applied based on these models, as
shown in Table 1.

Figure 1 illustrates the partial relationship between the
response and each predictor variable. It can be seen that the
relationship between predictor x and the response for each
subject tends to change at certain subintervals, which is suit-
able for the truncated spline estimator. The relationship
between z and the response for each subject has a repetitive
pattern with a particular trend line, which is suitable for the
Fourier series estimator.

Wu and Zhang [7] stated that a regression’s performance
strongly depends on good knot locations and a good choice
of the number of knots. In general, the number of knots is
smaller than the sample size n. Considering the scatterplot
of simulated data and computational convenience, our study
uses three knots (K = 1, 2, 3) and three oscillation parameters
(H=1,2,3). To choose the optimum parameter, we use the
minimum GCV criteria. Table 2 provides a summary of the
GCV for varying knots and oscillations. What is remarkable
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TABLE 3: Summary of case study results.

TaBLE 4: Knot point location for each subject.

Knots Oscillation A GCV Subject Knot point location
1 1.250 0.239 Minimal lesion 6.184
1 2 0.030 0.250 Mod advance 12.449
3 0.100 0.321 Far advance 18.816
1 0.065 0.259 KP Miller 57.714
2 2 0.025 0.261
3 0.975 0.266 TaBLE 5: The results of parameter estimation.
1 0.025 0.259
3 ) 0.025 0261 Subject Parameter Estimation
3 1.150 0.266 for 0481
Qg 0.105
B -0.119
is that using one knot and one oscillation with A =0.033, we ~ Minimal lesion J 0.004
obtain the best model with the lowest GCV, 3.112. This " ’
model yields satisfactory results with a root mean square Co11 -0.849
error (RMSE) of 0.837. i 5.6x107°
3.3. Case Study. After conducting the simulation, we applied %02 0.441
the proposed model to the case to confirm the results of the a, -0.038
previous simulation. The data for this research was obtained Biis 0.041
from a study conducted by Fernandes and Solimun [16], that Mod advance J 0.069
is, patients with pulmonary tuberculosis disease. Pulmonary 12 e
tuberculosis is a contagious disease caused by Mycobacterium Co12 4.642
tuberculosis, which can attack various organs, particularly the i1 1.1x1077
lungs. This disease is typical among women in their produc-
tive years (ages 15-50 years). The World Health Organization %o3 -0.073
(WHO) declared tuberculosis a global emergency in 1992 a5 0.004
[17]. WHO report in 2013 stated that there were 8.6 million Bis -0.004
tuberculosis cases in 2012, of which 40% of the cases were in Far advance
Southeast Asia. In a further report, Indonesia was noted as di3 0.008
the country with the second-largest number of cases, 2.8 mil- Co13 -1.903
lion, in 2015. s 1.4x 106
This study’s dataset consists of four patients (n =4) that
represent radiological images of the thorax (stadium), which o4 -0.407
are minimal lesion, mod advance, far advance, and KP Miller. oy 0.073
suPAR level as a response (y) with mL units in several obser- B -0.009
vation periods every two weeks for six months of treatment KP Miller e ’
(t=13) is observed. The predictor variables are the erythro- dyy 0.058
cyte sedimentation rate (x) with mm/hour units and body Cor4 -0.513
mass index (z) with kg/m? units. Ciis 1.6 % 10~

The partial relationship between the suPAR level and each
predictor variable for each subject is presented in Figure 2.
There were changes in data patterns in the four subjects
observed for six months with measurements taken every
two weeks. The plot in Figure 2 shows a different pattern
for each predictor. For this reason, we propose a nonpara-
metric regression approach based on a mixed estimator for
longitudinal data. The erythrocyte sedimentation rate (x) will
be approached by a truncated spline estimator, while the
body mass index (z) will be approached by a Fourier series
estimator.

In this case study, similar to the simulation study, only
three knot points and three oscillation parameters were used.
From the various knots and oscillation parameter results, we
obtained the GCV values listed in Table 3. Interestingly, the
data in this table is that the minimum GCV achieved one

oscillation parameter under the same conditions as the simu-
lation study, that is, one knot point. However, it has a differ-
ent smoothing parameter, A =1.25. This model provides a
GCV value of 0.239 with a RMSE of 0.197. The knot point
location and the results of the parameter estimation for each
subject of patients with pulmonary tuberculosis are pre-
sented in Tables 4 and 5, respectively.

Based on the optimal knot points in Table 3 and the
parameter estimation for each subject in Table 4, the non-
parametric regression model based on a mixed estimator
for longitudinal data can be written as follows:

(1) Model estimation for subject minimal lesion:
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71, = —0.481 +0.105x,;, — 0.119(x;,, — 6.184)
+0.004z,;, — 0.849 + 5.6 x 10™® cos z,,,
=-1.33+0.105x,;, — 0.119(x;,, — 6.184)

+0.004z,,, + 5.6 x 10°° cos z,,,

(62)

(2) Model estimation for subject mod advance:

Py =0.441 — 0.038x,,, + 0.041(x,, — 12.449) — 0.069z,,
+4.642+1.1x 1077 cos z,,, = 5.083 — 0.038x,,
+0.041(x,, — 12.449) - 0.069z ,,
+1.1x 1077 cos z,y

(63)
(3) Model estimation for subject far advance:
F5: = —0.073 + 0.004x, 5, — 0.004(x,;, — 18.816),
+0.008z,5, — 1.903 + 1.4 x 107® cos z,5, (64)
= ~1.976 + 0.004x,3, — 0.004(x 5, - 18.816),
+0.008z;, + 1.4 x 107° cos z,5,
(4) Model estimation for subject KP Miller:
34 = —0.407 +0.073x,,, — 0.009(x,, — 57.714),
+0.058z,, —0.513 + 1.6 x 10 cos z,, (65)

= ~0.92 + 0.073x,, — 0.009(x,, — 57.714),,

+0.058z,,, + 1.6 x 107 cos z,,,

4. Conclusions

Based on the simulation study and the case study, we selected
the best model by using the minimum GCV. The higher knot
point or oscillation parameter does not produce a high GCV
and vice versa. Therefore, we tried several combinations of
knot points and the oscillation parameter to choose the best
model. The result of the case study of patients suffering from
pulmonary tuberculosis is similar to the simulation study.
This study found that the best model uses a one knot point
and one oscillation with different A. It can be concluded that
the simulation study supports the results of the case study.

A limitation of this study is that it does not investigate
other sample sizes. Consequently, we cannot compare the
performance of the developed theory for different sample
sizes. Despite its limitations, the study certainly adds to our
understanding of the mixed estimator’s new theory in non-
parametric regression for longitudinal data.
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