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In this paper, the dynamical behavior of a three-dimensional fractional-order prey-predator model is investigated with Holling
type III functional response and constant rate harvesting. It is assumed that the middle predator species consumes only the
prey species, and the top predator species consumes only the middle predator species. We also prove the boundedness, the
non-negativity, the uniqueness, and the existence of the solutions of the proposed model. Then, all possible equilibria are
determined, and the dynamical behaviors of the proposed model around the equilibrium points are investigated. Finally,
numerical simulations results are presented to confirm the theoretical results and to give a better understanding of the

dynamics of our proposed model.

1. Introduction

The most influential theme in ecology and mathematical
modeling is the dynamic of the relationship among species.
Many authors extended or modified the work of the Lotka
and Voltera model [1, 2], and they have investigated thse
topics widely by using ordinary differential equations or def-
erence equations, see [3-9], and references therein. Nowa-
days, authors formulate their mathematical models by
fractional order differential equation due to their ability to
give the precise description for various linear and nonlinear
phenomena [10-15]. The increasing of mathematical models
that based on fractional order differential equation has
recently obtained popularity in the studying the behavior
of biological models. Fractional-order differential equation
has been successfully used and applied to model many areas
of science, engineering, and phenomena that cannot be for-
mulated by other types of equations [10, 16]. In [12, 16-21],
authors have investigated the effects of the fractional order
differential equation on a prey predator model as well as
they also discussed the stability analysis of equilibrium
points of fractional order model with and without harvest-

ing, as well as the existence, uniqueness, and boundedness
of the solutions that are proved.

There are several different types of definitions of
fractional-order differential equation in the literatures [16,
22-25], for e.g., Caputo, Riemann-Litouville, Fabrizio, Mar-
echand,Grunwald-Letnikov, wayl, and Riesz fractional-order
derivatives. Throughout this work, we used the Caputo
fractional-order derivatives because it is not necessary to
define the initial conditions of fractional-order and its
fractional-order derivative of constant function is zero, as
well as the similarity of the initial conditions of fractional
order differential and the integer order ones [8]. This work
is organized as follows: in Section 2, some useful definitions
and concept that concern to the fractional order are pre-
sented. In Section 3, a three-dimensional fractional-order
prey-predator model is considered. The uniqueness and
boundedness as well as the nonnegativity of its solution are
proved. In Section 4, all the equilibrium points are deter-
mined, and the conditions to achieve its local stability are
set. In Section 5, numerical simulations are given to confirm
the theoretical results. Finally, conclusions are given in Sec-
tion 6.


https://orcid.org/0000-0002-2848-4954
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/1366797

2. Preliminaries

Definition 1. [24, 26]: Caputo’s definition of fractional deriv-
atives is given as follows:

DEf(t) = 1o (1), a > 0,

where [a] is the least integer which is not less than «, and
I is the Riemann-Liouville integral operator of order 0
which is given by

If(t)=1r(®) [} (t- ) 'f(r)dr, > 0.

I'(0) is the Euler Gamma function.

Throughout this work, we need some useful results for the
fractional-order derivative. We start with the following
results which are proved in [13, 16, 27].

Lemma 1.

(1) Suppose that f(t) € C[a, b] and D%f(t) € C(a, b] with
0 < a <1, then we have

where a <& <x, Vx € (a,b).

(2) Suppose f(t) € Cla, b] and Df(t) € C(a,b), 0 <a <
1.IfD%f(t) > 0,Vt € (a, b), then f(t) is a nondecreas-
ing function V1 € [a, b], and if ; D*f(t) <0, Vt € (a, b)
, then f(¢) is a nonincreasing function Vi € [a, ]

(3) Consider the Cauchy problem

Dgx(t) = Ax(t) + £(1),

x(a)=b (beR). @

With 0 < « <1 and A € R, then the form of the solution is
given by

t
() = BE A=)+ [ (=9 At =97 (s ()
While the solution to the problem
Djx(t) = Ax(t),
x(a)=b (beR),
is given by

x(t) = DE,[A(t - a)"]. (5)
(4) Let u(t) be a continuous function on [t,, co] and
satisty

Diu(t) < -Au(t) + p, (6)

a
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where 0 << 1, (A, u) € R%, 1 # 0, and ¢, > 0 is the initial
time. Then, its solution has the form

u(t) < (u, - §)EJA( 1)+ )

==

For the existence a unique solution for the general
fractional-order derivative, we have the next lemma that
appeared in [28].

Lemma 2. Consider the system

Dix(t) = f(t,x), t > t,

with the initial condition x,, where0<a <1, f : [t),00)
x Q — R". If f(t, x) satisfies the locally Lipchitz condition
with respect to x, then there exists a unique solution of the
above system on [t,,00) x Q.

3. Model Formulation

Frist, the following three dimension prey-predator model
with functional response of Holling type III is considered
as follows:

dX oo X a, Y X*

ar K,) B +X

ay a,YX* bZzY?

— = - -qY-hY 3, 8
T B+ X° Byry? " ®)
az  b,ZY*

_=2_2_sz

dT  B,+Y

where X, Y,and Z are the density of prey species, mid-
dle species, and the top predator species. Ry, K, ¢}, ¢, , and
b, are the intrinsic growth rates, the carrying capacity of
the prey population, the death rates for middle predator
population and top predator population, and capture rate
of prey and middle predator, respectively. The para-
meter a,is the conservation rate of prey X, and the parame-
ters a,and b, are the conservation rate of middle predator
Y to the top predator Z, respectively. The constants B; and
B, are the predation rates and half saturation constants,
respectively. The parameter h, denotes to the constant har-
vesting rate.

We use the following transformation to reduce the
dimension of model (8). x=X/k,y=(a,/k,R,)Y
,z=(a,b,/R5ky)Z, and t = R, T, and then we obtain the fol-
lowing system:

dx ax?y

2o x(1-x) -

dt *(1-%) 1+ ax?

dy  bxy dy’z

dt " Tvae Tedp WP ©)
dz o’z

dt ~ 1+dy? T hE
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where a=kj/B,, b=aa,/Ry, c=Ryd/b,, d=k;R%/a’B,,
m, = c,k;Ry/a;, m, = Rylc,, and h = h,k,Ry/a,.

Next, we introduce the fractional-order derivative « in
model (2) with the help of fractional order Caputo type
derivative. Then, the system (9) becomes as follows:

axy
Dix(t) =x(1-x) - T+ a2
bx*y dy*z
(04 — _ — —
Doy =T ~Tvap ™Y o (10)
2
a . DF
Diz(t) = Trd? m,z

Remark 3. Because of the biological significance, we are
interesting solutions that are nonnegative and bounded only,
so that we will prove the following theorem.

Theorem 4. Let O, ={(x,y,2) |x>0,y>0andz>0} and
denotes all nonnegative real numbers in R>, and then all solu-
tions of the system (10) with x,> 0, y, > 0 and z, > 0 are uni-
formly bounded and nonnegative.

Proof. we have to show that x(f) > 0, V¢ > 0, assuming x(0)
>0 for t=0 considering that x(t) >0,Vt>0 is not true.
Then, there exists a constant t; > 0 such that

x(t)>0, 0<t<ty,
x(t)=0, t=t, (11)
x(t) <0, t>t.

From the first equation of system (10), we have

Dix(t)] =0 (12)

t=t,

According to part 1 in Lemma 1, we have x(t) =0,
which contradicts the fact that x(¢]) <0, i.e, x(t) <0,¢ > t,.
Therefore, we have x(t) > 0, V¢ > 0. By the same arguments,
y(t)=0,Vt>0 and z(t) > 0 can get V¢ > 0.For the uniformly
bounded, Let V(¢) = (1/a)x + (1/b)y + (d/bc)z, and then we
have

DUV(t) = L DRx(t) + 2 D%y(0) + L D)

a b be
13
1 1 d (13)
= Ex(l -Xx) - E(m1 +h)y - Be ™%

Now, for each # > 0, we have

1 d 1
DV (t)+yV(t)= ;x(l -X) == (m; +h)y- PR

1
b bc

X

Q=

+111y+i1ﬁz£—1x2+(11+1)
b be a

| =

# 1 () gy (1= ) 52
1

S—; |:x2—(r]+1)x+£(17+1)

I~y
| — o

2_

(n+1)*

z

Tl o

+(17—(m1+h))%y+(f1—mz)
=—é (x— %(’H 1)>2+ (’1;1)2

=y )y + (= )2

| —

<

(17+1)2+(17—(m1+h))%y+(q_m2)%24
(14)

'S

a

Therefore,

D*V(t) +nV(t) <1, by taking 5 < min((m, + h), m,),
where 1= (1/4a)(7+1)> > 0.

Now by using part 4 in Lemma 1, we have

) l
V(t)< [ V(0) = =) E[-n(t-0)] + =,
< V(0)E,[-nt"] + ﬁ( 1= E,[-nt"]).

Thus, V(t)—lln as t— oo and 0<V(t)<l/y.
Therefore, all solutions of system (10) that starts from
Q, are confined in the regionQ={(x,y,z) e R’ | V(t) <
(I/n) + &, forany e > 0}. O

Now, the existence and uniqueness of the solution of the
considered system (10) are shown in the next theorem:

Theorem 5. Let y be a sufficiently large, and then for each
So = (X0 ¥p 20) € {(, 3, 2) € R? [ max {|x|, [y, |2 < y}},
there exists a unique solution S=(x,y,z)€Q of the
fractional-order system (10) with initial condition S,, which
is defined for all t > 0.

Proof. Let S=(x,y,z), S=(X,7,Z), and consider a mapping
H(S) = (H,(S), Hy(S), Hy(S)), such that

ax’y
H(8)=x(1-x)- -—75
bx*y dy’z
H,(S) = Tva?  T+dyp -my—hy 5. (16)
2
cy’z
H;(S) = Tdyz —myz




For any S, S € Q, we have

[H(S) = H(S)|| = [H\(S) = H, (S) | + [Hx(S) - Hy (S)|
+|Hy(8) ~ Hy (8)| = |x(1 —x) - 1?2@
mx(1-x)+ 1?2/?2 lbi);z - 1?;;
-myy—hy- % + 1’?};2 +my+hy‘
+ %—mzz—%+mzz

“leHi-ee)
()

" (¥Py = %y) + ax’x*(y - y)
(1+ax?)(1 + ax?)

d((yzz ¥z) +dy*y* )

(1+dy*)( 1+dy

+

—m(y=y)-h(y-7)

(D) rdyyE-2)\
( [+ )1+ &) ) 2(-32)]
(17)

Since [1/(1+dy*)(1+dy?)|<1 and |1/(1+ax*)(1+a
x*)| <1 and max {|x|, |y|, |z|} <y, we can have

+

|H(S) —H(S)|| < |x - x|[1 - (x +X)|
xzy—fcz)’/’ +a’x2||5cz‘|y—)7|
[(1+ax?)(1+ ax?)|
|y2z—)722’ +d{y2H)’/2Hz—2\
[(1+dy?)(1+dy?)]
+(my +h)ly -y +my|z-Z]
< (1+2y+2y°(a+b))|x-x|
+((a+b)y’ +a(a+b)y* +2y°(d+c)
+(my +h))[y =] + ((d+c)y?
+d(d+c)y4 +my)|z-z| =

+(a+b)|

+(d+¢)

(18)

where L=max {(1+2y+2y*(a+b)),((a+b)y*+a(a
+b)y* +2y*(d+c) + (my+h)), (d+c)y* +d(d + c)y* +
m,)}.

Therefore, H(S) satisfies the Lipchitz condition. By
Lemma 2, the proof is finished.

4. The Equilibrium Points and Local
Stability Analysis

In this section, the existence and the local stability of equilib-
rium points of the considered system (10) are studied and
investigated. Before that, we need the following theorem.
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Theorem 6 (see [29]). Consider the fractional-order differen-
tial system d*x/dt* = f(x); x(0) = x,, with a € (0,1) and x €
R". The equilibrium points of the above system are solutions
to the equation f(x)=0. An equilibrium point is locally
asymptotically stable if all the eigenvalues A; of the Jacobian
matrix ]| =0f/0x evaluated at the equilibrium satisfy |arg

()] > ami2.

Proof (see [29]). To obtain the equilibrium points of the con-
sidered system (10), we solve the following simultaneous
equations:

Diix(t)

Diy(t)
Difz(t)

>

0
0, (19)
0

Thus, the considered system (10) has the following pos-
sible equilibrium points:

(1) The trivial equilibrium point E, = (0,0,0) and the
equilibrium point E; = (1,0, 0) without any restric-
tion on the parameters

(2) The top predator free equilibrium point E, = (x, 3, 0)
exists if b>a(m;+h) and 0<x<1, where Xx=
\/my +hib—a(m, +h) and y=(1/ax)(1-%)(1+a
x?)

(3) The interior equilibrium point E; = (x*, y*, z*) exists
if ¢ > msd and bx**/1 + ax** > (m, + h), where y* =
\/m,lc—m,d, x*, is the positive root of the equation
ax® —ax* + (ay* +1)x—1=0 and z*=(1+dy**/d
y*)(bx**/1 + ax** - (m, +h))

The Jacobian matrix of system (10) at (x, y,z) is given
by

- 2 -

12— 2axy _ax 0
K 3

2bxy bx*  2dyz dy?

J(xy,2) = 2 % i —m—h at
2cyz o
0 — — -m
i K ke 7

(20)
where k= (1 +ax?) and k, = (1 + dy?). O

The next theorems give the local stability of E;, E,, and
E,, respectively.

Theorem 7. The trivial equilibrium point E, of the system
(10) is always unstable point.
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Proof. The Jacobian matrix J at E; is given by

1 0 0
J(Eg)=10 —(m;+h) 0 (21)
0 0 -m,

The characteristic equation of the Jacobian matrix J(E,) is
given by

(1=2A)(=(m, +h) = 1)(-=m, = 1) = 0. (22)

Therefore, the roots of the above characteristic equation
are A, =1, A, =—(m; +h), and A, =-mj. Then, |arg (A,)|
=0<an/2, larg (A,)| =7 > an/2 and also |arg (A;)|=7>«
71/2. Hence, the trivial equilibrium point is always unstable
point. O

Theorem 8. The equilibrium point E, of system (10) is locally
asymptotically stable if <(m,; + h)(1 + a).

Proof. The Jacobian matrix J at E, is given by

-a
-1 0
l1+a
J(Ey) = _ (23)
1 0 i+ (m, +h) 0
0 0 -m,

The characteristic equation of the Jacobian matrix J(E,) is
given by

(-1- 1) (ﬁ — (m, +h) - /\) (-m,—A)=0. (24)

The roots of the above characteristic equation are A, =
-1, A, =b/(1+a) - (m, +h) and Ay = —m,. Then, |arg (A,)]
=larg (A,)|=m>an/2 and |arg (A;)|=7 > an/2. Hence,
the equilibrium point E, is locally asymptotically stable if <
(m; +h)(1 +a) . Otherwise, it is unstable point. O

Theorem 9. The equilibrium point E, is locally asymptoti-
cally stable if one of the following holds:

(i) cy’lk; <m,1, <0, 1, >0, and A>0

(i) cy’lk, <m,1l, <0 and A<0 and l|arg (A,)|=tan"!(
V=AIL) > am2,i=2,3 where A,; =1, F \/ 1] — 41,2,
L, =1-2x-(2(1-x)-bx*lk) - (m, +h), I,=(bx?*/

k)(1-2x)—(m;+h)(1-2x—-2(1-x)/k), and A=
L—4l,

5
Proof. The Jacobian matrix J at E, is given by
12,22 & 0o
= BB —dk—ylz
I 0 0 % —m, |
(25)

The characteristic equation of the Jacobian matrix J(E,)
is given by

c 2
<ky_1 —mz—}t) (W -LA+1)=0. (26)

It is clear that A, = cy*/k, — m, is negative if cy’/k; < m,
so that |arg (A,)| =7 > an/2. The other two roots A, and A,
\/I¥ — 41,/2. Hence, if A>0. then the eigenvalue
A, and the eigenvalue A, are taken negative value; thus, |
arg (A,)| = |arg (Ay)| = > an/2. Therefore, the point E, is
locally asymptotically stable. Also, if A<0 and if |arg (A,)]
=tan"'(v/-A/l;) >0,i=2,3 hold, then the equilibrium
point E, is asymptotically stable. Otherwise, it is unstable
point. O

are Ay, =1 F

In order to discuss the local stability of the interior point,
we need the following definition and lemma.

Definition 10 (see [30]). The discriminant D(f) of a polyno-
mial

f(x)=x"+a,x"" +ax" 4+ +a, (27)

is defined by D(f)=(-1)"""V2R(f,f"), where f' is the
derivative of f and where g(x) =x" + b;x'™' + b2 +--- +
b; and R(f, g) is an (n+1)@(n+1) determinant. If n=3,
then D(f) is given by

D(f)=18a,a,a; + (”’1‘12)2 - 4“3(“1)3 - 4(“2)3 - 27(“3)2~
(28)

Lemma 11 (see [30]). Let D(p) be a discriminant of the cubic
polynomial equation, p(A) = 1> + a, A’ + a,A + a; = 0, then

(1) If D(p) > 0,a, > 0,a; > 0, a,a, > a,, then |arg (A,)| >
an/2,i=1,2,3%a e (0,1)

(2) If D(p) <0,a, >0, a,>0, and a; > 0, then |arg (A,)]
>am/2,i=1,2,3 fora<2/3

(3) If D(P) <0, a,<0, a,<0, and a > 2/3, then |arg (1,)]
<am/2,i=1,2,3

(4) If D(P)<0, a;>0, a,>0, and a,a,=a;, then |arg
(A)|>am/2,i=1,2,3. Yae(0,1)
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FiGurek 1: This figure shows the local stability of the point E; and the time series of the three species. (a) The point E,. (b) Time series of the
three species.

Proof (see [30]). O (2) If D(p) <O,N;>0,N,>0, N; >0, for 0<a<2/3

Theorem 12. The interior equilibrium point E; is locally (3) If D(p) <O,N,>0,N,>0, N,N; =Ny, for 0< <1

asymptotically stable if one of the following conditions holds: where N, =—1+2x + (2axy/k?) — (bx*/k) + (2dyz/k2) +

h) = (cy?1k;) + m,, N, =(1-2x - 2axylk’)(bx*1k -2
(1) If D >O0,N,>0,N,>0 and N;,N,—N,>0, for 0 (m1+ 1 2 2
J<(“ (<Pz ! ’ e f dyzik; — (m, +h) + (cy?lk,) — m,) + (bx?/k — 2dyzik; — (m,
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+h))(cy?lk, — my) + (2abxPyIk’) + (2cdy’zlk,?), and N;=
~(1 = 2x = 2axylk®)[(bx?1k - 2dyzIk: — (m, + h))(cy’Ik,; —
m,) + (2cdy’zIkD)] - (2abx>yil) (cy? 1k, — m).

Proof. The Jacobian matrix of system (10) at E; is given by

I 2axy ax
1-2x- = - 0
2bxy bx?>  2dyz dy?
E,) = —= — - —(m +h -
]( 3) k2 k k% ( 1 ) kl
2¢cyz ot
0 el Z
_ G N

Therefore, the characteristic equation of J(E;) is given
by

p(A)=A> +N;A* + N,A + N, = 0. (30)

Thus, the discriminant D(p) of the cubic polynomial
p(A) is

1 N, N,N, 0
0 1 N/ N, N,

D(p)=-|3 2N, N, 0 0 |, (31)
0 3 2N, N, 0
0 0 3 2N, N,

where D(p) = 18N,N,N, + (N,N,)* - 4NN, — 4N3 —
27N3. O

Then, all results can be obtained by Lemma 6.

5. Numerical Simulation

All previous theoretical results in Section 4 are confirmed by
giving numerical simulations. At different set of values of
parameters, the local stability of E;, E,, and E; of the consid-
ered system (10) is investigated numerically.

First, for the point E,, the following set of values of the
parameters is chosen : 4, =0.5;¢, =0.1;b, =0.5;d, =0.2;
m; =0.15;m,=0.1;h=0.8,0=0.98, and (0.1,0.5,0.9) is
the initial value. Therefore, the condition in Theorem 4 is
satisfied. Figure 1 shows that the point E, is locally stable.

For the point E,, we choose the values of parameters as
following E,, a, =0.6; ¢, =0.1; b; =0.3; d, =0.2; m,; =0.03;
m, =0.32; and h =0.01,a=0.9 5, and (0.5,2.5,03) is the ini-
tial value. According to Theorem 9, the local stability of E, is
satisfied. Figure 2 illustrates the local stability of the point E,.

To show the local stability of the unique positive equilib-
rium point E;, these values of parameters are chosen a, =
0.75; ¢, =0.17; b, =0.3; d, =0.3; m, =0.03; m, =0.3; h=
0.02, and « =0.9 5, (0.82,1.95,0.9) is the initial value so that
according to Theorem 12, the equilibrium point E; is local

stability point, and the trajectories of prey and predator are
shown in Figure 3.

6. Conclusions

Fractional-order differential equations have recently been
successfully used and applied to model many areas of sci-
ence, especially, phenomena that cannot be formulated by
other types of equations, so that this work concerns a study
of a three-dimensional fractional-order prey-predator model
with Holling type III functional response and constant rate
harvesting. It is shown that the model possesses the exis-
tence, nonnegativity, boundedness, and uniqueness of the
solutions, as desired in any population dynamics. The local
stability of all possible equilibrium points of the considered
system is investigated analytically then confirms by numeri-
cal verifications.
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