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Themain goal of this paper is to investigate the boundedness and essential normof a class of product-type operators ðTm
u,v,φ,m ∈ℕÞ from

Hardy spaces into nth weighted-type spaces. As a corollary, we obtain some equivalent conditions for compactness of such operators.

1. Introduction

Let D denote the open unit disc of the complex plane ℂ and
HðDÞ denotes the space of all holomorphic functions on D.
The space of bounded holomorphic functions on D is
denoted by H∞; it is a Banach space with the equipped norm

gk kH∞ = sup
z∈D

g zð Þj j: ð1Þ

Let 0 < p <∞. A Hardy space Hp consists of all g ∈HðDÞ
such that

gk kHp = sup
0<r<1

1
2π

ð2π
0

g reiθ
� ���� ���pdθ� �1/p

<∞: ð2Þ

When 1 ≤ p <∞, Hp is a Banach space with the norm
k·kHp . If 0 < p < 1, Hp is a nonlocally convex topological
vector space and it is a complete metric space (see [1]).

Let n ∈ℕ0 = f0, 1, 2,⋯g and μðzÞ be a weight, continu-
ous, and positive function onD. The nth weighted-type space
W ðnÞ

μ , consists of all g ∈HðDÞ such that

b
W

nð Þ
μ

gð Þ = sup
z∈D

μ zð Þ g nð Þ zð Þ
��� ��� <∞: ð3Þ

It is a Banach space with the following norm

gk k
W

nð Þ
μ
= 〠

n−1

i=0
g ið Þ 0ð Þ
��� ��� + b

W
nð Þ
μ

gð Þ: ð4Þ

The little nth weighted-type space W
ðnÞ
μ,0 is a closed

subspace of W ðnÞ
μ such that for any g ∈W ðnÞ

μ,0

lim
zj j⟶1

μ zð Þ g nð Þ zð Þ
��� ��� = 0: ð5Þ

For more information about nth weighted-type spaces,

see [2–4]. Let α > 0. Then, W ð0Þ
ð1−jzj2Þa =H−α(growth space),

W
ð1Þ
ð1−jzj2Þa =Bα(Bloch-type space), and W

ð2Þ
ð1−jzj2Þa =Zα(Zyg-

mund-type space). Also W ð0Þ
μ =Hμ(weighted-type space),

W ð1Þ
μ =Bμ(weighted Bloch space), W ð2Þ

μ =Zμ(weighted

Zygmund space), and W
ð1Þ
ð1−jzj2Þ log ð2/ð1−jzj2ÞÞ coincide with

the logarithmic Bloch space Blog.
Let n, k ∈ℕ0 such that k ≤ n; the partial Bell polynomials

are triangular

Bn,k x1,⋯, xn−k+1ð Þ =〠 n!
j1!⋯jn−k+1!

x1
1!
� �j1

⋯
xn−k+1

n − k + 1ð Þ!
� �jn−k+1

,

ð6Þ
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where the sum is taken over all nonnegative integers j1,⋯,
jn−k+1 such that

j1+⋯+ n − k + 1ð Þjn−k+1 = n,
j1+⋯+jn−k+1 = k:

ð7Þ

More information about Bell polynomials can be found
in ([5], p 134).

Let m ∈ℕ0, u, v ∈HðDÞ and φ ∈ SðDÞ be the set of all
holomorphic self-map of D. In [6], Stevic′, Sharma and
Krishan defined a new product-type operator Tm

u,v,φ as follows:

Tm
u,v,φg zð Þ = u zð Þg mð Þ φ zð Þð Þ + v zð Þg m+1ð Þ φ zð Þð Þ, g ∈H Dð Þ, z ∈D:

ð8Þ

Whenm = 0, we obtain the Stevic′-Sharma-type operator,
and for v ≡ 0, we get the generalized weighted composition
operators Dm

u,φ. Product-type operators on some spaces of
analytic functions on the unit disc have become a subject of
increasing interest in the recent years. We refer the reader to
[6–10] and the references therein.

Liu and Yu have considered boundedness and compact-
ness of operator T0

u,v,φ from Hardy spaces and H∞ into the
logarithmic Bloch space in [11, 12]. Also, Zhang and Liu have
found some characterizations for boundedness and compact-
ness of operator T0

u,v,φ from Hardy spaces into the weighted
Zygmund space in [10]. Recently, the boundedness,
compactness, and norm of operator T0

u,v,φ : Hp ⟶W n
μ are

considered in [13].
Motivated by previous works, the results found in them

will be generalized for operator Tm
u,v,φ. For this purpose in

the second section of this paper, we give some characteriza-
tions for boundedness of operator Tm

u,v,φ : Hp ⟶W ðnÞ
μ

where m, n ∈ℕ and 0 < p ≤∞. In the third section, some
new estimates are obtained for the essential norm of such
operators. As a corollary, some equivalent conditions are
acquired for compactness of such operators.

Throughout this paper, if there exists a constant c such
that a ≥ cb, we use the notation a ⪰ b. The symbol a ≈ b
means that a ⪰ b ⪰ a.

2. Boundedness

In this section, some equivalent conditions are found for the
boundedness of operator Tm

u,v,φðm ∈ℕÞ from Hpð0 < p≤∞Þ
into nth weighted-type spaces. Firstly, we state some lemmas.

Lemma 1 (see [14], Propositions 8). Let α > 0. Then, for any
g ∈Bα and n ∈ℕ,

〠
n−1

i=0
g ið Þ 0ð Þ
��� ��� + sup 1 − zj j2� �α−1+n

z∈D
g nð Þ zð Þ
��� ��� ≈ gk kBα : ð9Þ

Lemma 2 (see [15], Lemma 2.1). Let α > 0 and Bα
0 =

W
ð1Þ
ð1−jzj2Þa ,0. The sequence fj

α−1zjg∞1 is bounded in Bα
0 and

lim
j⟶∞

jα−1 zj
		 		

Bα =
2α
e

� �a

: ð10Þ

From Lemma 1, Proposition 5.1.2 [16] and [1], the next
lemma is obtained.

Lemma 3. Let 0 < p ≤∞, n ∈ℕ0 and g ∈Hp. Then,

g nð Þ zð Þ
��� ���⪯ gk kHp

1 − zj j2� � 1/pð Þ+n , z ∈D: ð11Þ

Lemma 4 (see [4]). Let φ ∈ SðDÞ and u, g ∈HðDÞ. Then, for
any m, n ∈ℕ0

u zð Þg mð Þ φ zð Þð Þ
� � nð Þ

= 〠
n

i=0
g m+ið Þ φ zð Þð Þ

�〠
n

l=i

n

l

 !
u n−lð Þ zð ÞBl,i φ′ zð Þ, φ′′ zð Þ,⋯, φ l−i+1ð Þ zð Þ

� �
:

ð12Þ

In this paper, we set

f i,a zð Þ = 1 − aj j2� �i
1 − �azð Þ 1/pð Þ+i , 0 ≠ a, z ∈D, i ∈ℕ,

In,ui,φ zð Þ = 〠
n

l=i

n

l

 !
u n−lð Þ zð ÞBl,i φ′ zð Þ, φ′′ zð Þ,⋯, φ l−i+1ð Þ zð Þ

� �
,

In,un+1,φ zð Þ = In,v−1,φ zð Þ = 0, pj zð Þ = zj:

ð13Þ

By using the functions f i,a, we obtain the following
lemma. Since the proof of it resembles the proof of Lemma
1 [2], therefore, it is omitted.

Lemma 5. Let δik be Kronecker delta. For any 0 ≠ a ∈D, m
∈ℕ0, and i ∈ f0,⋯, n + 1g, there exists a function gi,a ∈H

p

such that

g m+kð Þ
i,a að Þ = δik�a

m+k

1 − aj j2� �m+k+ 1/pð Þ : ð14Þ

In this case, gi,aðzÞ =∑n+2
j=1 c

i
j f j,aðzÞ, where cij are indepen-

dent of choice a.

Theorem 6. Let m, n ∈ℕ, 0 < p ≤∞, u, v ∈HðDÞ, μ be a
weight and φ ∈ SðDÞ. Then, the following statements are
equivalent

(a) The operator Tm
u,v,φ : Hp ⟶W ðnÞ

μ is bounded
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(b) The operator Tm
u,v,φ : B1+ð1/pÞ ⟶W ðnÞ

μ is bounded

(c) The operator Tm
u,v,φ : B

1+ð1/pÞ
0 ⟶W ðnÞ

μ is bounded

(d) sup j≥1 j
1/pkTm

u,v,φpjkW ðnÞ
μ
<∞

(e) For each i ∈ f0, 1,⋯, n + 1g, sup
a∈D

kTm
u,v,φ f i+1,akW ðnÞ

μ
<∞

and sup
z∈D

μðzÞjðIn,ui,φ + In,vi−1,φÞðzÞj <∞

(f) For each i ∈ f0,⋯, n + 1g,

sup
z∈D

μ zð Þ In,ui,φ + In,vi−1,φ

� �
zð Þ

��� ���
1 − φ zð Þj j2� �m+i+ 1/pð Þ <∞ ð15Þ

Proof. ðbÞ⟹ ðcÞ Since B1+ð1/pÞ
0 ⊂B1+ð1/pÞ, we get ðcÞ.

ðcÞ⟹ ðdÞ It follows from Lemma 2.
ðdÞ⟹ ðeÞ For each i ∈ f0,⋯, n + 1g and a ∈D,

f i+1,a zð Þ = 1 − aj j2� �i+1 〠∞
j=0

Γ i + 1 + 1/pð Þ + jð Þ
j!Γ i + 1 + 1/pð Þð Þ �ajzj: ð16Þ

So,

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

⪯ 1 − aj j2� �i+1 〠∞
j=0

ji �aj jj j1/p Tm
u,v,φpj

			 			
W

nð Þ
μ

≤ sup
j≥1

j1/p Tm
u,v,φpj

			 			
W

nð Þ
μ

1 − aj j2� �i+1 〠∞
j=0

ji �aj jj,

⪯sup
j≥1

j1/p Tm
u,v,φpj

			 			
W

nð Þ
μ

1 − aj j2� �i+1 〠∞
j=0

Γ i + 1 + jð Þ
j!Γ i + 1ð Þ �aj jj,

⪯2i+1 sup
j≥1

j1/p Tm
u,v,φpj

			 			
W

nð Þ
μ

: ð17Þ

Hence, supa∈DkTm
u,v,φ f i+1,akW ðnÞ

μ
<∞. It is remained to

show that for each i ∈ f0, 1,⋯, n + 1g, supz∈DμðzÞjðIn,ui,φ +
In,vi−1,φÞðzÞj <∞: Applying the operator Tm

u,v,φ to pmðzÞ, by
using Lemma 4, we have

sup
z∈D

μ zð Þ In,u0,φ zð Þ + In,v−1,φ zð Þ|fflfflffl{zfflfflffl}
0

���������

���������
≤

Tm
u,v,φpj

			 			
W

nð Þ
μ

m!
<∞: ð18Þ

Now, assume that we have the following inequalities for
0 ≤ i ≤ j − 1,

sup
z∈D

μ zð Þ In,ui,φ + In,vi−1,φ

� �
zð Þ

��� ��� <∞, ð19Þ

where j ≤ n + 1. By applying the operator Tm
u,v,φ for pj+mðzÞ

and using Lemma 4, we get

sup
z∈D

μ zð Þ∣ j +mð Þ!
j!

φ zð Þð ÞjIn,u0,φ zð Þ + 〠
j

k=1

j +mð Þ!
j − kð Þ! φ zð Þð Þj−k

� In,uk,φ + In,vk−1,φ

� �
zð Þ∣ ≤ Tm

u,v,φpj
			 			

W
nð Þ
μ

<∞:

ð20Þ

Since kφk ≤ 1, so from the triangle inequality, we have

sup
z∈D

μ zð Þ In,uj,φ zð Þ + In,vj−1,φ
� �

zð Þ
��� ��� <∞: ð21Þ

ðeÞ⇒ ð f Þ For any φðaÞ ≠ 0 and i ∈ f0,⋯, n + 1g, by using
Lemmas 4 and 5, we obtain

μ að Þ φ að Þj jm+i In,ui,φ + In,vi−1,φ
� �

að Þ
��� ���

1 − φ að Þj j2� �m+i+ 1/pð Þ ≤ sup
a∈D

Tm
u,v,φgi+1, að Þ

			 			
W

nð Þ
μ

≤ 〠
n+2

j=1
cij
��� ��� sup

a∈D
Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

<∞:

ð22Þ

Therefore from the last inequality,

sup
φ að Þj j> 1/2ð Þ

μ að Þ In,ui,φ + In,vi−1,φ
� �

að Þ
��� ���

1 − φ að Þj j2� �m+i+ 1/pð Þ ⪯〠
n+2

j=1
cij
��� ��� sup

a∈D
Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

<∞:

ð23Þ

On the other hand, from ðeÞ, we have

sup
φ að Þj j≤ 1/2ð Þ

μ að Þ In,ui,φ + In,vi−1,φ

� �
að Þ

��� ���
1 − φ að Þj j2� �m+i+ 1/pð Þ ⪯ sup

φ að Þj j≤ 1/2ð Þ
μ að Þ In,ui,φ + In,vi−1,φ

� �
að Þ

��� ��� <∞:

ð24Þ

ð f Þ⟹ ðbÞ For any f ∈B1+1/p, by using Lemmas 1 and 4,
we obtain

μ zð Þ∣ Tm
u,v,φ f

� � nð Þ
zð Þ ≤μ zð Þj j〠

n+1

i=0
f m+ið Þ φ zð Þð Þ In,ui,φ + In,vi−1,φ

� �
zð Þ∣

≤ fk kB1+ 1/pð Þ 〠
n+1

i=0
sup
z∈D

μ zð Þ In,ui,φ + In,vi−1,φ

� �
zð Þ

��� ���
1 − φ zð Þj j2� �m+i+ 1/pð Þ :

ð25Þ

Also for each 0 ≤ k < n, we have

Tm
u,v,φ f

� � kð Þ
0ð Þ

����
���� ≤ fk kB1+ 1/pð Þ 〠

k+1

i=0

Ik,ui,φ + Ik,vi−1,φ
� �

0ð Þ
��� ���
1 − φ 0ð Þj j2� �m+i+ 1/pð Þ :

ð26Þ

So, the operator Tm
u,v,φ : B1+ð1/pÞ ⟶W ðnÞ

μ is bounded.
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ðbÞ⟹ ðaÞ From Lemma 3, Hp ⊂B1+ð1/pÞ, so we
obtain ðaÞ.

ðaÞ⟹ ðeÞ It is clear that f i,a ∈H
p and supa∈Dk f i,akHp

<∞. Hence, for each i ∈ f0,⋯, n + 1g,

sup
a∈D

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

≤ Tm
u,v,φ

			 			
Hp⟶W

nð Þ
μ

sup
a∈D

f i+1,a
		 		

Hp <∞:

ð27Þ

The proof of the second part of ðeÞ is similar to the proof
ðdÞ⟹ ðeÞ, so it is omitted. The proof is complete. ☐

3. Essential Norm

In this section, we find some approximations for the essential
norm of operator Tm

u,v,φ from Hardy spaces into nth weighted
type-spaces. As a corollary, we give some equivalent condi-
tions for compactness of such operators.

Let X and Y be Banach spaces and T : X⟶ Y be the
continuous linear operator. The essential norm of T is the
distance from T to the compact operators, that is,

Tk ke,X⟶Y = inf T − Kk k: K : X ⟶ Y is compactf g: ð28Þ

It is clear that T is compact if and only if kTke,X⟶Y = 0.

Theorem 7. Let m, n ∈ℕ, 0 < p ≤∞, u, v ∈HðDÞ, φ ∈ SðDÞ,
and μ be a weight such that Tm

u,v,φ : B1+ð1/pÞ ⟶W ðnÞ
μ be

bounded. Then

Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

≈max Aif gn+1i=0 ≈max Bif gn+1i=0 , ð29Þ

where

Ai = limsup
∣a∣⟶1

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

,

Bi = limsup
φ zð Þj j⟶1

μ zð Þ In,ui,φ + In,vi−1,φ

� �
zð Þ

��� ���
1 − φ zð Þj j2� �m+i+ 1/pð Þ :

ð30Þ

Proof. For each i ∈ f0,⋯, n + 1g, supa∈Dk f i+1,akB1+ð1/pÞ <∞
and f i+1,a ⟶ 0 uniformly on compact subsets of D as jaj
⟶ 1. Applying Lemma 2.10 from [17], for any compact
operator K from B1+ð1/pÞ into W ðnÞ

μ , we have

lim
aj j⟶1

Kf i+1,a
		 		

W
nð Þ
μ
= 0: ð31Þ

Hence, for any i ∈ f0,⋯, n + 1g,

Ai = limsup
aj j⟶1

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

− lim
aj j⟶1

Kf i+1,a
		 		

W
nð Þ
μ

≤ limsup
aj j⟶1

Tm
u,v,φ − K

� �
f i+1,a

			 			
W

nð Þ
μ

⪯ Tm
u,v,φ − K

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

:

ð32Þ

So,

max Aif gn+1i=0 ⪯infK Tm
u,v,φ − K

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

= Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

:

ð33Þ

Now, we prove that

max Bif gn+1i=0 ⪯ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

: ð34Þ

Let fzjg j∈ℕ be a sequence in D such that lim j⟶∞jφðzjÞj
⟶ 1. Since Tm

u,v,φ : B1+ð1/pÞ ⟶W ðnÞ
μ is bounded, by using

Lemmas 4 and 5 for any compact operator K : B1+ð1/pÞ

⟶W ðnÞ
μ and i ∈ f0,⋯, n + 1g, we obtain

Tm
u,v,φ − K

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

⪰ limsup
j⟶∞

Tm
u,v,φ gi,φ z jð Þ
� �			 			

W
nð Þ
μ

− lim
j⟶∞

K gi,φ z jð Þ
� �			 			

W
nð Þ
μ

⪰ limsup
j⟶∞

μ zj
� �

φ zj
� ��� ��m+i In,ui,φ + In,vi−1,φ

� �
zj
� ���� ���

1 − φ zj
� ��� ��2� �m+i+ 1/pð Þ :

ð35Þ

So, from the definition of the essential norm, we get (34).
For r ∈ ½0,1Þ, we define Kr f ðzÞ = f rðzÞ = f ðrzÞ. It is appar-

ent that Kr is a compact operator onB1+ð1/pÞ. Let frjg ⊂ ð0, 1Þ
be a sequence such that r j ⟶ 1 as j⟶∞. Since f r ⟶ f
uniformly on compact subsets of D as r⟶ 1, then, for any
positive integer j, the operator Tm

u,v,φKrj
: B1+ð1/pÞ ⟶W ðnÞ

μ

is compact. Based on the definition of the essential norm, we
obtain

Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

≤ limsup
j⟶∞

Tm
u,v,φ − Tm

u,v,φKrj

			 			: ð36Þ

So, it is sufficient to show that

limsup
j⟶∞

Tm
u,v,φ − Tm

u,v,φKrj

			 			⪯min max Aif gn+1i=0 , maxmax Bif gn+1i=0
� �

:

ð37Þ

Let f ∈B1+ð1/pÞ such that k f kB1+ð1/pÞ ≤ 1 and for all j ≥N ,
r j ≥ ð3/4Þ, therefore,
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Tm
u,v,φ − Tm

u,v,φKrj

� �
f

			 			
W

nð Þ
μ

≤ 〠
n−1

t=0
Tm
u,v,φ f − f r j

� �� � tð Þ
0ð Þ

����
����

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
St

+ supμ zð Þ 〠n+1
k=0 f − f r j

� � k+mð Þ
φ zð Þð Þ In,uk,φ + In,vk−1,φ

� �
zð Þ

����
����

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
H1

+ supμ zð Þ 〠n+1
k=0 f − f r j

� � k+mð Þ
φ zð Þð Þ In,uk,φ + In,vk−1,φ

� �
zð Þ

����
����

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
H2

:

ð38Þ

For any s ∈ℕ0 and compact subset ofD, ð f − f r jÞ
ðsÞ ⟶ 0

uniformly, hence, from Theorem 6, we obtain

limsup
j⟶∞

H1 = 0,

limsup
j⟶∞

St = 0 t = 0,⋯, n − 1ð Þ:
ð39Þ

On the other hand

H2 ≤ 〠
n+1

k=0
supμ zð Þ f k+mð Þ φ zð Þð Þ

��� ��� In,uk,φ + In,vk−1,φ
� �

zð Þ
��� ���

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Mk

+ 〠
n+1

k=0
supμ zð Þ rkj f k+mð Þ r jφ zð Þ� ���� ��� In,uk,φ + In,vk−1,φ

� �
zð Þ

��� ���
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Nk

:

ð40Þ

Now, estimate for Mk is obtained. Employing Lemmas 1
and 5,

Mk = sup
φ zð Þj j>rN

μ zð Þ
1 − φ zð Þj j2� �m+k+ 1/pð Þ f m+kð Þ φ zð Þð Þ

��� ���
φ zð Þj jm+k

×
φ zð Þj jm+k In,uk,φ + In,vk−1,φ

� �
zð Þ

��� ���
1 − φ zð Þj j2� �m+k+ 1/pð Þ

⪯ fk kB1+ 1/pð Þ sup
φ zð Þj j>rN

Tm
u,v,φgk,φ zð Þ

			 			
W

nð Þ
μ

⪯〠
n+1

i=0
cki+1
��� ��� sup

aj j>rN
Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

:

ð41Þ

Taking the limit when N ⟶∞, we get

limsup
j⟶∞

Mk⪯〠
n+1

i=0
limsup Tm

u,v,φ f i+1,a
			 			

W
nð Þ
μ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ai

⪯max Aif gn+1i=0 ,

limsup
j⟶∞

Mk⪯Bk:

ð42Þ

Likewise, we have

limsup
j⟶∞

Nk⪯〠
n+1

i=0
limsup Tm

u,v,φ f i+1,a
			 			

W
nð Þ
μ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ai

⪯max Aif gn+1i=0 ,

limsup
j⟶∞

Nk⪯Bk:

ð43Þ

Thus, by using (38), (39), (40), (42) and (43), we obtain

limsup
j⟶∞

Tm
u,v,φ − Tm

u,v,φKrj

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

= limsup
j⟶∞

sup
fk k

B1+ 1/pð Þ≤1
Tm
u,v,φ − Tm

u,v,φKrj

� �
f

			 			
W

nð Þ
μ

⪯max Aif gn+1i=0 ,

limsup
j⟶∞

Tm
u,v,φ − Tm

u,v,φKrj

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

⪯max Bif gn+1i=0 : ð44Þ

Hence, from (36),

Tm
u,v,φ

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

⪯min max Aif gn+1i=0 , max Bif gn+1i=0
� �

:

ð45Þ

Consequently,

Tm
u,v,φ

			 			
B1+ 1/pð Þ⟶W

nð Þ
μ

≈max Aif gn+1i=0 ≈max Bif gn+1i=0 : ð46Þ

The proof is complete. ☐

Theorem 8. Letm, n ∈ℕ, 0 < p ≤∞, u, v ∈HðDÞ, φ ∈ SðDÞ, μ
be a weight. If Tm

u,v,φ : Hp ⟶W ðnÞ
μ be bounded then

Tm
u,v,φ

			 			
e,Hp⟶W

nð Þ
μ

≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

: ð47Þ

Proof. It is evident that

Tm
u,v,φ

			 			
e,Hp⟶W

nð Þ
μ

⪯ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

: ð48Þ

On the other hand, since f i,aðzÞ = ð1 − jaj2Þi/
ð1 − �azÞi+ð1/pÞ ∈Hp, for any compact operator K : Hp ⟶

W ðnÞ
μ , from Lemma 2.10 in [17], for any i ∈ f0,⋯, n + 1g,

we get
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Tm
u,v,φ − K

			 			
Hp⟶W

nð Þ
μ

⪰ limsup
aj j⟶1

Tm
u,v,φ − K

� �
f i+1,a

			 			
W

nð Þ
μ

≥ limsup
aj j⟶1

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

− lim
aj j⟶1

Kf i+1,a
		 		

W
nð Þ
μ
= Ai:

ð49Þ

So, from the last inequality and Theorem 7

Tm
u,v,φ

			 			
e,Hp⟶W

nð Þ
μ

⪰max Aif gn+1i=0 ≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

:

ð50Þ

The proof is complete. ☐

Theorem 9. Let m, n ∈ℕ, 0 < p ≤∞, u, v ∈HðDÞ, μ be a

weight and φ ∈ SðDÞ such that Tm
u,v,φ : B1+ð1/pÞðB1+ð1/pÞ

0 Þ
⟶W ðnÞ

μ be bounded. Then,

limsup
j⟶∞

j1/p Tm
u,v,φpj

			 			
W

nð Þ
μ

≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ

0 ⟶W
nð Þ
μ

≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

:

ð51Þ

Proof. Let j be any positive integer and hjðzÞ = jð1/pÞpjðzÞ. It is
clear that khjkB1+ð1/pÞ ≈ 1, hj ∈B

1+ð1/pÞ
0 , and fhjgj∈ℕ converge

to 0 uniformly on compact subsets of D. By using Lemma

2.10 in [17], for any compact operator K from B
1+ð1/pÞ
0 into

W n
μ, we get

lim
j⟶∞

Khj
		 		

W
nð Þ
μ
= 0: ð52Þ

Hence,

Tm
u,v,φ − K

			 			
B

1+ 1/pð Þ
0 ⟶W

nð Þ
μ

⪰ limsup
j⟶∞

Tm
u,v,φ − K

� �
hj

			 			
W

nð Þ
μ

≥ limsup
j⟶∞

Tm
u,v,φhj

			 			
W

nð Þ
μ

∥−limsup
j⟶∞

Khj
		 		

W
nð Þ
μ

= limsup
j⟶∞

j 1/pð Þ Tm
u,v,φpj

			 			
W

nð Þ
μ

:

ð53Þ

So, kTm
u,v,φke,B1+ð1/pÞ

0 ⟶W
ðnÞ
μ
⪰ limsup j⟶∞ jð1/pÞ

kTm
u,v,φpjkW ðnÞ

μ
: Now, we prove that

limsup
j⟶∞

j 1/pð Þ Tm
u,v,φpj

			 			
W

nð Þ
μ

⪰ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

: ð54Þ

From Theorem 6, for any fixed positive integer k ≥m and
0 ≤ i ≤ n + 1, we have

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

≤ Ci+1 1 − aj j2� �i+1 〠∞
j=0

ji aj jj j 1/pð Þ Tm
u,v,φpj

			 			
W

nð Þ
μ

= Ci+1 1 − aj j2� �i+1 〠
k−1

j=0
ji aj jj j 1/pð Þ Tm

u,v,φpj
			 			

W
nð Þ
μ

 

+ 〠
∞

j=k
ji aj jj j 1/pð Þ Tm

u,v,φpj
			 			

W
nð Þ
μ

�

≤ 2QCi+1 k − 1ð Þi+1 1 − aj jk
� �

1 − aj j2� �i
+ 2i+1Ci+1Ci+1′ sup

j≥k
j 1/pð Þ Tm

u,v,φpj
			 			

W
nð Þ
μ

,

ð55Þ

where Q = sup j≥mj
ð1/pÞkTm

u,v,φpjkW ðnÞ
μ
: Letting jaj⟶ 1, we

obtain

Ai+1 = limsup
∣a∣⟶1

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

⪯sup
j≥k

j 1/pð Þ Tm
u,v,φpj

			 			
W

nð Þ
μ

:

ð56Þ

Applying Theorem 7, we get

Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

≈max Aif gn+1i=0 ⪯limsup
j⟶∞

j 1/pð Þ Tm
u,v,φpj

			 			
W

nð Þ
μ

:

ð57Þ

It is clear that kTm
u,v,φke,B1+ð1/pÞ

0 ⟶W
ðnÞ
μ
≤ kTm

u,v,φke,B1+ð1/pÞ

⟶W ðnÞ
μ ; so, from the last inequalities, we have

limsup
j⟶∞

j 1/pð Þ Tm
u,v,φpj

			 			
W

nð Þ
μ

≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ

0 ⟶W
nð Þ
μ

≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ⟶W

nð Þ
μ

:
ð58Þ

The proof is complete. ☐

4. Some Applications

For 0 < p <∞, by using Lemma 3, we have Hp ⊂B
1+ð1/pÞ
0 .

Also, for p =∞, H∞ ⊈B0 and H∞ ∩B0 are a Banach space
with the norm k·kH∞ . In this case, we get the following
corollary.

Corollary 10. Let m, n ∈ℕ, u, v ∈HðDÞ, and μ be a weight
and φ ∈ SðDÞ. The operator Tm

u,v,φ : H∞ ⟶W ðnÞ
μ is bounded

if and only if the operator Tm
u,v,φ : H∞ ∩B0 ⟶W ðnÞ

μ be
bounded.

Corollary 11. Letm, n ∈ℕ, u, v ∈HðDÞ, φ ∈ SðDÞ, and μ be a
weight. If Tm

u,v,φ : H∞ ⟶W ðnÞ
μ be bounded, then,

Tm
u,v,φ

			 			
e,H∞⟶W

nð Þ
μ

≈ Tm
u,v,φ

			 			
e,H∞∩B0⟶W

nð Þ
μ

: ð59Þ
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Proof. It is clear that kTm
u,v,φke,H∞∩B0⟶W

ðnÞ
μ

⪯

kTm
u,v,φke,H∞⟶W

ðnÞ
μ

and f i,aðzÞ = ðð1 − jaj2Þi/ð1 − �azÞiÞ ∈H∞

∩B0. So, for any compact operator K : H∞ ∩B0 ⟶

W ðnÞ
μ , from Lemma 2.10 in [17], for any i ∈ f0,⋯, n + 1g,

we obtain

Tm
u,v,φ

			 			
e,H∞∩B0⟶W

nð Þ
μ

⪰ limsup
aj j⟶1

Tm
u,v,φ − K

� �
f i+1,a

			 			
W

nð Þ
μ

≥ limsup
aj j⟶1

Tm
u,v,φ f i+1,a

			 			
W

nð Þ
μ

− lim
aj j⟶1

Kf i+1,a
		 		

W
nð Þ
μ
= Ai:

ð60Þ

Hence, from the last inequality and Theorem 7,

Tm
u,v,φ

			 			
e,H∞∩B0⟶W

nð Þ
μ

⪰max Aif gn+1i=0 ≈ Tm
u,v,φ

			 			
e,B1+ 1/pð Þ

0 ⟶W
nð Þ
μ

:

ð61Þ

The proof is complete. ☐

From Theorems 7, 8 and 9 and Corollary 11, the next
corollaries are obtained.

Corollary 12. Letm, n ∈ℕ, 0 < p <∞, u, v ∈HðDÞ, φ ∈ SðDÞ,
and μ be a weight such that Tm

u,v,φ : Hp ⟶W ðnÞ
μ be bounded.

Then, the following statements are equivalent.

(a) The operator Tm
u,v,φ : Hp ⟶W ðnÞ

μ is compact

(b) The operator Tm
u,v,φ : B1+ð1/pÞ ⟶W ðnÞ

μ is compact

(c) The operator Tm
u,v,φ : B

1+ð1/pÞ
0 ⟶W ðnÞ

μ is compact

(d) lim j⟶∞ jð1/pÞkTm
u,v,φpjkW ðnÞ

μ
= 0

(e) For each i ∈ f0,⋯, n + 1g, limsup∣a∣⟶1

kTm
u,v,φ f i+1,akW ðnÞ

μ
= 0

(f) For each i ∈ f0,⋯, n + 1g,

limsup
φ zð Þj j⟶1

μ zð Þ In,ui,φ + In,vi−1,φ

� �
zð Þ

��� ���
1 − φ zð Þj j2� �m+i+ 1/pð Þ = 0 ð62Þ

Corollary 13. Letm, n ∈ℕ, u, v ∈HðDÞ, φ ∈ SðDÞ, and μ be a
weight such that Tm

u,v,φ : H∞ ⟶W ðnÞ
μ be bounded. Then, the

following statements are equivalent.

(a) The operator Tm
u,v,φ : H∞ ⟶W ðnÞ

μ is compact

(b) The operator Tm
u,v,φ : H∞ ∩B0 ⟶W ðnÞ

μ is compact

(c) The operator Tm
u,v,φ : B⟶W ðnÞ

μ is compact

(d) The operator Tm
u,v,φ : B0 ⟶W ðnÞ

μ is compact

(e) limj⟶∞kTm
u,v,φpjkW ðnÞ

μ
= 0

(f) For each i ∈ f0,⋯, n + 1g, limsup∣a∣⟶1

kTm
u,v,φ f i+1,akW ðnÞ

μ
= 0

(g) For each i ∈ f0,⋯, n + 1g

limsup
φ zð Þj j⟶1

μ zð Þ In,ui,φ + In,vi−1,φ
� �

zð Þ
��� ���
1 − φ zð Þj j2� �m+i = 0 ð63Þ

Remark 14. By putting v ≡ 0 in Theorems 6, 7, 8, and 9 and
Corollaries 12 and 13, some characterizations are acquired
for boundedness, essential norm, and compactness of the
generalized weighted composition operator from Hardy
spaces ð0 < p≤∞Þ into nth weighted-type spaces.

Since

I1,u0,φ + I1,v−1,φ
� �

zð Þ = u′ zð Þ,

I1,u1,φ + I1,v0,φ
� �

zð Þ = u zð Þφ′ zð Þ + v′ zð Þ,

I1,u2,φ + I1,v1,φ
� �

zð Þ = v zð Þφ′ zð Þ,

ð64Þ

we obtain the next remark.

Remark 15. Let α > 0. Setting n = 1ðμðzÞ = ð1 − jzj2Þa, ð1 −
jzj2Þ log ð2/ð1 − jzjÞÞÞ in Theorems 6, 7, 8, and 9 and Corol-
laries12 and 13 and using (64) we get similar results for oper-
ator Tm

u,v,φ : Hp ⟶BμðTm
u,v,φ : Hp ⟶Bα, Tm

u,v,φ : Hp ⟶

BlogÞ(see [11, 12]).

I2,u0,φ + I2,v−1,φ
� �

zð Þ = u′′ zð Þ,

I2,u1,φ + I2,v0,φ
� �

zð Þ = 2u′ zð Þφ′ zð Þ + u zð Þφ′′ zð Þ + v′′ zð Þ,

I2,u2,φ + I2,v1,φ
� �

zð Þ = u zð Þφ′2 zð Þ + 2v′ zð Þφ′ zð Þ + v zð Þφ′′ zð Þ,

I2,u3,φ + I2,v2,φ
� �

zð Þ = v zð Þφ′2 zð Þ:
ð65Þ

Remark 16. Putting n = 2ðμðzÞ = ð1 − jzj2ÞaÞ in Theorems 6,
7, 8, and 9 and Corollaries 12 and 13 and applying (65),
similar results are achieved for operator Tm

u,v,φ : Hp ⟶

ZμðTm
u,v,φ : Hp ⟶ZαÞ (generalizingTheorems 7 and 9 [10]).
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