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Chaundy and Jolliffe proved that if {a,} is a nonnegative, nonincreasing real sequence, then series Y a, sin (nx) converges
uniformly if and only if na, — 0. The purpose of this paper is to show that if {na,} is nonincreasing and na, — 0, then the
series f(x) = Ya, sin (y/nx) can be differentiated term-by-term on [c, d] for ¢, d > 0. However, f'(0) may not exist.

1. Introduction

Chaundy and Jolliffe [1] proved the following.

Theorem 1. If {c.};>, CR, is decreasing to zero, then Y2,
¢, sin (kx) converges uniformly in x if and only if ke, — 0
as k — oo.

Theorem 1 has had numerous generalizations.

Leindler [7] verified that in Theorem 1, the monotonicity
assumption c, >, can be replaced by c € RBVS, i.e, if the
conditions ¢, — 0 and Y;°, ¢, — ¢, | < K¢, hold for all n
with constant K = K(c) which depends only upon c.

The next theorem was indicated in [11].

Theorem 2. If {c,} belongs to the class MVBVS, i.e., if there
exist constants C and A > 2, depending only on the sequence

{c,} such that Zizn|ck_ck+1|S(C/”)Zﬁﬁ—wck for all

n> A, then series Y ;2 ¢, sin (kx) converges uniformly in x if
and only if lim,__| k¢, = 0.

Moricz [8] proves the following theorem.

Theorem 3. Assume f : R, — [0,00) with property xf (x)
€Ll (R,). If f(x) is nonincreasing on R,, then the integral
[ f(x) sin (tx)dx, t € R,, converges uniformly in t if and
only if xf(x) — 0 as x — oo.

A result due to Zak and Sneider [10] holds for double
sine series.

Theorem 4. If {cjk}zizl CR, is monotonically decreasing

double sequences, i.e., a sequence of real numbers such that

Jor jik=1,2,-, =20, €= Cjjyy 20, and cy—

Cike1 = Cjrrk F Cjerker 20, then 2?12521% sin (jx) sin (ky)
is uniformly regularly convergent in (x,y) if and only if jk
¢jx— 0as j+k— oo.

Theorem 4 was generalized by Kérus [6]. He has defined
new classes of double sequences (SBVDS,) to obtain those
generalizations.

Duzinkiewicz and Szal [2] introduce a new class of dou-
ble sequences called DGM(a, f3, ¥, 1), which is a generaliza-
tion of the class considered by Koérus, and they obtain
sufficient and necessary conditions for uniform convergence
of double sine series.

Dyachenko et al. [3] proved the Chaundy-Jolliffe
theorem for GM(f5) sequences with majorant  having
the following form: f,=(1/n)F,(a), where F, is
admissible.

In the recent paper [5], it was proved that Y a, sin (1/nx)
converges uniformly on [0, 7] if and only if na, — 0.

One of the results of paper [9] is that for any « € (0, 2),
Y.a, sin n“x converges uniformly if and only if na, — 0.
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2. Main Results

Lemma 5. Let * cos (Z_ZO (\/{xﬁ(mé: i —jJ + \/{xﬁ(mg 2l -j- IJ ) ) ,

cos ((n/xo)\/[(xﬁ(m+ 124) +j + IJ)
\/L(xﬁ(m+ 1)2/4) +j+ IJ where m ¢ Odd+ _ {1’ 550 }

ym x(m+ 1) N x0<m+1) L Let a,b€R such that 0<a<b. Then, for all x, € [a, b]
7 2%, VR J and for all m > max {2/x2, 2/x,},

+ cos T \/{xom+1 bjr \/ m+1 ‘
2x, ’ | (x34) (2m+1)-1] 5

wx,  lOTT
> I +I |Sx0m (2x5+x3). (2)

cos <(rr/x0) | (x3(m +1)°14) - J) =
| (x3(m + 1)°14) - j|

) 4:) " (2% (ﬂxg(n;ﬂ)z _jJ _\Axé(m;rl)z _j_IJ)) Proof. Let

I** =

cos ((n/xo)\/L(xg(m +1)%/4) +j+ 1J> - cos ((71/2x0) (\/L(xé(m +1)%4) +j+1] + \/L(xé(m +1)%/4) +jj)>
\/L(x(z)(m+l)2/4) +j+1] ,

I = cos (27;0 <\/r(2’(m4+ b* +j+ 1J + \/ré(m; b’ +jJ)> (3)
* {\/L(x%(m+ 11)2/4) +j+1] _ % " (27;0 <\/r3<m4+ . o IJ ) \/rg(m4+ . +jJ)) }

Note that for all m > max {2/x3, 2/x,},

I =

s 1 1

1 T
2o [ (dm+ 02ra) o 1]+ /[ (o 024y 4] (Zxo V0GR0m+124) +j+ 1] + /| ((m + 1)214) +jj) @

(el )

In view of (4), the following inequality is satisfied:

T 1
e

%o \/L(xﬁ(m + 1)2/4) i+l + \/L(xg(m + 1)2/4) +] '

IA

2 2
2x53'm3 \/ | (3 (m+1)24) +j+1] \/ (m+1)%/4) +j+1] + \/L(xé(m*’l)z/‘l) +J]

m? 2 x3(m+1)? xO m+1 8712
< — +—— +] +1 .
2x33!m*  mx; x0m3

L] <
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Let
e cos ((n/xo)\/t(xé(m +1)/4) —jJ) - cos ((H/Zxo)(\/uxf)(m +1)%/4) - j| + \/L(xé(m +1)%/4) - j - 1J)) ®
VL (30m+1)214) - j|
e )
(7)

e \/L(xg/4)(nil)2+j+1j " (47;0 <\A’f(m+1)2+j+1J _\/ﬁ)(’””)ZU‘J))
* sin <4ﬂxo (3\/{9f(m+1)2+j+1J +\/ Z‘Z)(m+1)2+jJ>)
K

-2 ) (n ( x2
+ Sin E
| (x3/4) (m+1)* = j| 0

) rf(mﬂ)z_j_lJ>>+\/L(x5/4)(m2+1)2+j+1j " (47;0 <\/rf(m+l)2+j+lJ _\/rf(mﬂ)z”D)}:]l”T

In analogy with (5), we have

8’

|IZ |S xgmg, . (9)
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If De{-3,-2,-1,0}, then

T
<
|]1‘ xgmz

an (2 (s [Fome o] S| -asorrn)
vin (e (anmo o3y [Fome ] o [ B -1 -2 )
e sin (} (3\/ [Bowevreso |+ ¢ 2 17 1] <250 1)))
+ (1) gin (} (ﬂ f‘zg(mﬂf—jj . \/ [4 (m 11| —2xo<m+1>))

T s (1(9[(x§/4)(m+1)2+j+lj(9/4)x§(m+1)2 . | (x374) (m +1)* +j| = (1/4)x3(m + 1) ))

xym? 4 3\/L(x§/4)(m+ 12 +j+1]+(3/2)x(m+1) \_(x%/4)(m+ 12 +j| + (1/2)xg(m + 1
e | 9| (xr4) (m+1)* = j| = (9/4)x} (m + 1) . | (x214) (m+ 1) = j=1] = (1/4)x3(m + 1) (10)
4 {3 [ (x3/4) (m+1)* = j| + (3/2)xy(m + 1) \/[(xg/4)(m+1) —j=1] + (112)xy(m + 1)

———[2sin | — 3j+3D T j+D
om? 8% \ /L) m+ 17+ j+ 1] + (12)xp(m+ 1) /[ (04) om+ 17 + ] + (172)x0(m + 1)

+ *3] +3D N ,]JrD > ‘
| (x3/4) (m +1)% = j| + (1/2)xy(m + 1) \/[(x5/4)(m+ 1)? —j— 1] + (1/2)xy(m+1)
< 422 z{ 3j \/L(x%“) m+ 1P| = L)+ 1) 4+ 1]

( | (x8/4)(m+1)* = j| + (172 x0m+l))<\/ | (x8/4) (m+1) +j+1J+(1/2)x0(m+1))
+

\/L(Xﬁ/‘l)(’"“) -ji-1] —\/ L (x3/4) (m +1)” + L2 _ler, o
xgm? xngJ xgm?®’

(y/LCdra) o+ 1)2 == 1] + (12 (m+ 1)) (/| (5374) (m 4 17 + ] + (12 (m + 1))

j

sin ((n/4xo)(\/ux0/4 Y(m+ 1) +j+1] \/ | (3/4) (m + 1) ))

| (x5/4) (m + 1) -Jl

sin ((n/4x0)(\/L(x0/4) m+1)2—j| = /| (x3/4) (m+1)* - j - 1J>>

L(x0/4)(m +1)2 —]J

o (47;0<\/B‘é(m+l)z+j+lJ_¢rf(m+l)2+jJ>>{\/L(xg/4 m1+1 P+j+l] _\/L(x§/4)(in+l)2—jj}
gx;;mm(Tf;(ﬂgmﬂ)zﬂ@_mamﬂyﬂjWg(mH)z_jJMg(mﬂ) i) )| gt =

[J2] <

- 1 1 . 4r(j+1)
- xgm \/L(x§/4)(m+1)z+j+lj +\/L(x0/4 m+1)>2 \/ | (x5/4) (m+1) +\/L(x§/4)(m+l)2—j—lj xgm'*
o \/L(x§/4)(m+1)2—jJ +\/L(x§/4 m+1)>—j-1| \/ | (x3/4)(m+1)°+j+1] - \/L(x§/4)(m+l)2+jj . an(j+1)
< 2m 2 xym*

T (i+2]+2) 4r(j+1) 671(]+1)

= 44,03 54004 < 5,04
Xom® \Xom Xom Xgm Xgm
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In view of (5) and (8)-(11), the following inequality is

satisfied:
167 (1 7
—+ =+ . 12
xym? (m m? x%m3> (12)

Then, for all x,€[a,b] and m>max {2/x3,2/x,}, we
have

[ +I""| <

| (x34)(2m+1)-1] L6

> I*+I*| < e (2xy+x3).  (13)
j=0

O

In the recent paper [4], it was proved, among others, that if
{c,} is a nonincreasing sequence and Y ,_,c, cos (y/nx) is
convergent at any point x # 0, then lim,_, +/nc, =0. We
show that if {\/nc,} is nonincreasing and lim,_ . \/nc, =
0, then ), ,c, cos (xy/n) converges uniformly on [c,d],
where ¢> 0.

Theorem 6. Let ¢,d € R such that 0<c<d. If {na,} , is

nonincreasing and lim,__,_na, = 0, then the series

flx)= EO: a, sin (x\/n), (14)

can be differentiated term-by-term on [c, d] (or [-d,—c]). The
series

)= 3 g cos (3. 15)

converges uniformly on [c, d] (or [-d,—c]).

Proof. We can find a, b € R such that 0 <a < b, c=n/b, and
d=mn/a. If {a,},., is a nonnegative monotone sequence
and lim, , na, =0, then the series (14) converges uni-
formly [9]. We show that if, in addition, {na,},., is nonin-

[ (x3r4) (r+2)?

[y

S b-

creasing, then (for X =711/%,) the series
Yoo a,/n cos (my/nlx,) converges uniformly on [a, b]. Let
meOdd +, b, = cos (1\/nix,)//n, By =Y*_,b,, and M,, =
{(214)m?] +1, | (x2/4)m?] + 2, -+, | (x2/4)(m +2)*|}. We
denote by m, the minimal odd number for which there
holds the following: 4 |my—1 and m, > max {2/x3, 2/x,}.
Then,

Lxémé/élJ
3H'Vx € [a,b] Y b,<H' (16)
n=1

Let

e
n= |_(x(2)/4) mé-v—lJ

Note that for all m such that 4|m — 1 and for all ke M,,,
the following conditions are fulfilled: b, <0 and

> b,

nel J M,
re{mg,mg+2,mp+4,:--,m=2}

(18)

On the other hand, for all m such that 4 | m — 3 and for
all ke M,,, we have b, >0 and

> b,<B", < > b,.

neU M,
re{mg,mo+2,mo+4,---,m-2,m}

(19)

D b,<B', <

nel J M,
re{mg,mp+2,mp+4,---,m}

nGU M,
re{mg,mo+2,mo+4,---,m-2}

We show that the sequence

Z bn’ (20)

nEU M,
re{mg,mo+2,mo+4,--,m-2,m}

is bounded for 4|m — 1 and 4|m - 3.

L(=4)7] cos ((n/xo) | (x2i4)r2 + jj)

ngU M reOdd, ,r=my,--,m J
re{moumg+2mq+dom-2m) "

-

1 L(x%/él)rl +jj

reOdd, ,r=my,---,m j=0

+

{L(xé/4><2r+1>lj (cos (1) [(x5/4)(r+1)2+j+1j)+cos ((rtxo) /(3 r+ 17 =] )

N, L(x§/4)(r+ 1)%+j+ IJ

L(xw)wﬂ—L(xa/zo<2r+l>J—L<xz/4>r2J cos ((mix0) L (4)2 +1])

,/\_(x%/4)(r+l)2—jj )

- L(xé/ll)rzj

[ (xg14) (r+2)?

[y

= [ (x374)r> + ]

- 3

re0dd, ,r=my,--,m

{S; +S, +8;}.

cos ((n/xo) | (x5/4)r2 +jj) }

J= | () (412 || (24) 2ren) |~ | (214) 2 [ (x5/4)7r2 + ]|

Sh
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Xol

2 2
cos (% (%(Hz) + \/[% (r+ 1)2J n {% (2r+ 1)J Furthermore,

~ xo(r+2)>> <2ﬂ(x§/2+2)(4+x0)
5 SRR i

3.2
xXpr

Note that (x3/2) — 1< |(x3/4)(r +2)*] = [ (x3/4)(r +1)? Moreover,
| = [(x3/4)(2r +1)] < (x2/2) + 2. Hence,
2 T []xg 47
1S,| S4M cos (1\/&2’(r+ 1)2J rz(z’(Zr+ 1)J>' 1S,] < X112 cos % {ZV +2J < e (23)

Szw

Xol

(22)

| (x3r4) (2re1)-1]
S, = 2 {4x sin (27;0<\/r;°(r+1)2+j+1J—\/ﬁo(r+1)2+jj>>*cos (27;0<\/ﬁl°(r+l)2+j+lJ+\/ﬁ°(r+1)z+jJ>>
! JE o] m<r+1)zj1J)> (&(Wj}o(mw +m(r+1)zj1J>) +1*+1**}

(24)

== 2%0 {(—l)ml)/2 cos (}%\/rzg(f+ 7|+ rff(Zr+ I)J - (r+22 > 12 ¢ (xl\/ (r+1) J —‘2’ (2r+1) J )}
== 2;0 (-1l {1— (1 — cos (x%\/rzg(“r I)ZJ h (2r+l)J (r+2)ﬂ>) < — cos (—\/ %‘% r+1) J HZ)(Zr+1)J %))}

_ 4&( o 2"0( e 1- cosz((n/xo)\/[(x§/4)(r+ 12|+ [ (x§/4)2r + 1) - ((r+2)7‘r/2)) » 1 - cos ((ﬂ/xo)\/l_(xé/4)(r+ 1| = [ (x§/4)(2r + 1) - (rrt/Z))
T T 1+ cos ((r[/xo)\/[(ng) (r+ I)ZJ + | (x5r4) r+ 1) | = ((r+ 2)7‘[/2)) 1+ cos ((ﬂ/xo)\/[(xéM) (r+ I)ZJ — | (x5r4)2r+1)| - (rrt/Z))
(25)
Note that

S (ayees 1 ifdlm-1, )
re0dd, r=mg,---,m 0 if 4|m - 3.
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In view of Lemma 5 and (22)-(26), the following
inequality is satisfied:

4x,

(S, +S8,+83)| < (-1)(r+Dr2

2 v 2 x? +2)m
+ z o sin? —\/{ﬁ (r+ I)ZJ {—0 (2r+ I)J (r+2)
reOdd, ,r=my,--,m re0dd, ,r=my,--,m T X0 4 4 2

+sin’ (Z)\/rf’(r+ I)ZJ - {Zg (2r+ I)J r;r)} + g +1S,|+ 53}

> (I"+I")
2 2 2\ 2 2 27\ +2) (4
<o, > {%(2x§+x§)+ii}(ﬂ+ﬂ> +4—ﬂs+ (e )+3)( +xO)}<H,
reOdd, ,r=m, 0

re0dd, ,r=my,--;m

Jj=0

T 4 x r2x; r2x;
(27)
for all x, € [a, b]. Using (17)-(19), (21), and (27), we obtain The function sin x/x has a relative minimum at the point
€ (11, 37/2). Then,
3H''Vx, € [a, b)B" < H'"'. (28)
L(x,Zoc/n)ZJ
In view of (16) and (28), we get Z L M
ninn 2a

n=(2a)’+1

HGVXO [S [a, b}Bk < G (29) 4 T /[(x120¢/71)2 + 1J
> Ccos o

We know that {na,} is nonincreasing and lim,_,__ na ~ 2nln (2a)°
=0 and (29) holds. Hence, the series Y na,(cos (m\/n/x,)/

74/ (20()2 +1
2u ’

— COS

32
\/n) converges uniformly. This follows from Dirichlet’s test. (32)
O
s . . : (34) 1
Remark 7. The conditions ({na,} is nonincreasing, and Z sin my/n
lim,__, na, =0) are not sufficient for the differentiability e Inn 2a
of (14) at the point x =0. =] (a2admy’ ]+
(3a)? 1 ﬂ\/ﬁ
Example 1. Let f(x)=),_,(sin (xy/n)/n1n n). It converges = Z Tnn sin T3
uniformly on [0, 7] [5]. We show that f is not differentiable at n=| (x, 2a0m)? | +2
x=0. Let f(Ax) =Y ,_,(1/nln n) sin (my/n/2a) for Ax =7/2 ) 5
aand a € Odd, : 4|a — 1, a > 5. Then, by Lagrange’s theorem, . sin (” | (6, 20/m)* + 1] /2“>
| (x,2a/m)* + 1] In | (x,2a/7)* +1]
£ 7 1 &1 7
Z sin \/- Z sin \/ﬁ 4 my /| (x2a/m)? +1] 1
Znlnn ocln(x = \/_ > _ cos B ,
27 In (2a) 2a a? In a?
sin (30) (33
oc ln aln a? \/_ )
——— cos —\/5
I ln o? 20’ O 4
y sin TV . (34)
. o L& i ™ 20 % S G
o & =
1 1 1
Z sin n\/ﬁz 5 z —= sin il
pamntinn o 2a " 2aln (20)°, 43,V 24 In view of (30)—(34), we obtain
1 (2)*+1 1
L[, |
2a In (2“) a?+1 \/E (4) 1 ) 7.[\/"' 1 1 (35)

— COs

—4 my/(2a)* +1
= cos
2a

2 In (2a)2

sin )
71 /(a)2+1 };nlnn 20 37'rlnoc a? ln a?
2a '

If x'. and x,” are the relative minimum and maximum
(31) (respectively) points of sin x/x, such that
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“e(2m42mm T 12
Xp €\, o o), for r=0,1,2,3, -+, then
(36)
' 77
X, €| 3m+2rm, 5 +2rm |,
i’: sin (ﬂ\/ﬁ/Za) 3 Z L(x,zza/:n) J sin (ﬂ\/ﬁ/Za) . ((res)ay’ sin (ﬂ\/ﬁ/Za) . ((res)ay sin (ﬂﬁ/th)
R = | e R we| (2| " nn we(@resapra IRN
I 2 2 2
. L gn” sin (7/n/2a) . ()™ sin (mv/nl2a) . (<4Y§:)“) sin (7/n/2a)
5 nlnn , nlnn ) nlnn
n=(4r+6)a)’+1 ”:L("',Z""”) +1J n=((4r+7)a)’+1
| (xr2aim)| ((4r+5)a)? .
- Z 1 sin (7/n/2a) . Z sin (7/n/2a)
] (dr+5)aln ((4r +5)a)® n=(4(r+1)a) 241 vn v

n= [(x;Za/n)erlJ

. 1 : ((4r§>a)2 sin (7ry/n/2e) . LG Zi/")J sin (7ry/n/2a) .\ ((4r§)a)2 sin (7ry/n/2a)
(4r +6)aIn ((4r + 6)a) n=((4r+5)2)*+1 vn n=(4r+6)0)+1 Vi n=| (x,"2a0m) 41 | Vi
. 1 ((4r+8)a)? sin (ﬂ\/ﬁ/ZO{) }
> — =/,
(4r + 7)o In ((4r + 7)) I N
(37)
In view of (36), we obtain 2 )
view of (36), w ((4r§)06) sin (my/ni2a) J((4r+8)a) sin (1r/n/20) L
o, n=((4r+7)a)*+1 v iy Vi T
L(X'zim) J sin (71y/n/2a) . ()™ g (mv/nl2a) (40)
n=(4(r+1)a)*+1 ﬁ n= L(x;Za/n)Z+1J ﬁ .
o In view of (37)-(40), we get
§ J~\_(x,2a/7'r) | sin (ry/ni2a) in+ J((4r+5)a) L sin (my/n/2a) in o
(4(r+1)a)? vn | (x;200m)+1] N Z sin (mmy/n/2a)
2 =2 l
((4r+5)0) gin (7m/ni2a) [ (xv2em)’ |41 gin (m\/ni2ax) d TR
= J , T dn — J ) ) Tdn S z 4 B 4 _ 6
(4(rn)e) [ r2am)’ Z L\ n@r+5) In ((4r+5)a7 n(dr+7)In (@dr+7)a)?  (r+ 17
B J(<4r+s>a> sin (7/n/2a) s da 2 ’ K .
((4r+5)a)>-1 vn o (r+l)a S
(38) (41)
Hence,
! 2
(92" gin (my/nl2a) [G/220m)’) sin (7y/n/2a) 1 /n 1 n?+1
Z Vn * Z Vn annn "4 Tiilha
n=((4r+5)a)’+1 n=(4r+6)a)’+1 n=4 (42)
4r+7)a)? . : f(Ax)
. ()™ sin (mv/n/2a) lim, L = too.
n= L(x,’m/n)zﬂj \/ﬁ
, This follows from (35) and (41).
. ((#r+6))" sin (7/n/2a) p 4 -4
- J(<4r+5)a)z Vn (r+Da (r+1)a’ Data Availability
(39)  No data were used to support this study.
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