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We present the concept of (a, k, 6, ¢)-contractive multivalued mappings in b-metric spaces and prove some fixed point results for
these mappings in this study. Our results expand and refine some of the literature’s findings in fixed point theory.

1. Introduction and Preliminaries

Fixed point theory is one of the most active research areas
of mathematics. The findings are used to solve problems
in a wide variety of disciplines, including transportation
theory, economics, and biomathematics. The development
of functional analysis methods assisted in the broadening
of the well-known Banach contraction theory (see [1-21]
and references therein). One of them is the extension of
the principle of contraction to cover applications and mul-
tivalued applications.

Samet et al. [20] presented the definition of a-admissible
mapping in complete metric spaces and partially ordered
metric spaces in 2012 and proved several fixed point theo-
rems under the generalized contraction in both. Following
that, Hasanzade et al. [22] introduced the idea of «a,
-admissible mapping, which is the multivalued edition of «
-admissible single-valued mapping established in [20], and
they provided a fixed point result for multivalued mappings
in complete metric spaces satisfying many generalized con-
tractive conditions.

In 2013, Mohammadi et al. [16] developed the notion of
an o, -admissible mapping to the class of a-admissible
mappings.

In 2014, Jleli and Samet [11] expanded the contractive
condition by considering the following function ®:

Definition 1 ([11]). Let ® denote the set of all functions
0 : (0, 00) — (1, 00) fulfilling the following criteria:

(®,): 0 is nondecreasing;

(©,): from every sequence {z,} CR*, lim, , 0(z,) =1
if and only if lim,_ ,z, =0;

(©,): there exists 0<r<1 and l€(0,00) such that
lim, ,:(0(z) -1)/z"=1;

(®,): every 0 € ® is continuous.

Definition 2 ([11]). Let (€, d) be a metric space. A mapping
F:0— Q is called a 8-contraction if 0 : (0,00) — (1,
00) fulfills (®,) - (®;) and there exists a constant k € (0, 1)
such that for all x, y € O,

d(Fx, Fy) #0 == 0(d(Fx, Fy)) < [0(d(x,y))]*. (1)

Several researchers extended (1) in various ways and
proved fixed point theorems for a single and multivalued con-
tractive mappings (see [7, 12, 17, 18, 23]).

Any Banach contraction is a 0-contraction, although this
is not so for the inverse ([7]).

Definition 3 ([24, 25]). Let s > 1 be a given real number and Q
be a nonempty set. A function d : O x QO — R" is a b-metric
if the following conditions are fulfilled for all x, y, z € Q.
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(bM,): d(x, x) =0 if and only if x = y;

(bM,): d(x, y) =d(y, x);

(bM,): d(x, z) <sld(x, y) + d(y, 2)].

The pair (Q, d) is called a b-metric space.

It is worth noting that b-metric space is a broader cate-
gory than metric spaces.

The following notations are used in this paper:

M(x, y) = max {d(x,y), d(x, fx), d(y, fy)s [d(x,fy);d(y,fx)} }

(2)

Q(x,y) =min {d(x, fx),d(x, fy),d(y, fx)}, and ¥ is the
set of all self mapping on [0, +co[such that v is a continuous
monotone and nondecreasing, and y(t) =0 <=t =0.

Definition 4 ([26]). Let (Q,d) be a b-metric space. X C (),
and consider a sequence {u,} in Q. Then,

(i) {u,} is b-convergent if there exists u € Q such that
d(u,,u) — 0 as n —> 00

In this case, we write lim u, =u.

n—oo0“n

(ii) {u,} is b-Cauchy sequence if d(u,, u,,) — 0 as n,
m—> oo

(ili) X is closed if and only if for each sequence {u,} of
points in X with d(u,,, u) — 0 as n — oo, we have
ueX.

Remark 5 ([26]). The following statements hold in a b-metric
space (Q,d).
(1) A b-convergent sequence has a unique limit
(2) Each b-convergent sequence is a b-Cauchy sequence
(3) In general, a b-metric is not continuous

(4) d does not generally induce a topology on Q.

Consider (Q2;d;s) be a b-metric space and CL(Q) the
class of nonempty closed subsets of Q2. On CL(Q), consider
H(.;.) be the generalized Pompeiu-Hausdorff b-metric (see
[27]); i.e., for all G; R € CL(Q),

max {supd (a,R), supd(G, b) } if the maximum exists,
H(G;R)= acG beR

00, otherwise,

(3)

where d(a; R) =inf {d(a;b): beR}.
For G; R € CL(Q), we put §(G;R) =sup,.d(a;R); we
note that §(G;R) < H(G;R).
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Definition 6 ([26, 28]). Let (€2, d) and (Y, §) be two b-metric
spaces.

(D,): The space (Q,d) is b-complete if every b-Cauchy
sequence in Qb-converges.

(D,): A function f : Q — Y is b-continuous at a point
u € Q if it is b-sequentially continuous at u; that is, whenever
{u,} is b-convergent to u, {fu,} is b-convergent to fu.

Definition 7 ([16, 22]). Let 2 be a nonempty set, a : Q x Q
— [0, 00) be a given mapping, and N(Q) the class of all
nonempty subsets of Q.

(1) If the following condition applies, a mapping f : Q
—> N(Q) is called a,-admissible: for x, y € Q, a(x,
y)=21=a,(fx fy) =1, where a,(fx, fy)=inf {«a
(a,b):aefx,befy}

(2) For each x € Q and y € fx with a(x, y) > 1, we have
a(y,z) > 1; for all z € fy, a mapping f : O —> N(Q)
is said to be a-admissible

Hussain et al. [8] in metric spaces used the concept of «
-complete. We expand and apply it in b-metric spaces here.

Definition 8. Let (Q,d) be a b-metric space and o : QX Q
— [0, 00) be a mapping. The b-metric space  is said to
be a-complete if and only if every b-Cauchy sequence {u,,}
in Q with a(u,,, u,,,,) > 1, for all n € N, b-converges in Q.

In 2015, Kutbi and Sintunavarat ([13]) introduced the
notion of the a-continuity for multivalued mappings in met-
ric spaces. We expand and apply it in b-metric spaces here.

Definition 9. Let (Q, d) be a b-metric space and T : Q —
CL(Q) and a: Qx0Q—>[0,00) be two given mappings.
We say T is an a-continuous multivalued mapping on (CL
(Q),H) if

(i) for each sequence {u,} with u, — ueQasn—
00, and

(il) a(u,,u,,,) =1, for all n € N, we have Tu,, — Tu as
n— 00

Remark 10.

(1) It is easy to see that «,-admissibility implies «
-admissibility. But the converse may not be true as
shown in example 15 of [15]

(2) If Q is b-complete b-metric space, then Q is also «
-complete b-metric space. But the converse is not true
(see Example 1)

(3) Note that the b-continuity implies the a-continu-
ity. In general, the converse is not true (see in
Example 2)
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Example 1. Let Q= (0, 00),d(x,y) = |x — y|* for all x,y €,
and A be a closed subset of Q. Define o : Q x Q — [0, 00)
by the following:

(x—y)2+1, ifx,yeA,
a(x,y) = (4)
{ 0, otherwise.

Clearly, (€2, d) is not a b-complete b-metric space, but it is
an a-complete b-metric space.

Example 2. Let Q=1[0,00) and d(x, y) = |x - y|* for all x, y
€Q; let T:Q—CL(Q) and a:Qx0Q—[0,00)
defined by the following:

{x’}, if x € [0, 1],
Tx=
{cos (mx) + 3}, ifx€(1,00), (5)
5
e”, ifx,yel0,1],
a(x,y) = ,
0, otherwise.

Clearly, T is not a b-continuous multivalued mapping on
(CL(Q), H). Indeed, if {z,} in Q defined by z,, =1 + 1/n for
all n>1, we see that z,=1+1/n—%1 but Tz, = {cos (7
+m/n) +3} —H{2} # {1} = T1; however, T is a a-contin-
uous multivalued mapping on (CL(Q), H). Indeed, if z,
—9z as n — oo with a(z,, z,,,) 2 1 for all n € N, then z,
z,€[0,1] for all n € N and so Tz, = {22} —"{*} =Tz as
n—> 0.

Lemma 11 [29]. Let (Q;d;s) be a b-metric space, and let
ReCL(Q). If e Q and d(¢; R) <#, then there exists v € R
such that d(¢;v) <n.

Lemma 12 [1]. Let (Q;d;s) be a b-metric space, and let R
€ CL(Q) and ¢ € Q. Then, we have

d(¢;R)=0if andonlyif e R=R, (6)
where R denotes the closure of R.

Lemma 13 ([30]). Let {u,,} be a sequence in a b-metric space
(Q,d,s) with s> 1 such that

A1ty 4y,) < N, 1), (7)

n—-1>"n

for some A € [0, 1), and each n € N. Then, {u,} is a b-Cauchy
sequence in (Q,d,s).

Lemma 14 [31]. If (Q, d) is a b-metric space with s> 1 and
{u,} and {y,} are b-convergent to u, y, respectively, we have

1
S—Zd(u,y) <liminfd(u,,y,) <lim sup d(u,, y,)

n—0o n—>00 (8)

Sszd(u,y).

In particular, if u =y, then we have lim,__, d(u,,y,) =0
. Moreover, for each z € Q, we have

£d(u, z) <lim infd(u,, z) <lim sup d(u,, z) < sd(u, z).
N n—=aoo n—00
9)

We will prove some new results of the fixed point in &
-complete b-metric spaces, we will add a new kind of con-
traction for multivalued mappings called (o, k, 6, ¢)-con-
traction multivalued mappings, and we give some examples
to illustrate the main results of this paper.

2. Results

Definition 15. Let (Q,d, s) be a b-metric space. A mapping
f:Q—> CL(Q) is called weak (a, k, 0, ¢)-contractive mul-
tivalued mapping if there exist « : Q x Q — [0,00),0 € ®,
ke (0,1),L >0, €Y and constant A € (0, 1] such that

a(x,y) 21 = 0(sH(fx, fy))

10
SA0(M(x,y))" ~ p(M(x,)) + LQ(x, y), )

for all x,y € Q.

Example 3. Let Q=[12/10, 00), and take the b-metric d(x,
y) = |x - y|* for all x, y € Q. Define f : Q —> CL(Q), ¢ : [0,
00) — [0,00), @ : 2 X Q2 —[0,00),and 6 : [0, 00) — [1,
00) by the following:

12 12 x
fr= |2, =+ 2,
10 10 4

1
X) ==X,
9= 3 (11)
12
&7, ifxe {— +y,oo>,
oc(x) y) = 10
0, otherwise,
and 6(t) = '’ Note that for all t > 12/10, one has
/8" < iet/Ze' _ 1t (12)

10 10

Now, for all x, y € Q such that x € [12/10 + y, 00), we have

H(fx, fy) = |x-y[’116.
Then,

_12/lx-y218 d(x.y)/8 M(x.y)/8
Q(SH(fx,fy)) — e\x y|°18e — ed(x,y)/Se < eM(x,y)/Se‘
i M(y)2ee) 1 M

10 oM7)



And thus,

O(sH(fx, fy)) S AO(M(x,7)))* = p(M(x, 7)) + LQ(%, ).
(14)

Thus, f is weak (a, k, 0, ¢)-contractive multivalued map-
ping, with A =3/10 and k=1/2.

The following is our primary result:

Theorem 16. Let (O, d, s) be a a-complete b-metric space and
f:Q— CL(Q) is a weak (a,k, 0, p)-contractive multiva-
lued mapping. Assume that the following conditions hold:

(i) f is a a-admissible

(ii) There exists x,, x; € Q such that x; € fx, and a(x,,
x;) =1

(iii) f is a-continuous

Then, f has a fixed point. Moreover, if u and v are fixed
points of f such that a(u,v) > 1, then u=v.

Proof. If x,=x, or x, € fx,;, then x, is a fixed point of f.
Assume that x;, # x; and x, €fx;.

Since f is weak (a, k, 8, ¢)-contractive multivalued map-
ping, we obtain

1<0(d(xy, fx,)) <O(sH(fxq, fx1))
gAG(M(xO,xl))k—(p(M(xO,xl)) +LQ(xg, x7) (15)
<O(M (5 ,))} + LQ(xp ),

with

M(xy, x;) = max {d(xo’ x1), d(xq, fx0)> d(x15 f )
d(xp, fxy) +d(x15 %) }

2s
< max {d(x, ), d(xy, fx1) }»
Q(xg> x,) = min {d(x,, fx,), d(xp, fx1), d(x15 fx0)} = 0.
(16)
Assume that M(x,, x;) =d(x;, fx;), and from (15), we
get

1<6(d(x;, fx,)) <O(H(fx00 1)) <O(d(x1 fx1))", (17)

which is a contradiction; it follows that M (x,, x, ) = d(xy, x),
and (15) becomes

1<0(d(xy, fx,)) <O(sH(fx0, fx1)) <0(d(x0,x1))". (18)
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By Lemma 11, there exists x, € fx; such that d(x;, x,) <
d(xy, x; ), and by the monotonicity of 8, we obtain

1<0(d(x1, %,)) <0(d(xg, x,))". (19)

Since f is a a-admissible and «(xy,x;)>1, we have
a(x;,x,) > 1.

If x, € fx,, this ends the proof; if x, ¢ fx,, we have
d(x,, fx,) > 0.

From (10), we have

1<0(d(xy, fx,)) < O(sH(fx, fx,))
< MM (%1, %,))" = (M(x1, %)) + LQ(x,, %,)
)

%)) —¢
%))+ LQ(x,, x,) 2

< AO(M (x4, x,
< G(M(xl,xz))k +LQ(x1, x,).

As above, we obtain

1<0(d(xy, fx,)) <O(H(fx1, f2,)) <0(d(x1,%))s (21)

and then, there exists x; € fx, such that
1<0(d(xyx3)) <0(d(x1,%,)) <O(d(x, %)) . (22)

We will assume that there exists the sequence {x,} in X
such that x, # x,,,, € fx,, a(x,, x,,;) = 1, using an inductive
method.

And

1< 0(d(%5415 %1)) < 0(d(30, %), (23)

for all n € IN. This shows that lim 8(d(x,,x,,,)) =1 and so

n—=ao0
lim d(x,,x,,,)=0.

n—~oo
Prove that {x,} is a b-Cauchy sequence.
For s> 1, we have

1< e(d(xnﬂ’ xn+2)) < Q(Sd(an, xn+2))
< O(H(fx, fXpi1)) <O(d(x %01))* (24)
<0(d(x x.1))>

and using the monotonicity of 6, we shall have

d(xn+1’xn+2) S[’ld(xrt’xn-rl)’ (25)

for all n € N, where y=1/s€(0,1).

By Lemma 13, we conclude that {x,} is a b-Cauchy
sequence.

For s =1, we can use similar arguments as in the proof
of Theorem 2.1 of [9] to prove that there exists n, € N
and r € (0,1) such that

(26)
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for all n>n,. Then, for m >n > n,, we have

m-1 m—1 1
1/r

d(x,, x,,) < Z d(x; %) < Z 7 (27)

1= i=

Since 0<r<1, Y (1/i'") converges. Therefore, d(x,,
x,,) — 0 as m,n — oo. It follows that {x,} is a Cauchy
sequence in ; since Q is a-complete b-metric space, there
exists x €  such that

lim d(x,,x)=0. (28)

n—~oo

Since f is a-continuous, we have

lim H(fx,,fx)=0, (29)

n—~oo

and hence,

d(x, fx) < sd(x, X,01) + 5d (%41, fX)
SSd( n+1> )+SH(fxn’fx)

which implies that d(x, fx)
obtain x € fx.

Assume that f has two fixed points u and v such d(u, v)
#0and a(u,v) > 1.

We have

(30)

=0. And since fx is closed, we

1<0(d(u,v)) <O(sH(fu,fv))
<A0(M(u, v))* = p(M(u, v)) +LQ(u, v)
< A0(M(w, V) + LQ(u,v)

<OM(u, v))* + LQ(u, v),

(31)

where
M(u,v) = max {d( v), d(u, fu), d(v, fv),
d(wfv) +d(v, “)} d(u (32)
Q(u, v) = min {d(V,fV) d(u, fv), d(v, fu)} =
Then,
1<0(d(u,v)) <0(d(u, v)), (33)

which is a contradiction since k € (0, 1); thus, u = v, which
ends the proof. O

Corollary 17. Let (Q,d,s) be a b-complete b-metric space
and f : Q — CL(Q) is weak (a, k, 0, @)-contractive multi-
valued mapping. Assume that the following conditions hold:

(i) f is a a-admissible
(ii) There exist x, and x; € fx, such that a(xy, x;) > 1

(iii) f is a a-continuous

Then, f has a fixed point.

Corollary 18. Let (Q, d, s > 1) be a a-complete b-metric space
and f : Q — CL(Q) is weak (a, k, 0, p)-contractive multiva-
lued mapping. Assume that the following conditions are true:

(i) f is a a-admissible
(ii) There exist x, and x; € fx, such that a(xy, x;) > 1
(iii) f is a continuous

Then, f has a fixed point.

Corollary 19. Let (Q, d, s) be a a-complete b-metric space and
f:Q—> CL(Q) is weak (a, k, 0, ¢)-contractive multi-valued
mapping. Assume that the following conditions are true:

(i) f is a a,-admissible

(ii) There exist x, and x; € fx, such that a(xy, x;) > 1

(iii) f is a continuous

Then, f has a fixed point.

Theorem 20. Let (Q, d, s) be a a-complete b-metric space and
f:0Q— CL(Q) is a weak (a, k, 0, p)-contractive multiva-
lued mapping. Assume that the following conditions hold:

(i) f is a a-admissible

(ii) There exists x, and x, € fx, such that a(x,, x;) > 1

(iii) If {x,} is sequence in X such that a(x,,x,,,) =1 for
all n e N and x,, — x€X as n — 00, then a(x,, x)
> 1 foralln e N

Then, f has a fixed point.

Proof. As in the proof of Theorem 16, we obtain a b-Cauchy
sequence {x,} such that «a(x,,x,,;)>1 for all ne€N and
lim,d(x,, x) = 0. Assume that d(x,fx) > 0.

Since f is weak (a, k, 0, @)-contractive multivalued map-
ping, we have

a(xn’x) zl= 0<Sd( n+1’fx))
< A6(M(x,,
<O(M(x,,

O(sH(fx,» fx))
%)) = p(M(x,,x)) + LQ(x,,x)  (34)
%))+ LQ(x, ),

where

d(xn’ x)’ d(xn’fxn)’
(% fX) +d(x fx,) }

2s

d(x, fx),

M(x,,, x) = max
d




= max {d(xn,x), d(x,, X,,1)> d(x, fX),
d(xn’fx) + d(x’ xn+l) }

2s
< max {d(xn,x»d(xn,xml),d(x,fx),

d(x,x) +d(x fx) d(%x,.) }
2 2s ’

Q(x,, x) = min {d(x, fx), d(x,, fx), d(x, fx,) }

= min {d(x,f2), d(x, f2), d(5 %01 ).
(35)

If n — 00, we obtain that

lim supM(x,, x) = d(x, fx),
lim supQ(x,,, x) = 0.

n—-=00

Since 6 € ®, we obtain that

1<6(d(x, fx)) =6 (d (s%d(x, fx)))
<6 (lim sup sd(x,,» fx)) <6 (lim sup sH(fx,, fx))

n—~o~o n—~ao0

< O(Iim supM(xn,x))k —(p(lim infM(x”,x)) (37)

n—00 n—~oo

k
+Llim supQ(x,,, x) =0 (lim supM(x,,, x))

n—oo n—oo

+ L1im supQ(x,, x) = 0(d(x, fx)),

n—oo

which is a contradiction since k € (0, 1). Thus, x is a fixed
point of f. O

3. Examples
Example 4. Let Q= [0, 00), and take the b-metric d(x, y) =

|x —y|* for all x,y € Q. Define f : Q — CL(Q), ¢ : Q —>
0, and a : 2 x Q —> [0, 00) by the following:

X
= 131 - >
fx { " 4}
e?, ifxe[l+y,00),
a(x,y) = 38
{ 0, otherwise, (38)
7
P(x) = Ex’

and 6(t) = . Note that for all £ >1,

ol18e” < 476 2 _ lt. (39)
1000 10
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Now, for all x,y € X and x € [1 + y, 00), we have H(fx,

fy)=lx-y’116.
Then,

O(sH(fx, fy)) = 187 2 gdlmnisel® o Mny)iseen”
476
<

~ 1000

= O (O(M ()" - p(M(x,3)

=AO(M(x,9)))" - 9(M(x, ).

M) /21 _ T7o M(x,y)

(40)

Then,

O(sH(fx fy)) S MOM(x, )" = (M(x,7)) + LQ(x,y)-
(41)

Thus, f is weak (a, k, 0, ¢)-contractive multivalued map-
ping, with A =476/1000 and k = 1/2.

So, all conditions of Theorem 16 are fulfilled, which
implies that f has a fixed point, which is x;, = 1, 1742 (in par-
ticular if L =0).

Example 5. Let Q= [0, 00), and take the b-metric d(x, y) =
lx = y|* for all x,y € Q. Define f : Q — CL(Q), ¢ : Q —
0, a: OxQ—10,00), and 6 : [0,00) — [1,00) by the
following:

x
fx=[o.3].
1
x)=-x,
1
&7, ifx>y+ —8,
a(x,y) = 10
0, otherwise,

and () = ¢'’. Note that for all ¢ > 18/10, one has

otf8e"” < pvinze _ %t. (43)

Now, for all x,y € Q and x>y + 18/10, we have H(fx,

fy)=x-y'ne.
Then,

O(SH(fx, fy)) = 18" _ sy Beltn  My)secn™
< e\/m/%m — lM(x’y)
2

= (0(M(x,)))"* - p(M(x, y))
= MO(M(x,y)))" — p(M(x, ).
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Then,

O(sH(fx. f3)) < MO(M(x,)))" = p(M(x,)) + LQ(x, y)-
(45)

Thus, f is weak (o, k, 0, ¢)-contractive multivalued map-
ping, with A=1 and k=1/2.

So, all conditions of Theorem 16 are verified, which
implies that f has a fixed point, which is x, = 0.7586 (in par-
ticular if L =0).

Example 6. Let Q =0, 00), and take the b-metric d(x, y) =
|x — y|* for all x,y € Q. Define f : Q — CL(Q), ¢ : Q —>
0, a: 0Ox0Q—0,00), and 6 : [0,00) — [1,00) by the
following:

fx= [O, f],

4
1,
p(x) = 7% (46)
x—y, fx>22+y,
a(x,y) = ,
0, otherwise,
and 60(t) = e”*. Note that for all £>2, one has
vimer o 7 s _ Lo
e < —eVP -t (47)
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Now, for all x,y€Q and x>2+y, we have H(fx, fy)
= |x—y|*/16.
Then,

M(x) oM ()18
8

O(sH(fx, fy)) = VPRI _ o d(ey) /el <e

Toe TR (M)’

T O(M (5 )" - p(M(x, 7))
MOM(x,7)))* = p(M(x,)).

In
N =

(48)
Then,
O(sH(fx f3)) < MO(M(x,)))" = p(M(x,)) + LQ(x, y)-
(49)
Thus, f is weak (a, k, 6, ¢)-contractive multivalued map-
ping, with A =7/10 and k=1/3.
So, all conditions of Theorem 16 are verified, which
implies that f has a fixed point, which is x, = 2, 69 (in partic-
ular if L =0).
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