Hindawi

Abstract and Applied Analysis

Volume 2021, Article ID 9961013, 10 pages
https://doi.org/10.1155/2021/9961013

Research Article

Hindawi

The Marichev-Saigo-Maeda Fractional Calculus Operators

Pertaining to the V-Function

S. Chandak ©," Biniyam Shimelis (,> Nigussie Abeye ©,” and A. Padma (»’

IScience and Humanities department, L.D. College of Engineering, -380015, Ahmedabad, India
Department of Mathematics, Wollo University, Dessie, P.O. Box: 1145, Amhara Region, Ethiopia
*Department of Mathematics, Chaitanya Bharathi Institute of Technology, Gandipet, Hyderabad, India

Correspondence should be addressed to Biniyam Shimelis; biniyam.shimelis@wu.edu.et

Received 25 March 2021; Revised 13 June 2021; Accepted 23 July 2021; Published 12 August 2021

Academic Editor: Victor Kovtunenko

Copyright © 2021 S. Chandak et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In the present paper, we establish some composition formulas for Marichev-Saigo-Maeda (MSM) fractional calculus operators with
V-function as the kernel. In addition, on account of V-function, a variety of known results associated with special functions such as
the Mittag-Leftler function, exponential function, Struve’s function, Lommel’s function, the Bessel function, Wright’s generalized
Bessel function, and the generalized hypergeometric function have been discovered by defining suitable values for the parameters.

1. Introduction and Preliminaries

Fractional calculus is very old and similar to conventional
calculus that has gradually been applied to a variety of fields
including technology, science, economics, arithmetic geome-
try, and computer science. The V-functions are especially
valuable functions that provide solutions to a variety of prob-
lems developed in terms of fractional order differential, inte-
gral, and difference equations. As a result of that, this field
has become an area of interest for researchers in recent times.
In addition, a majority of scholars (see [1-3]) have investi-
gated the properties, uses, and various extensions of a variety
of fractional calculus operators in depth. Also, on other sim-
ilar themes, there is a lot of activity and coverage all over the
world. The research monographs [4, 5] can be consulted.

Kumar [6] has recently characterized the V-function as
follows:

V(z)= Vf,“’h’b" (L, 8, mk,,A,B,,1nv,a;z)
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where

1) LE6,mwv,ak,(u=1,--p),A,(v=1,--,9), B, (w=
1,---,r) are real numbers
(2) p, g, and r are natural numbers,
a,b,>21(u=1-p;v=1,4q) (2)

(3) n>0,R(u) >0,R(h) >0, zisa complex variable and
& is an arbitrary constant

(4) The series on the RHS of (1) converges absolutely if
p<qorp=qwith |[(z/2)*| <1

For descriptions of the series convergence constraints on
(1) RHS, simply review [7-10]. The V-function defined by
(1) is of a general character since it assimilates and applies
a variety of valuable functions such as Macrobert’s E-func-
tion and the exponential function [11], the generalized
Mittag-Leftler function [12-15], Lommel’s function [16],
Struve’s function [17-21], the Wright generalized Bessel
function and the Bessel function [22-25], the generalized
hypergeometric function [11, 26], and the unified Riemann-
Zeta function [27].
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Special cases of (1) are as follows:

(i) fweputw=1,h=1,p=P,q=Q,I=-2,u=1,{=1
,0=0,m=0,k,=0,A,=0,B,=-1,y=1,v=—1L,«
=1, and £=1 in equation (1) then the V-function
turns into the generalized hypergeometric function
[11]:

VZM,I,bV(_z, 1,1,0,0,0,0,-1,1,-1,1 ;z)= pFQ(ap ; bQ;z) (3)

(i) If we put u=1,v=2,w=1,a,=1,b;=1,b,=1,1
=1L,u=1,{=2,6=1,m=0,k; =0,4,=0,A, =0,
B,=0,1=1,v=0,a=1, and £=1/(I'(h)) in equa-
tion (1) then the V-function turns into the Bessel
function [23]:

VERLL(1,1,2,1,0,0,0,0,0,1,0,1;2) = J,(2)  (4)

(iii) fweputu=1,v=2,w=1,a,=1,b,=1,b,=1,1=
2,u=1,{=1,8=1,m=0,k; =0,A, =0,A, =0, B,
=0,v=0,0=1, and £=1/(I'(h)) in equation (1)
then the V-function turns into Wright’s generalized
Bessel function [23]:

VERLL(1,1,2,1,0,0,0,0,0,7,0,152) = J](z)  (5)

(iv) f weput u=1,v=2,w=1,a,=1,b, =3/2,b, =1,
=Lu=1,{=28=1,m=1,k, =0,A, =0,A, =0,
B, =1/2,n=1,v=1/2,a=1, and &=1/T(h)(3/2)
in equation (1) then the V-function turns into Stru-
ve's function [23]:

V2N (1,1,2,1,1,0,0,0,1/2,1,1/2,152) = Hy(z)  (6)

(v) fweputu=1v=2,w=1,a,=1,b,=(0+¢e+3)/2
by =(0-¢+3)/2,1=1,u=1,{=2,h=1,6=0,m
=1,k =0,A,=0,4,=0,B,=-1,y=1,v=-1,a=
1,and & =291/{(0 +e+1)(0— e+ 1)} in equation (1)
then the V-function turns into Lommel’s function [23]:

Vb2 0-e3)2(1 11,2,6,1,0,0,0,-1,1,1,1;2) =Sy, (2) (7)

(vi) If we put u=l,v=Lw=1,a,=1,b=11=-2,u
=1,{=1,6=0,m=0,k; =0,A, =0,B, =—1,v=—
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La=1,and £=1/(I'(h)) in equation (1) then the V
-function turns into Mittag-Leffler function [12, 13]:

Vi (=2,1,1,0,0,0,0-1,7,-1,1;2) =E,;(z)  (8)

(vii) If we put u=1l,v=1Lw=1,a,=a,b,=1,1=-2,(
=1,86=0,m=0,k;=0,A, =0,B,=0,y=1,v=0,
a=0,and £ =1 in equation (1) then the V-function
turns into unified Riemann-Zeta function [27]:

Verl(-2,14,1,0,0,0,0,0,1,0,0;2) = ¢, (z, i, ) (9)

(viii) If we put u=1l,v=1Lw=1,a,=1,b,=1,1=2,{
=1,6=0,m=0,k; =0,A,=0,B,=-1,y=1,v=
-l,a=1,h=1,u=1, and £=1 in equation (1)
then the V-function turns into the e™* function:

vi(2,1,1,0,0,0,0-1,1,-1,15z)=¢*  (10)

(ix) If we put w=1,p=P,q=Q,1=2,y=1,{=1,6=0
,m=0,k,=0,A4,=0,B,=-1,y=1,v=-1l,a=1,h
=1, and &=[]°_ I'(a,)/T][L,I(b,) in equation (1)
then the V-function turns into Macrobert's E-func-
tion [11]:

VyM(2,1,1,0,0,1,0,-1,1,-1,152) = E[P5 (ap) 5 Q5 (bg) 2]

(11)

(x) fweputu=1,v=2,w=1,a,=1,b;=1,k; =0,h=
1/2,1=1,4=1,{=2,6=0,m=0,4, =0,A, =1,
B,=0,n=1,v=-1/2,a=1and § =1 in equation (1)
then the V-function turns into the cos z function:

VEALL(1,1,2,0,0,0,0,-1,0,1,-1/2, 152) =cos z ~ (12)

(xi) If we put u=1,v=2,w=1,4,=1,b,=1,k;=0,h
=1/2,1=1,u=1,{=2,6=2,m=0,4,=0,A, =1
,B;=0,n=1,v=-1/2,a=1, and £ =1 in equation
(1) then the V-function turns into the sin z function:

VEV2LL(11,2,2,0,0,0,-1,0,1,-1/2,1;2) =sinz ~ (13)



Abstract and Applied Analysis

1.1. Saigo Fractional Calculus Operators. The fractional inte-
gral and differential operators with the Gauss hypergeo-
metric function as the kernel are characterized by Saigo
[28], and they are notable generalizations of the Riemann-
Liouville (R-L) and Erdélyi-Kober fractional calculus opera-
tors (see [1]).

For g, ¢,7 € C and x € R* with R(p) >0, the left-hand
and the right-hand sided generalized fractional integral oper-
ators connected with Gauss hypergeometric function are
defined as below:

x 6 t
(1) ) = 5

() J x(x_t)pfle 1 (W&—y;p;l - )f (t)dt,

(14)

T
15)

respectively. Here, ,F,(p,€;y;2) is the Gauss hypergeo-
metric function [1] defined for z€ C,|z| <1 and ,e€ C,y
€C\Z; by

Flpesyin= ORI g

where (z), = (z),,,- The corresponding fractional differential
operators are

@ = (&) (e w, )

(DP7f) (x) = (‘i)k(fim_s‘k’“”f )@ 09

where k= [R(p)] + 1 and [R(g)] is the integer part of R(g).
Substituting € = —p and € =0 in equations (14)-(17), we get
the corresponding R-L and Erdélyi-Kober fractional opera-
tors, respectively.

1.2. MSM Fractional Calculus Operators. Marichev [29]
introduced and researched fractional calculus operators,
which are an extension of the Saigo operators, which were
later expanded by Saigo and Maeda [30]. For g,p', &',y
€C and xeR" with R(y) >0, the left-hand and right-
hand sided MSM fractional integral and derivative operators
associated with third Appell function F; are defined as

R\
<

t X

< [t ey f> () = J-x (x—t)r!

o Fs (p,p',s,S',y;l—
0

~

)

X

(etrp) (x) = A

(pirenf) = () (Grrmemer)w, - @

respectively, where g = [R(y)] + 1, and the third Appell func-
tion [29] is defined by

' !
F, (p,p,,é‘,sl, y ;x’y) _ mzo (p)m (p(z)n(f)m (8 )nj:g:: , max
Al Iy <1
(23)

The following MSM integral operators are required here
[[30], p. 394] to obtain the MSM fractional integration of
the generalized V-function.

Lemma 1. Let g, ', &,¢',y, p € C such that R(p) >0
(i) R(p) >max {0, R(p' —&')R(p+p' +e-v)}, then

F(PV(*KJI + €/+P)F<*P*P, —ety+ P)

P ara
F(s'+p)F(—pfp' + y+p)F (—p' —-e+ y+p)

(1802 ) o) -

(24)

(i) ? 9;';(;3) > max {R(e).R(-p-p' +y), Re (-p—¢' +7)
, then

I(-etp)l (@ﬂo' - Y+P>F (me' - Y+P>

X PP
I(p)I (g—e+p)T (w@' +e' - V+P)

( [edety t‘P) (x) =

(25)

Fractional integral formulas for the V-function are
given by [10]. In order to provide unification and exten-
sion of such kinds of results on fractional integrals of spe-
cial functions. The authors derive two unified fractional
integrals involving the product of V-function [6] and
Appell function [29]. The integrals are further used in
establishing two theorems on Saigo-Maeda operators of
fractional integration [30].

In this paper, our aim is to study the compositions of the
generalized fractional integration operators (18) and (19)
with the V-function (1). At least, we establish them as special



cases on the main result in connection with various special
functions.

2. Fractional Calculus Approach

In this section, we establish image formulas for the V-func-
tion involving the left and right sides of the MSM fractional
integral operators. These formulas are given by the following
theorems.

Theorem 2. Let o, ', e,¢',y, pe G L{, om, v, .k, A,, B,
€ER; pqreEN; a,b,>1, n>0,R(u)>0,R(h) >0,R(0)
>0, and &> 0 is an arbitrary constant, such that R(y) > 0,

R(p) >max {0, R(p' — ") R(p+p' +e-7)}, then for t >0

following integral holds true:

(15 (tf’" Vi (8,8, K Ay By v, 5 £7)) ) (1) = 27070
o [ sk ] (h+nn+v)H(x712) S (o 4 6(nl + h +m))
x & Z . /
b1 {(b Jned }H:u:] {(h)qanw]F(P +0o(n{+hd+m)+e )
F(p +o(nd +hd+m)+ s'—p')l‘(p +o(nd +hd +m) - e—p—p')
F(p +0(ng+hd+m)+ yfpfp’)F<p +0(n{+hd+m)+y- sfp’> '

(26)

X

Proof. For convenience, we denote the left-hand side of the
result (25) by ; using the definitions (1) and taking the
left-hand sided MSM fractional integral operator inside the
summation, the left-hand side of (25) becomes

(Igjlgjdgy(tplvu b, (LG, 8,mk,A, ,n,v,a;ta)D(x)

(e (g U A u>n+k,,]<h+nn+v>”<t0/2>"‘*”5*’">)x
" y(tp T [0 [T [(aen] ¥
()" Tt [ (@), | O+ 9"

T [ ), | Tt [(B) i, |25

. (Igiﬂ,a’,e,y (tp+a(n(+h6+m)—l) ) (X),

Mg

=

"

(27)

by applying the relation (23) in (26), we get RHS of (25). O

The next theorem gives the right-hand MSM fractional
integration of the V-function.

Theorem 3. Let g, ¢, &,¢',y, p € G L,{,om, v, .k, A,, B,
€R; pqreN; a,b,>1, n>0,R(u)>0,R(h)>0,R(0)
>0, and &> 0 is an arbitrary constant, such that R(y) > 0,

R(p) > max {R(e),R(~p—p  +7y).R(—p—¢' +y)}, then for
t > 0 following integral holds true:
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(I?"‘b‘s’t’y(t’pVﬁ"’h’b"(L w8, mk,, A, By, nv,a; t’”)))( )= X rp

o (-1)"
<2 Tt [ (00)n | TTes [ (00, | TP + 0 4 1S + )

- [(au)mj (I + 5+ V) (0 12) O (g po o (nd + hS + m))

+0(nl +hd +m)+p+p' - y)l“(p +0o(n{ +hd + m)+p+e’ - y)

i
F<p+

o(n{ +hd +m) - p+p+p’ + s')F(p +0(nC +hS + m)+p—e)
(28)

Proof. For convenience, we denote the left-hand side of the
result (27) by J, using the definitions (1) and taking the
right-hand sided MSM fractional integral operator inside
the summation, the left-hand side of (27) becomes

B Bk, =n" P {(u“>n+ku} (h+nn +V)#(ta/2)nl+h5+m)> )

[Pdety (t PE Z a {(bv)wj . [(h)”m%] (x)
(0" 111:1 [(“u)mku} (h+nn+v)™*

T [0, | Tl (1), ] 27055

(stéy(,pvahb (L, 8, 8, m, ks Ay Buys 11, vy a5 )))()

i (Iw,e,ay (t—(p+0(n[+h§+m))) ) ),

(29)

by applying relation (24) in (28), we get RH.S. of (27). O
3. Special Cases

Here, we present some special cases by choosing suitable
values of the parameters in Theorems 3.1 and 2.2. We get cer-
tain interesting results concerning the other special functions
like the generalized hypergeometric function, the Bessel
function, Wright’s generalized Bessel function, Struve’s func-
tion, Lommel’s function, the Mittag-Leffler function, the
Riemann-Zeta function, the exponential function, and
Macrobert’s E-function given in the following special cases.

(i) fweputw=1,h=1,p=P,q=Q,l=-2,u=1,{=1
,0=0,m=0,k,=0,A,=0,B,=-1,y=1,v=-1,«
=1, and & =1 in equations (25) and (27), then the V
-function turns into the generalized hypergeometric
function [11] and applying the result from ([31],
equations (25) and (26), page 34)).

B)pn=pP"

e e

i=

As per condition of Theorems 3.1 and 2.2 respectively as
below:



Abstract and Applied Analysis 5

e
r(p+e)r(p+y-p-p')0(p+y-eg') Pr3otarso

p ptl pto-1 p+s'—p' p+e'—p'+1 p+s'—p'+a—1 p—s—p—p' p—s—p—p'+1 p—s—p—p'ﬂr—l
g o o o o ’ I ’ I ’ I ’ o

(1847 (17 Fo(ap b)) ) () =0 777!

ay, a5, ap

x|,
pre lap+e’  pre+o-1 , , ) , , ,
g’ o ’ 7 TPy prYPR t1  pry—p—@ +0-1 pry-—ep pry-ep +1  pty-ep +o-1
o ’ o ’ o ’ o ’ o ’ o

byby, by

(Im@séy(t PoFo(apsb ))) x)=x 0P

(
5 I'(p- (p+@+r@ - V)F (p+@+f —y)
)

/ X pi3o FQ+30

+ptp +e |I(ptp—e)
I'(p)r (p yHorp’ (ptp— (31)
g PmE petl  poeto-l prptp' —y prete' —p+1  prprp —y+a-1 prpte' —y prote —y+1  prpre’ —yro-1
1Oy ps s , . , - . - , . . . 5 , -

-0

| x

bbb P 1+pmp+0—1 pfy+p+(p,+£, p—y+p+g)'+s'+lmpfy+p+g3'+s'+a—1 ptgp—¢ p+pfs+1m ptp—e+o—1
1> 02> > Q)U)itf > P > - > P > o > - > o > o

(ii) If we put o=1Lu=1,v=2w=1,a,=1,b,=1,b, w(BY (B+1
_11_1y=14=2 8=1,m=0k =0,4,=0,4, (P =2 (5) ( 2 ) >
=0,B,=0,n=1v=0,a=1, and 5—1/( (h)) i ' '

equations (25) and (27) then the V-function turns
into the Bessel function [23] and applying the result ~ under the condition stated in Theorems 3.1 and 2.2, respec-
from ([31], equations (25) and (5.3), page 38) as tively, as below:

F(p+h)1“(p+s’—p' +h)1"<p—s—p—p’ +h>
F(h+1)F<p+e'+h)1"<p+y—p—p’+h>F(p+y—s—p'+h>
p+h p+h+l p+e—p +h p+e'—p' +h+1 p-—e—p—p' +h p-e—p—p +h+1

27 2 72 2 2 2 x?

x ¢F, [=—1>
bl p+e +h pre'+h+l pry—p—p' +h pry—p—p +h+l pry—e—p' +h pry-ep +h+1
’ 2 2 2 2

(I f8eey (1071, ( t))) (x) = xPO L

> > >

2 > 2 > > > >

I(p—e+MI(p+p+p —y+h)T(p+rop+e —yp+h
(Ip’kb’g’é’y<t_f’]h(l>)>(x):x‘@‘P’“’_P_hX (p—e+h) (P PrE —Y ) (p p+e —y )
t L(h+ 1)L (p+ h)F(P—wa’ +e' +h)L(prp-e-+h)
p-eth p-eth+l prorp —y+h prp+p' —y+h+1 prote —y+h prp+e —y+h+1

2 2 ’ 2 2 2 2 1
><6F7 |-—

3 1,I’th’lJrPJrh’ p-yptptp +e +h p—yrptp v +h+1 prp—e+h prp-e+h+1
2 2 2 ’ 2 2 2

> > >

> >
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(i) fweputu=1,v=2,w=1,a,=1,b,=1,b,=1,1= generalized Bessel function [23] using result (29)
2,u=1,(=1,8=1,m=0,k;=0,A4,=0,4,=0,B, under the condition in Theorems 3.1 and 2.2,
=0,v=0,a=1and £=1/(I'(h)) in equations (25) respectively, we get
and (27) then the V-function turns into Wright’s

ver ot o I(p)r (p+e'-p' )T (p-e-pp')
(Ibpif’éw(tp WAG )))(x) = Pl e 1)F<P+sl)r(p«f))—p—p,)F(p«f’y—g—p’) X 30 Fyiza

p p+tl p+o-1 p+s’—p' p+s'—(@'+1 p+s’—p’+o—1 p—s—p—p' p—s—p—p’+l p—s—p—g)’+o—l
in"" > > >t > > RRREY

g o o o g o o g
-2
h+l h+2  h+np+e l+pte  pre'+o-1 pry—p—p pty—p—p +1 , , , , |’
R A ’ o ’ o ’ o Coptypp +0-1 pry—ep pry-—ep +1 pry—e—p +o-1
’ I ’ o ’ I ’ I

(I{J,gb,e,l:,y(t—pjz(t,o-))) (x) = PP I'(p- S)F(p+p+p’ _ Y)F(p+p+£/ _ y>
I(h+ OI(p)T (p - yrpr’ +¢ ) D(prp-e)

X 3¢ F;1+3[7

p—¢ p-e+l p-e+to-1 p+gs+p'—y p+g;+p'—y+1 p+p+p'—y+a—1 p+g;+s'—y p+p+s'—y+l p+p+s'—y+o—l

o o o o o o o o o | X
R+l h+2  h+n p l+p pro—1 p—y+ptp +&' p—yrp+p +e +1  p-yprp+p +e +0-1 prp—e prp-e+1 prp-e+o-1 !
n ' n e o T o a ’ I ’ I o a ’ I

(34)

(iv) f weput u=1,v=2,w=1,a,=1,b, =3/2,b, =1, in equation (25) and (27) then V-function turn into
=1L,u=1,{=2,=1,m=1,k =0,A,=0,4,=0, Struve's function [23] using the result (29) under the
B, =1/2,y=1,v=1/2,a=1, and &=1/T'(h)[(3/2) condition in Theorem 3.1 and 2.2 respectively, we get

[oPder (-1 (1 xPg-p'+y+a(ht1)-1
LY (107 H (¢ ) )=
<°* (72 H,(17)) ) ) T(h+3/2)T(3/2)2"

I'(p+o(h+ 1))F<p+s’—p' +o(h+ 1))F<p—s—p—p' +o(h+ 1))
x

F(p+s' +a(h+ 1))F(p+y—p—p’ +a(h+ 1))F<p+y—s—p’ +a(h+ 1))

1ero(thl) pto(h+1)+1 ptoh+1)+20-1 p+e'—p +o(h+1) p+e'—p +o(h+1)+1

20 20 20 20

20 ’
X1+60F2+6a ’ , ’ , i
h+3 pte +oh+1) 1+p+e +o(h+1) p+e +oh+1)+20-1 p+y—p-p +o(h+1) p+y—p-p +o(h+1)+1
2 20 ? 20 ’ 20 ’ 20 ’ 20 ’
p+s’—p’+6(h+1)+20—1 p—e—p—p’+a(h+1) p—e—p—gy’+a(h+1)+lm p—s—p—gy’+a(h+1)+20—l
? 20 ’ 20 ’ 20 ’ 20 l_f
pryp—p +o(h+1)+20-1 p+y-e— +o(h+1) p+y—e—p +oh+1)+1 p+y—ep' +0o-1 4
’ 20 ’ 20 ’ 20 ’ o
—p—'+y-p-o(h+1)
IR (TP H(07) ) (1) =
I'(h+3/2)I(3/2)2

I'(p-e+o(h+ 1))F(p+p+p' -y+o(h+ 1))F(p+({3+€’ -y+o(h+ 1))

I'(p+o(h+ 1))F<p —ptptp’ +e' +o(h+ 1))F(p+p—s +o(h+1))

X

p-eto(h+l) p-eta(h+1)+1 p-e+o(h+1)+2-1 p+p+p' —y+a(h+1) prp+p’ —y+o(h+1)+1

20 20 20 20 20 ’
X 1160 Farso / / ! !
3 h+3 pto(h+1) 1+p+oh+1) p+o(h+1)+20-1 p-p+p+p +e +o(h+1) p—yp+p+p +e +o(h+1)+1
20 20 20 ’ 20 ’ 20 ’ 20 ’
prpte —y+o(h+1)+20—-1 prp+e —yp+o(h+1) prp+e' —y+o(h+1)+1  prp+e’ —p+o(h+1)+20-1
’ 20 ’ 20 ’ 20 ’ 20 |7X’2"
p-ytptp' +e' +oh+1)+20-1 prp-e+o(h+1) ptp-e+o(h+1)+1 prp-e+a(h+1)+20-1 4

20 20 20 20

(35)
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(v) If we put u=1,v=2,w=1,a,=1,b;=(0+¢e+3)/ tions (25) and (27) then V-function turn into
2,b,=(0-¢e+3)2,l=1,u=1,{=2, h ,6=6,m Lommel’s function [23] using result (29) under
=1,k =0,A,=0,4,=0,B,=-1,y=1,v=-l,a= the condition in Theorems 3.1 and 2.2, respec-
1, and &=21/{(0+e+1)(0-e+1)} in equa- tively. we get

) - . P +y+o(6+1)-1
(84 (155u() )= s @ ee )

I(p+o(@+ 1))F(p+ e'—p' +o(0+ 1))F(p— e—p—p' +0(0+ 1))
F(p+e’ +o(0+ 1))F(p+y—p—p' +o(0+ 1))Fp+y—s—p’ +o(0+ 1))

L Pro@+1) p+o@+D)+1  pro(@+1)+20-1 pre—p +a@+1) pte'—p +o(@+1)+1

X

< F ’ 20 20 20 20 20
1+60 % 2+60
6-c+3 0+et3 pre'+o(@+1) lepre +o(0+1) p+£ +a(9+1)+2(r—1 p+y-g—g +a(9+1) pty—p-p +o(@+1)+1
2 72 20 ’ 20 20 20 20 ’
p+s —p +a(6+1)+20—1 p—e——p +a(0+1) p—e—p—p +a@+1)+1 p-ep-p +0(0+1)+20-1
20 20 20 ’ 20 A
pty-p—p +o(@+1)+20-1 Ozcmp+y—e—p'+a(0+l) pty—e—p +a@+1)+1 pry—ep +0@+1)+20-1 4
’ 20 o 20 ’ 20 ’ 20
~p-g'+y=p-o(0+1)
[Beby (g (40 —
(120, () @-erD@+er])
I(p-e+o(0+ 1))T(p+p+p/ —y+o(0+ 1))F(p+ga+s’ -yp+o(0+ 1))
X
I(p+o(0+ 1) (p-y+p+p +& +a(0+ 1))F(p+p—e+a(0+ 1))
p- s+a(9+1) p-e+to(0+1)+1 P s+a(9+1)+20—1 ptp+gp’ y+o(9+1) ptotp —y+o@+1)+1
20 20 20 20 20
X1+60F2+6a ’ i} ’ ’
O-e+3 O0+e+3p+0(0+1) 1+p+o(@+1) p+o(@+1)+20-1 p-y+p+p +& +0(0+1) p-ytp+p +& +o(@+1)+1
2 72 20 20 ’ 20 ’ 20 ’ 20 ’
prorg —y+0(0+1)+20-1 p+p+£,—y+a(0+l)) p+§o+s,—y+5(9+1)+lm’p+p+£,—y+a(9+1)+2¢7—1
s 20 > 20 20 20 .
X
==
p-yptptp +e +0(0+1)+20-1 prp-e+o(@+1) prp-e+o@+1)+1 prp-e+o(@+1)+20-1
’ 20 ’ 20 ’ 20 ’ 20
(36)
(vi) If we put u=l,v=1Lw=1,a,=1,b;=1,1=-2,u then the V-function turns into the Mittag-Leftler
=1,{=1,6=0,m=0,k; =0,A,=0,B, =-1,v=— function [12, 13] using result (29) under the condi-
l,a=1,and £=1/(I'(h)) in equation (25) and (27) tion in Theorems 3.1 and 2.2, respectively, we get
, L) (p+e'—" )T (p-ep'
(Igipmy(tpilEh,v,(tu)))(X):xpiﬂipwilX ,( ) (, ) ; X 1430 Fypize
F(h)F(p+s)F(p+y—p—p )F(p+y—s—())
! ! r U ! ! ! ! !
LP ptl p+to-1 pte—p pte—p +1 pre—p +0-1 p-ep—p p-ep—p +1 p-ep—p +0-1
e’ o 7 o T o I T I ’ o ’ I ’ I .
==,
h h hn-1 p+e’ 1+p+e’  pre'+o-1 pry—p—p p+y—p—p +1 '
— e —_— e ! ! ! r
nwon' ' n o o ’ I ’ I ’ I PPty t0-1 pty-ep pty-ep +1 pty-ep +0-1
’ I ’ I ’ I ’ I
, I(p-er (P+P+KJ’ - V)F <p+@+e' - Y)
(I@’WW(fPEh (rf’)))(@:xw P x X30Fy s
1 ] ; o Ln+30
I(h+ I)F(P)F<P—Y+K’+P +e )F(P*LP*S)
L PE p-e+l p-e+to-1 prptp’ —y protp —y+1 prptp —y+o—1 prpte —y p+p+e’7y+1mp+p+£’7y+<771
o T ) . , p > . AN . > . ) . ) > v

h+n-1 p 1+p p+o-1 p—ytp+p' +&' p-yrp+p' +& +1 p-ytp+p +€ +o-1 prp-e prp-e+1 prp-e+o-1 T

n [ g [ o o [ o g o

>

=3

el
T
(37)



(vii) If we put u=1l,v=1Lw=1,a,=a,b,=1,1=-2,(
=1,6=0,m=0,k; =0,A, =0,B,=0,n=1,v=0,
a=0, and £=1 in equations (25) and (27) then
the V-function turns into the unified Riemann-
Zeta function [27] using result (29) under the
condition in Theorems 3.1 and 2.2, respectively,
we get,

(Iﬁj"’d’s’y(tf’"%(t”, " h))) (x) = xPee oyl
(a),L(p+ on)F(p e+ an)F(p e (m)x”"
) n=0 (h + n)"l"(p e+ on)F(p+ y—p—' + an)F(p ty—ep + an)

[os}

>

F(P)F(PH'—KJ')F(P—S—@—P
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([ff*&b,s,!:,y(t’/’(p (fﬂ’ w I’l))) (X) - x*gy—p#y—p

& (@),r )r(

n=0  (h+n)*T'(p+on)I’ (p —yrptp ve' + an)F(pﬂp—s +on)
(38)

(p—e+on)l’ prptp —yp+ an)l"(p+p+£' -y+ an)x"’”

X

2,¢

(viii) If we put u=1l,v=1Lw=1,4a,=1,b=1,1=
=1,0=0,m=0,k;=0,A,=0,B, =— 117=1
-lLLa=lLh=1pu=1, and E=11in equat10ns (25)
and (27) then V-function turn into e function,
using result (29) under the condition in Theorems
3.1 and 2.2, respectively, we get,

)

X 30F

O L M (e e 1 e

!

s—p') ’

p—s—p—g:l’+0—l

! ! ! ! ! ! !
pptl pto-1 pte—p pte—p +1 pre—p +0-1 p-epp p-ep-p +1
A s > o I ’ I ’ I ’ I ’ I ’
=7 |,
p+s' 1+p+s' p+s'+a—1 p+y—g1—g)' p+y—p—p'+1 p+y—g1—p'+cr—l p+y—£—p' p+y—e—p'+l p+y—s—gz'+a—1
o’ 0 I ’ I ’ I T I ’ I ’ I ’ I
. , I(p-e)l (P+KJ+{-7I - Y) r (P+(J+€' - Y)
(Ifj"b’s’k"'(t"’e'(t >))(x):x"“'@+y"’>< X 35Fs5
I(p)L (p -y’ +¢') I(pro-e)
p-¢ p-e+l p-et+to-1 p+p+g3’—y p+p+p'—y+l p+g3+p'—y+a—l p+p+s’—y p+gJ+s’—y+1 p+{.7+s’—y+a—1
o’ 0o ’ o ? o ’ o > o ’ o ’ o ’ o .
|—x
p 1+p pt+o-1 p—y+p+p'+s' p—y+p+p'+s'+l p—y+p+p'+e'+o—1 ptp—e ptp—e+1  ptp-e+o-1
o o I ’ I 7 I o o ’ o
(39)

(ix) If we put w=1,p=P,q=Q,1=2,u=1,{=1,6=0
,m=0,k,=0,A,=0,B,=-1,y=1,v=-L,a=1,h
=1, and E=[]"_I(a,)/[]L,[(b,) in equations

Hu lr(au)

(25) and (27) then the V-function turns into Macro-
bert’s E-function [11] using result (29) under the con-
dition in Theorems 3.1 and 2.2, respectively, we get

F(P)F<P +€’—KJ')F(P —8—@—@')

X P+30 F Q+30

F(p +s’)F(p+ V—@—w')F(p +y- 8—@')

p p+l  pt+to-1 p+s’—ga’ p+s’—p'+1 p+e’—g)’+0—1 p—s—p—p’ p—s—p—p’+1 p—e—p—p'+a—l
Ay Ay, 55 0ps —5 ——— % > > >t > > ‘“,
v e o o o [ o o o [
-
b b b .p+s' 1+p+s' p+e'+a—1 p+y—p—g.7' p+y—g3—p'+a—1 p+y—s—p' p+y—s—g.r'+1 p+y—s—p'+a—1
1> Y > 00> p > o - > P > > P > P > P > P
L(p—e)l (p+p+p’ —y)T (prote' —y
(I‘f"”’s‘k’y<t"’E( (ap); Qs (bQ) i)))(x) KO Hul (a.) ( , ) ’< ) X prso Farso
e ITLI() (o) (p-yrpre’ +& ) I(pro-e)
p-e p-e+l p-e+to-1 prptp' -y prptp' —y+1  prp+p —y+o—1 prpre —y prpte —y+1  prpte —y+o-1
ayp, Ay, - 5 dps ?; - p > p > - > p > p 5 p 5 p | B
-X
b b b P L+p pro—-1 p—yiprp' +&' p-yrptp' +e' +1  p—yiprp' +e' +o0-1 prp—e prp—e+l prp-etro-1
102 Q’E)T > - > P > = > = > = > - > P
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(x) fweputu=1,v=2,w=1,a,=1,b;=1,k; =0,h=
1/2,1=1,u=1,{=2,6=0,m=0,A, =0, A, =1,
B, =0,7=1,v=-1/2,a=1, and £=1 in equations

(Igf)""e”'(t"’l cos (t”))) (x) I A

F(p)F(p+e'—p')F<p—e—p—p’)

F(P+8')F(P+V—W—@')F(P+V—8—W'

(25) and (27) then the V-function turns into cos z
function, using result (29) under the condition in
Theorems 3.1 and 2.2, respectively, we get

) X 60F1+65

p p+tl  p+20-1 p+s’—p' p+e'—g:'+1 p+s'—p'+20—1 p—s—gy—g:' p—s—p—p’+1 p—s—(g—p'+20—1

207 20 20 20 20

!

20 20 ’ 20 x%

pre’ l+p+e’ pre'+20-1 pry-p-p' pry-p-p'+1  prypp +20-1 pry-e-p' pry-e-p'+1 pry-ep'+20-1

5 5

1
2’ 20 20 20 20 20

I'(p-erl (P+K3+KJI —Y>T(p+p+s’ - y)

20 20 20 20

X ¢ F

(I‘f"ﬁ’g’é’y(t”’ cos (£79)) ) (x) =5 P17 x

T(p)r (P —ytptp’ + 8’)F (ptp—¢)

60" 1+60

! ! ! ! ! !
p-& p-etl p-e+20-1 ptptp —y ptptp —y+1  prptp —y+20-1 prpte —y prpte —y+1  prpte —y+20-1

>

20 20 20 20 20 20 20 20 20 | X
oot oo ot 4
1 p 1+p p+20-1 p-yp+p+p +& p-ptp+p +e +1 p—ytptp +e +20-1 ptp-e ptp-e+1 ptp-e+20-1
2°20° 20 " 20 20 ’ 20 T 20 207 20 ’ 20

(xi) If we put u=1l,v=2,w=1,a,=1,b, =1,k =0,h
=1/2,1=1,4=1,{=2,6=2,m=0,4,=0,A, = -1
,B,=0,1=1,v=-1/2,a=1, and £ =1 in equation

F(p+a)1"(p+e'—p’ +0)F(pfefpfg’ +o)

(Igiw’”(tp’l sin (t”))) (x)= xPEE YOl

F(p+s'+a)1"(p+y—p—p'+0)F(p+y—s—gj’+0) Heol

(25) and (27) then the V-function turns into sinz
function, using result (29) under the condition in
Theorems 3.1 and 2.2, respectively. We get

1+60

pt+o pto+l pto+20-1 pre'—p'+0 prel—p'+o+1 pre—p +a+20-1 p-ep-p'+0 p-e—pp +a+1 p-e—p-p +a+20-1

20 20 20 20 20

3
2

pre'+o l+p+e'+o  pre'+0+420-1 pry-p—p'+0 pry-p-p' +0+1 pry-p-p'+0+2-1 pry-ep'+o pty-ep'+0+1 pry-ep +o+20-1

20 20 20 x%

20 20 20 20 20

I'(p-e+ o)F(pﬂgﬂa’ —-y+ U)F(p+p+s' —-y+ a)

(1#82(177 cos (7)) ) (1) =27 #"770 x

I(p+o)l (p —ytptp’ v+ a) I'(p+p-e+0)

20 20 20 20

X 6o F 1160

! ! ! ! ! !
p-eto p-e+o+l p-e+o+20-1 ptptp —y+0 ptp+tp —y+o+1 prptp —y+o+20-1 ptp+te —y+0 ptpte —y+o+1 ptp+te —y+o+20-1

==

(42)

20 20 20 20 20 20 20 20 20 X
! ’ ! ! ! !
3 pto l4+p+o  p+o+20-1 p-ytptp +& +0 p-ytptp +e +0+l  poptptp +e +0+20-1 ptp-e+0 prp-e+o+l  prp-et+o+20-1
2’ 207 20 ’ 20 ’ 20 ’ 20 ’ 20 20 20 ’ 20
. . . .
4. Concluding Remark 2 and 3) can be deduced as special cases involving well-

Due to the generalization of Riemann-Liouville, Weyl,
Erdélyi-Kober, and Saigo’s fractional calculus operators,
MSM fractional calculus operators have a significant
advantage; as a result, many writers are referred to as gen-
eral operators. Now, we will wrap up this paper by
highlighting that our most important findings (Theorems

known fractional calculus operators, as previously stated.
The V-function defined in (1), on the other hand, has
the property that a number of special functions appear
to be the special cases. Several special cases involving inte-
grals relating to the V-function have been uncovered in
previous research works by various authors using different
arguments.



10

Data Availability

No data were used to support this study

Conflicts of Interest

There is no conflict of interest regarding the publication of
this article.

References

(1]

(2]
(3]

(8]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, “Theory and
Applications of Fractional Differential Equations,” in North
Holland Mathematics, vol. 204, Elsevier, Amsterdam, 2006.
A. M. Mathai, R. K. Saxena, and H. J. Haubold, The H-
Function Theory and Application, Springer, New York, 2010.
S. G. Samko, A. A. Kilbas, and O. I. Marichev, “Fractional Inte-
grals and Derivatives,” in Theory and Applications, Gordon &
Breach, Yverdon, 1993.

V. S. Kiryakova, Generalized fractional calculus and applica-
tions, vol. 301 of Pitman Research Notes in Mathematics
Series, Wiley, New York, 1994.

K. S. Miller and B. Ross, An Introduction to the Fractional Cal-
culus and Fractional Differential Equations, A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York,
1993.

V. Kumar, “A general class of functions and N-fractional cal-
culus,” Journal of Rajasthan Academy of Physical Sciences,
vol. 11, no. 3, pp- 223-230, 2012.

S. Chandak, S. K. Q. al-Omari, and D. L. Suthar, “Unified inte-
gral associated with the generalized V-function,” Advances in
Difference Equations, vol. 2020, no. 1, Article ID 3019, 17
pages, 2020.

V. Kumar, “N-fractional calculus of general class of functions
and Fox’x H-function,” Proceedings of the National Academy
of Sciences, India Section A: Physical Sciences, vol. 83, no. 3,
pp. 271-277, 2013.

V. Kumar, “The Euler transform of V-function,” Afrika Mate-
matika, vol. 29, no. 1-2, pp. 23-27, 2018.

V. Kumar, “On Riemann-Liouville fractional integral operator
of a general class of functions,” Journal of Rajasthan Academy
of Physical Sciences, vol. 18, no. 3& 4, pp. 193-200, 2019.

A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Higher Transcendental Functions, vol. I, McGraw Hill Book
Company, New York, 1953.

P. Humbert and R. P. Agarwal, “Sur la fonction de Mittag-
Leffler et quelques-unes de ses généralisations,” Bulletin des
Sciences Mathematiques, vol. 77, no. 2, pp. 180-185, 1953.

G. Mittag-Leffler, Sur la nouvelle fonction E,(x), vol. 137,
Comptes Rendus de 'Académie des Sciences, Paris, 1903.

H. Amsalu and D. L. Suthar, “Generalized fractional integral
operators involving Mittag-Leffler function,” Abstract and
Applied Analysis, vol. 2018, Article ID 7034124, 8 pages, 2018.
D. L. Suthar, M. Andualem, and B. Debalkie, “A study on gen-
eralized multivariable Mittag-Leffler function via generalized
fractional calculus operators,” Journal of Mathematics,
vol. 2019, Article ID 9864737, 7 pages, 2019.

S.Hagq, K. S. Nisar, A. H. Khan, and D. L. Suthar, “Certain inte-
gral transforms of the generalized Lommel-Wright function,”
CUBO A Mathematical Journal, vol. 21, no. 1, pp. 49-60, 2019.

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

(27]

(28]

(29]

(30]

Abstract and Applied Analysis

K. N. Bhowmick, “A generalized Struve’s function and its
recurrence formula,” Vijnana Parishad Anusandhan Patrika,
vol. 6, pp. 1-11, 1963.

B. N. Kanth, “Integrals involving generalised Struve’s func-
tion,” The Nepali Mathematical Sciences Report, vol. 6,
pp. 61-64, 1981.

K. S. Nisar, D. L. Suthar, S. D. Purohit, and M. Aldhaifallah,
“Some unified integral associated with the generalized Struve
function,” Proceedings of the Jangjeon Mathematical Society,
vol. 20, no. 2, pp. 261-267, 2017.

R. P. Singh, “Some integral representation of generalized
Struve’s function,” Mathematics Education (Siwan), vol. 22,
no. 3, pp. 91-94, 1988.

D. L. Suthar, S. D. Purohit, and K. S. Nisar, “Integral trans-
forms of the Galue type Struve function,” TWMS Journal of
Applied and Engineering Mathematics, vol. 8, no. 1, pp. 114-
121, 2018.

A. Baricz, “Generalized Bessel Functions of the First Kind,” in
Lecture Notes in Mathematics, Springer, Berlin, 1994.

A. Edrelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Higher Transcendental Functions, vol. II, McGraw Hill Book
Company, New York, 1953.

K. S. Nisar, D. L. Suthar, S. D. Purohit, and H. Amsalu, “Uni-
fied integrals involving product of multivariable polynomials
and generalized Bessel functions,” Boletim da Sociedade Para-
naense de Matemdtica, vol. 38, no. 6, pp. 73-83, 2019.

R. K. Saxena, J. Ram, S. Chandak, and S. L. Kalla, “Unified frac-
tional integral formulae for the Fox-Wright generalized hyper-
geometric function,” Kuwait Journal of Science and
Engineering, vol. 35, pp. 1-20, 2008.

D. L. Suthar, S. D. Purohit, and K. S. Nisar, “Certain integrals
associated with generalized hypergeometric functions,” Acta
Universitatis Apulensis, vol. 55, pp. 105-112, 2018.

S. P. Goyal and R. K. Laddha, “On the generalized Riemann
zeta function and the generalized Lambert transform,” Ganita
Sandesh, vol. 11, no. 2, pp. 99-108, 1997.

M. Saigo, “A remark on integral operators involving the Gauss
hypergeometric functions,” in Mathematical Reports, vol. 11,
no. 2pp. 135-143, Kyushu University, 1978.

O. I. Marichev, “Volterra equation of Mellin convolution type
with a Horn function in the kernel, Izvestiya Akademii Nauk,
BSSR,” Seriya Fiziko-Matematicheskikh Nauk, vol. 1, pp. 128-
129, 1974.

M. Saigo and N. Maeda, “More generalization of fractional cal-
culus,” in Transform Methods & Special Functions, P. Rusev, 1.
Dimovski, and V. Kiryakova, Eds., pp. 386-400, IMI-BAS,
Sofia, Bulgaria, 1998.

H. Exton, Handbook of Hypergeometric Integrals, Ellis Hor-
wood Ltd., Chichester, 1978.



	The Marichev-Saigo-Maeda Fractional Calculus Operators Pertaining to the V-Function
	1. Introduction and Preliminaries
	1.1. Saigo Fractional Calculus Operators
	1.2. MSM Fractional Calculus Operators

	2. Fractional Calculus Approach
	3. Special Cases
	4. Concluding Remark
	Data Availability
	Conflicts of Interest

