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In this paper, we consider a JS metric space endowed with convexity structure, which will allow us to examine and study convergence
of Mann iteration and Ishikawa iteration for Banach type and Chatterjea type contractions defined on JS metric space.

1. Introduction

Convexity structure in normed spaces and vector topological
spaces has stimulated mathematicians to enlarge and general-
ize this important notion to metric space and generalized met-
ric spaces. This work has been achieved by different ways and
various directions. In 1970W. Takahashi [1] opened up a new
line of investigation by introducing an abstract convexity
structure in metric space and obtained fixed point theorems
for nonexpansive mappings; his results generalize fixed point
theorems previously proved by Browder [2] and Kirk [3].

In recent years, many papers studied Mann [4] and
Ishikawa [5] processes in various ways for single and multiva-
lued contractive mappings. For more details in this direction,
we refer the reader to [6–13].

In 2015, Jleli and Samet [14] introduced a new generali-
zation of metric space that also recovers dislocated metric
spaces [15], b-metric spaces [16], and modular metric spaces
with Fatou property [17, 18]. Since then, fixed point theory
has been widely studied in this new framework, and the
reader may refer to [19–22].

In [23], the authors have introduced aMann type iteration
method; they also obtained a result about strongly conver-
gence of this iterationmethod to a fixed point of nonexpansive
mappings on Banach spaces. They provide a result about
strong convergence of the iterationmethod to a common fixed

point of twomappings on uniform convex Banach spaces via a
new iteration method based on Ishikawa iteration idea.

Motivated by above, in this paper, we consider a JS metric
space endowed with convexity structure introduced by Taka-
hashi; this will allow us to examine and study convergence of
Mann iteration [4] and Ishikawa iteration [5] for Banach type
and Chatterjea type contractions defined on JS metric space.

In the next, we recall the basic definitions which are used
throughout in this paper. For every x ∈ X, let us define the set

C D, X, xð Þ = xnð Þ ⊂ X : lim
n⟶+∞

D xn, xð Þ = 0
n o

: ð1Þ

Definition 1 (see [14]). We say that D : X × X⟶ ½0,+∞� is a
JS metric on X if it satisfies the following conditions:

(D1) For every ðx, yÞ ∈ X × X, we haveDðx, yÞ = 0⇒ x = y
(D2) For every ðx, yÞ ∈ X × X, we have Dðx, yÞ =Dðy, xÞ
(D3) There exists C > 0 such that if ðx, yÞ ∈ X × X, ðxnÞ

∈ CðD, X, xÞ, then

x, yð Þ ≤ Clim sup
n⟶+∞

D xn, yð Þ ð2Þ

Also, we say the pair ðX,DÞ is a JS metric space.
We mention that convergent sequences and Cauchy

sequences can be introduced in a similar manner as in metric
space.
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Definition 2 (see [14]). Let ðX,DÞ be a JS metric space. Let
ðxnÞ be a sequence in X and x ∈ X.

(i) We say that ðxnÞ converges to x, if limn⟶∞Dðxn, xÞ
= 0

(ii) We say that ðxnÞ is Cauchy sequence if lim
m,n⟶∞

D

ðxn, xmÞ = 0

(iii) ðX,DÞ is said to be complete, if every Cauchy
sequence in X is convergent to some element in X

In the following, we introduce convexity structure defined
on JS metric space. Notice that properties and consequences
may differ from those arising from convexity structure defined
on ordinary metric spaces; this dissimilarity occurs because of
absence of triangular inequality in JS metric space.

Definition 3. Let ðX,DÞ be a JS metric space, and I = ½0, 1�. A
mapping w : X × X × I ⟶ X is said to be convex structure
on X, if for any ðx, y, λÞ ∈ X × X × I and u ∈ X, the following
inequality holds:

D u,w x, y, λð Þð Þ ≤ λD u, xð Þ + 1 − λð ÞD u, yð Þ: ð3Þ

If ðX,DÞ is a JS metric space with a convex structure w,
then ðX,D,wÞ is called a convex JS metric space.

In the sequel, we are interested to study the convergence
of Mann and Ishikawa iteration procedures for k-
contraction mappings and Chatterjea mappings in the frame
of JS metric space. We recall that

(i) Mann iteration procedure [4] is defined by

x0 ∈ X, xn+1 =w xn, f xn, αnð Þ, n = 0, 1, 2⋯ ð4Þ

(ii) Ishikawa iteration procedure [5] is defined as follows

x0 ∈ X,

yn =w xn, f xn, βnð Þ, n = 0, 1, 2,⋯,

xn+1 =w xn, f yn, αnð Þ,

8>><
>>: ð5Þ

where ðαnÞn≥0 and ðβnÞn≥0 satisfy αn, βn ∈ ½0, 1�, for all n ∈ℕ.

2. Main Results

2.1. Convergence of Mann and Ishikawa Iterations for k-
Contraction. We first need to state a basic lemma that can
be found in [24] page 45.

Lemma 4. Let ðanÞn and ðbnÞn be two bounded real sequences
such that ðbnÞn converges to b ≥ 0. Then, lim sup

n⟶∞
ðanbnÞ = b

lim sup
n⟶∞

ðanÞ.

Lemma 5. Let ðunÞn and ðαnÞn be two positive sequences such
that

αn ∈ 0, 1½ � and un+1 ≤ αnun, ð6Þ

for all n ∈ℕ. Then, we have the following:

(1) The sequence ðunÞn converges to some r ≥ 0

(2) If lim sup
n⟶∞

αn < 1, then limn⟶∞un = 0

Proof.

(1) The sequence ðunÞn is positive; then, from (6), we get
0 ≤ un+1 ≤ un, for all n ∈ℕ. Hence, ðunÞn is decreas-
ing and bounded from below. As a result, ðunÞn
converges to some r ≥ 0

(2) By (1), the sequence ðunÞn has a limit r ≥ 0. Now,
suppose that r > 0, and by using Lemma 4, we
get r ≤ rlim sup

n⟶∞
αn; it follows that 1 ≤ lim sup

n⟶∞
αn,

which is a contradiction, and we conclude that
lim

n⟶∞
un = 0.

Lemma 6. Let ðαnÞn be a sequence in ½0, 1�.
If t ∈ �0, 1� and ∑∞

i=0αi diverges, then
Q∞

i=0ð1 − tαiÞ = 0.

Proof. For all t ∈ �0, 1� and x ∈ ½0, 1�, we have 0 ≤ 1 − tx ≤
exp ð−txÞ, which yields 0 ≤

Qn
i=01 − tαi ≤ exp ð−t∑n

i=0αiÞ.
Since ∑∞

i=0αi =∞, we get lim
n⟶∞

exp ð−t∑n
i=0αiÞ = 0.

Hence, it follows that
Q∞

i=0ð1 − tαiÞ = 0.

Definition 7 (Definition 3.1 in [14]). Let ðX,DÞ be a JS metric
space and f : X⟶ X be a mapping. Let k ∈ ð0, 1Þ: We say
that f is a k-contraction if

D f xð Þ, f yð Þð Þ ≤ kD x, yð Þ, for every x, yð Þ ∈ X × X: ð7Þ

Remark 8. Let f be a k-contraction on X.
The ordering in inequality (7) is defined in extended real

number system. Note that if we have Dð f ðxÞ, f ðyÞÞ =∞ for
some elements x, y ∈ X, then Dðx, yÞ =∞.

For every x ∈ X, let

δ D, f , xð Þ = sup D f ix, f jx
� �

∣ i, j ∈ℕ
n o

: ð8Þ

Theorem 9 (Theorem 3.3 in [14]). Suppose that the following
conditions hold:

(i) ðX,DÞ is complete

(ii) f is a k-contraction for some k ∈ ½0, 1Þ
(iii) There exists x0 ∈ X such that δðD, f , x0Þ <∞
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Then, ð f nx0Þ converges to ω ∈ X, a fixed point of f . More-
over, if ω′ ∈ X is another fixed point of f such that Dðω, ω′Þ
<∞, then ω = ω′.

Our first essential main result is given as follows:

Theorem 10. Let ðX,D,wÞ be a complete convex JS metric
space and f a k-contraction for some k ∈ ½0, 1Þ. Suppose that
there exists x0 ∈ X such that δðD, f , x0Þ <∞. If lim sup

n⟶∞
αn <

1, then Mann iterative process defined in (4) converges to a
fixed point of f .

Proof. All conditions of Theorem 9 are satisfied, so Fixð f Þ
≠∅.

Let ω ∈ Fixð f Þ and ðunÞn the sequence defined by un+1
=wðun, f un, αnÞ and u0 = x0.

Set dn ≔Dðun, ωÞ for all n ∈ℕ. The proof goes in two
steps.

Step 1: we shall prove that ðdnÞn is bounded.
For every p ∈ℕ, we have

D u0, f
px0

� �
≤ δ D, f , x0ð Þ: ð9Þ

Now suppose that for every p ∈ℕ, Dðun, f px0Þ ≤ δðD,
f , x0Þ. We have

D un+1, f
px0

� �
=D w un, f un, αnð Þ, f px0
� �

≤ αnD un, f
px0

� �
+ 1 − αnð ÞD f un, f

px0
� �

≤ αnD un, f
px0

� �
+ k 1 − αnð ÞD un, f

p−1x0
� �

≤ αn + k 1 − αnð Þð Þδ D, f , x0ð Þ ≤ δ D, f , x0ð Þ:
ð10Þ

We conclude that

D un, f
px0

� �
≤ δ D, f , x0ð Þ, for every n, p ∈ℕ: ð11Þ

By Theorem 9, we have ð f px0Þ ∈ CðD, X, ωÞ and using
ðD3Þ, we get

dn =D un, ωð Þ ≤ Clim sup
p⟶+∞

D un, f
px0

� �
: ð12Þ

Hence, by (11), we obtain

dn ≤ Cδ D, f , x0ð Þ, for all n ∈ℕ: ð13Þ

Therefore, ðdnÞn is bounded.
Step 2: ðdnÞn converges to 0 (i.e., ðunÞn converges to ω).

From (3) and (7), we have

dn+1 =D ω, un+1ð Þ =D ω,w un, f un, αnð Þð Þ ≤ αnD ω, unð Þ
+ 1 − αnð ÞD ω, f unð Þ ≤ αnD ω, unð Þ + 1 − αnð ÞD fω, f unð Þ
≤ αnD ω, unð Þ + 1 − αnð ÞkD ω, unð Þ
≤ αn + 1 − αnð Þk½ �D ω, unð Þ ≤ k + 1 − kð Þαn½ �dn:

ð14Þ

Denote βn = k + ð1 − kÞαn, and we obtain

dn+1 ≤ βndn: ð15Þ

Since lim sup
n⟶∞

αn < 1, we get lim sup
n⟶∞

βn < 1.

Hence, by Lemma 5, it follows that lim
n⟶+∞

dn = lim
n⟶+∞

D

ðω, unÞ = 0.
Therefore, Mann iterative process converges to the fixed

point ω.

Theorem 11. Let ðX,D,wÞ be a complete convex JS metric
space and f a k-contraction for some k ∈ ½0, 1Þ. Suppose that
there exists x0 ∈ X such that δðD, f , x0Þ <∞. If ∑∞

i=01 − αi
diverges, then Mann iterative process defined in (4) converges
to a fixed point of f .

Proof.We proceed as in the proof of Theorem 10. By the first
step, the sequence ðdnÞn is bounded.

Also by (15), we have

dn+1 ≤ βndn for all n ∈ℕ, ð16Þ

with βn = k + ð1 − kÞαn, which can be rewritten as follows:

βn = 1 − 1 − kð Þ 1 − αnð Þ: ð17Þ

Hence, inductively, we get

dn+1 ≤ d0
Yn
0

1 − 1 − kð Þ 1 − αnð Þ½ �: ð18Þ

Then, since ðαnÞn ⊂ ½0, 1�, 0 < 1 − k < 1 and ∑∞
i=01 − αi =

∞, it follows by Lemma 6 that dn ⟶ 0 as n⟶∞. So, Mann
iterative process converges to the fixed point ω, as desired.

Remark 12. If x0 ∈ X is an element such that Dðx0, x0Þ = 0
and αn = 0 for all n ∈ℕ, then Mann iteration is simply
reduced to Picard iteration. Indeed, for all n ∈ℕ, we have

D un+1, f
n+1x0

� �
=D w un, f un, αnð Þ, f n+1x0
� �
≤ αnD un, f

n+1x0
� �

+ 1 − αnð ÞD f un, f
n+1x0

� �
:

ð19Þ

By (11), take p = n + 1, and we obtain Dðun, f n+1x0Þ <∞;
hence,
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D un+1, f
n+1x0

� �
≤ kD un, f

nx0ð Þ
⋮

≤kn+1D x0, x0ð Þ = 0:

ð20Þ

Therefore, by (D2), we obtain un+1 = f n+1x0, for all n ∈ℕ.
Also, we have u0 = x0; thus, un = f nx0, for all n ∈ℕ.

In [14], Jleli and Samet showed that every b-metric
space, with coefficient s ≥ 1, is a JS metric space for C = s,
and every modular space with the Fatou property is a JS
metric space for C = 1. Hence, the following Corollaries are
immediate consequences of Theorems 10 and 11.

Corollary 13. Let ðX,D, s,wÞ be a complete convex b-metric
space with constant s ≥ 1 and f a k-contraction for some k
∈ ½0, 1Þ. If either lim sup

n⟶∞
αn < 1 or ∑∞

i=01 − αi diverges, then

Mann iterative process defined in (4) converges to a fixed
point of f .

Remark 14. The condition that there exists x0 ∈ X such that
δðD, f , x0Þ <∞ is omitted. Since for each x0 ∈ X and for
each i, j ∈ℕ with i ≤ j, we have

d f ix0, f
jx0

� �
≤ sd f ix0, f

i+1x0
� �

+⋯+sj−id f j−1x0, f
jx0

� �
≤ skid x0, f x0ð Þ+⋯+sj−ikj−1d x0, f x0ð Þ

≤ ski
1 − skð Þj−i
� �

1 − skð Þ d x0, f x0ð Þ ≤ s
1 − sk

d x0, f x0ð Þ:

ð21Þ

Therefore, for each x0 ∈ X, we have δðD, f , x0Þ <∞.

Corollary 15. Let ðXρ, ρÞ be a complete convex modular
space and f : X⟶ X be a mapping. Suppose that the follow-
ing conditions hold:

(i) ρ satisfies the Fatou property

(ii) For some k ∈ ð0, 1Þ, we have

ρ f xð Þ − f yð Þð Þ ≤ kρ x − yð Þ, for every x, yð Þ ∈ Xρ × Xρ ð22Þ

(iii) There exists x0 ∈ Xρ such that

sup ρ f i x0ð Þ − f j x0ð Þ
� �

: i, j ∈ℕ<∞
n o

ð23Þ

(iv) lim sup
n⟶∞

αn < 1 or ∑∞
i=01 − αi diverges

Then, Mann iterative process defined in (4) converges to a
fixed point of f .

In our next theorem, we give a convergence result of
Ishikawa iteration for k-contraction considered in a com-
plete convex JS metric space.

Theorem 16. Let ðX,D,wÞ be a complete convex JS metric
space and f a k-contraction for some k ∈ ½0, 1Þ. Suppose that
there exists x0 ∈ X such that δðD, f , x0Þ <∞. If either
lim sup
n⟶∞

αn < 1 or ∑∞
i=01 − αi diverges, then Ishikawa iterative

process defined in (5) converges to a fixed point of f .

Proof. By Theorem 9, there exists some ω ∈ Fixð f Þ. Let
ðxnÞn and ðynÞn be the sequences defined in (5) and set
dn ≔Dðxn, ωÞ for all n ∈ℕ. Now, we complete the proof
in the following steps.

Step 1: we shall prove that ðdnÞn is bounded.
For every p ∈ℕ, we have Dðx0, f px0Þ ≤ δðD, f , x0Þ.
Now suppose that Dðxn, f px0Þ ≤ δðD, f , x0Þ for every p

∈ℕ.
From (3) and (7), we have

D xn+1, f
px0

� �
=D w xn, f yn, αnð Þ, f px0
� �

≤ αnD xn, f
px0

� �
+ 1 − αnð ÞD f yn, f

px0
� �

≤ αnD xn, f
px0

� �
+ k 1 − αnð ÞD yn, f

p−1x0
� �

:

ð24Þ

And similarly,

D yn, f
p−1x0

� �
=D w xn, f xn, βnð Þ, f p−1x0
� �

≤ βnD xn, f
p−1x0

� �
+ 1 − βnð ÞD f xn, f

p−1x0
� �

≤ βnD xn, f
p−1x0

� �
+ k 1 − βnð ÞD xn, f

p−2x0
� �

:

ð25Þ

Since Dðx0, f p−1x0Þ ≤ δðD, f , x0Þ and Dðx0, f p−2x0Þ ≤ δ
ðD, f , x0Þ, we get

D yn, f
p−1x0

� �
≤ αn + k 1 − αnð Þð Þδ D, f , x0ð Þ ≤ δ D, f , x0ð Þ:

ð26Þ

It follows that Dðxn+1, f px0Þ < δðD, f , x0Þ. Thus,

D xn, f
px0

� �
≤ δ D, f , x0ð Þ, for every n, p ∈ℕ: ð27Þ

By Theorem 9, we have ð f px0Þ ∈ CðD, X, ωÞ, and
using ðD3Þ, we get

dn =D xn, ωð Þ ≤ Clim sup
p⟶+∞

D xn, f
px0

� �
: ð28Þ

Hence, by (27), we obtain

dn ≤ Cδ D, f , x0ð Þ, for all n ∈ℕ: ð29Þ

Then, ðdnÞn is bounded as desired.
Step 2: ðdnÞn converges to 0 (i.e., ðxnÞn converges to ω).
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From (3) and (7), we have

dn+1 =D ω, xn+1ð Þ =D ω,w xn, f yn, αnð Þð Þ
≤ αnD ω, xnð Þ + 1 − αnð ÞD ω, f ynð Þ
≤ αnD ω, xnð Þ + 1 − αnð ÞD fω, f ynð Þ
≤ αnD ω, xnð Þ + 1 − αnð ÞkD ω, ynð Þ:

ð30Þ

We have, for all n ∈ℕ,

D ω, ynð Þ =D ω,w xn, f xn, βnð Þð Þ ≤ βnD ω, xnð Þ + 1 − βnð ÞD ω, f xnð Þ
≤ βnD ω, xnð Þ + k 1 − βnð ÞD ω, xnð Þ
≤ βn + 1 − βnð Þk½ �D ω, xnð Þ ≤D ω, xnð Þ:

ð31Þ

Set

γn ≔ k + 1 − kð Þαn = αn + 1 − αnð Þk = 1 − 1 − kð Þ 1 − αnð Þ:
ð32Þ

Now, by (30) and (31), we obtain

dn+1 ≤ γndn: ð33Þ

Therefore,

dn+1 ≤ d0
Yn
0

1 − 1 − kð Þ 1 − αnð Þ½ �: ð34Þ

Now, if lim sup
n⟶∞

αn < 1, then we get lim sup
n⟶∞

γn < 1; hence, by

(33) and Lemma 5, it follows that lim
n⟶+∞

dn = lim
n⟶+∞

Dðω, xnÞ
= 0.

If ∑∞
i=01 − αi =∞, then the same result follows by (34)

and Lemma 6.
Consequently, Ishikawa iterative process converges to

the fixed point ω.☐

We have the following results, which can be deduced
from Theorem 16.

Corollary 17. Let ðX,D, s,wÞ be a complete convex b-metric
space with constant s ≥ 1 and f a k-contraction for some k
∈ ½0, 1Þ. If either lim sup

n⟶∞
αn < 1 or ∑∞

i=01 − αi diverges, then

Ishikawa iterative process defined in (4) converges to a fixed
point of f .

Corollary 18. Let ðXρ, ρÞ be a complete convex modular
space and f : X⟶ X be a mapping. Suppose that the follow-
ing conditions hold:

(i) ρ satisfies the Fatou property

(ii) For some k ∈ ð0, 1Þ, we have

ρ f xð Þ − f yð Þð Þ ≤ kρ x − yð Þ, for every x, yð Þ ∈ Xρ × Xρ ð35Þ

(iii) There exists x0 ∈ Xρ such that

sup ρ f i x0ð Þ − f j x0ð Þ
� �

: i, j ∈ℕ<∞
n o

ð36Þ

(iv) lim sup
n⟶∞

αn < 1 or ∑∞
i=01 − αi diverges

Then, Ishikawa iterative process defined in (4) converges
to a fixed point of f .

Remark 19. If x0 ∈ X is an element such that Dðx0, x0Þ = 0
and αn = βn = 0 for all n ∈ℕ, then ðxnÞn in Ishikawa itera-
tion is simply reduced to Picard iteration of f 2. Indeed, for
all n ∈ℕ, we have

D xn+1, f
2 n+1ð Þx0

� �
=D w xn, f yn, αnð Þ, f 2n+2x0
� �

≤ αnD xn, f
2n+2x0

� �
+ 1 − αnð ÞD f yn, f

2n+2x0
� �

:

ð37Þ

By (27), we obtain Dðxn, f 2n+2x0Þ <∞ and Dðxn, f 2n+1x0Þ
<∞; hence,

D xn+1, f
2 n+1ð Þx0

� �
=D xn+1, f

2n+2x0
� �

≤kD yn, f
2n+1x0

� �
≤kD w xn, f xn, βnð Þ, f 2n+1x0

� �
≤kβnD xn, f

2n+1x0
� �

+ k 1 − βnð ÞD f xn, f
2n+1x0

� �
≤kD f xn, f

2n+1x0
� �

≤k2D xn, f
2nx0

� �
⋮

≤k2 n+1ð ÞD x0, x0ð Þ = 0:

ð38Þ

Therefore, by (D2), we obtain xn = f 2nx0 and yn = f 2n+1x0,
for all n ∈ℕ.

Example 1. Let X = ½0, 1� and let D be the JS metric defined
by the following:

D y, xð Þ =D x, yð Þ =∞,if x = 1 or y = 1,

D x, yð Þ = x + y, if x ≠ 1 and y ≠ 1:

(
ð39Þ

Define w : X × X × ½0, 1�⟶ X by wðx, y, λÞ = λx +
ð1 − λÞy; then, ðX,DÞ is a complete convex JS met-
ric space.
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Now, consider the mapping T : ½0, 1�⟶ ½0, 1� given by

T 1ð Þ = 1,

T xð Þ = 6x
7
, ifx ≠ 1:

8<
: ð40Þ

The mapping T is a k-contraction with k = 6/7, and for
every x ∈ ½0, 1½, we have Tx ≤ x. In addition, Dðx, yÞ < 1 for
all x, y ∈ ½0, 1½; consequently, δðD, f , xÞ <∞.

Hence, by Theorems 9, 11, and 16, T has a fixed point
ω ∈ X that can be approximated by Picard iteration, Mann
iteration with α = 1/n + 1, and Ishikawa iteration with αn =
βn = 1/n + 1, and we take for initial value x0 = 0:5.

The convergence behaviors of the three iterative schemes
are displayed in Table 1 and graphically in Figure 1.

2.2. Convergence of Mann and Ishikawa Iterations for
Chatterjea Contraction

Definition 20. Let ðX,DÞ be a JS metric space, f : X⟶ X be
a mapping, and k ∈ ½0, 1/2½. We say that f is Chatterjea
contraction if

D f x, f yð Þ ≤ k D y, f xð Þ +D x, f yð Þ½ �, for every x, yð Þ ∈ X × X:

ð41Þ

In the next, we need the following result proved by El Kouch
and Marhrani, in [19].

Theorem 21 (Theorem 3.9 in [19]). Let ðX,DÞ be a complete
generalized metric space, k ∈ ½0, 1/2½, and let f : X⟶ X be a
Chatterjea mapping.

If there exists a point x0 ∈ X such that δðD, f , x0Þ <∞,
then the sequence ð f nx0Þn converges to some ω ∈ X. Moreover,
ifDðx0, fωÞ <∞, then ω is a fixed point of f , and for any fixed
point ω′ of f such that Dðω, ω′Þ <∞, we have ω = ω′.

Now, we give a convergence result of Mann iterative
process for Chatterjea mapping in complete convex JS met-
ric space.

Theorem 22. Let ðX,D,wÞ be a complete convex JS metric
space and f : X ⟶ X be a Chatterjea mapping. Let ðxnÞn
be the sequence defined by xn+1 =wðxn, f xn, αnÞ, x0 ∈ X.
Suppose that the following conditions hold:

(i) δðD, f , x0Þ <∞

(ii) For all n,m ∈ℕ, Dð f xn, f mx0Þ <∞

(iii) ð f nx0Þnconverges to some ω ∈ X satisfying Dðx0, fωÞ
<∞

(iv) lim sup
n⟶∞

αn < 1 or ∑∞
i=01 − αi diverges

Then, Mann iterative process defined in (4) converges to
the fixed point ω.

Proof. All conditions of Theorem 21 are satisfied and ω ∈ F
ixð f Þ. Set dn ≔Dðxn, ωÞ for all n ∈ℕ. The proof goes in
three steps.

Step 1: set δ = δðD, f , x0Þ, and we will prove that

For every n ∈ℕ, there exists pn ∈ℕ such that
m ≥ pn impliesD xn, f

mx0ð Þ ≤ δ:
ð42Þ

We will prove the statement (42) by induction on n.
For n = 0, we have Dðx0, f mx0Þ ≤ δ for all m ∈ℕ, so we

take p0 = 0.
Suppose that (42) is true for some n ∈ℕ, that is,

There exists pn ∈ℕ such thatm ≥ pn impliesD xn, f
mx0ð Þ ≤ δ:

ð43Þ

Now, we will prove that it is true again for n + 1.
From (3), we obtain, for all m ≥ pn,

D xn+1, f
mx0ð Þ =D w xn, f xn, αnð Þ, f mx0ð Þ ≤ αnD xn, f

mx0ð Þ
+ 1 − αnð ÞD f xn, f

mx0ð Þ:
ð44Þ

Table 1: Convergence behavior of the three iterative processes to
the fixed point.

No. of
iterations

Picard
iteration

Mann
iteration

Ishikawa
iteration

0 0.5000000000 0.5000000000 0.5000000000

1 0.4285714285 0.4642857142 0.4489795918

2 0.3673469387 0.4200680272 0.3817853672

3 0.3148688046 0.3750607385 0.3145833510

4 0.2698875468 0.3321966541 0.2539779054

5 0.2313321830 0.2926494334 0.2021456798

6 0.1982847283 0.2568148089 0.1592076137

7 0.1699583385 0.2247129578 0.1243809482

8 0.1456785758 0.1961779790 0.0965527088

9 0.1248673507 0.1709550960 0.0745623368

⋮ ⋮ ⋮ ⋮

45 0.0004856959 0.0008512181 0.0000002419

46 0.0004163108 0.0007322028 0.0000001797

47 0.0003568378 0.0006297815 0.0000001335

48 0.0003058609 0.0005416488 0.0000009914

49 0.0002621665 0.0004658180 0.0000007360

50 0.0002247142 0.0004005774 0.0000005463
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By successive application of the inequality (41), we have

D f xn, f
mx0ð Þ ≤ k D xn, f

mx0ð Þ +D f xn, f
m−1x0

� �� �
≤ kD xn, f

mx0ð Þ + kD f xn, f
m−1x0

� ��
≤ kD xn, f

mx0ð Þ + k2D xn, f
m−1x0

� �
+ k2D f xn, f

m−2x0
� �

≤ kD xn, f
mx0ð Þ

+ k2D xn, f
m−1x0

� �
+⋯+km−pnD xn, f

pn+1x0
� �

+ km−pn+1D xn, f
pnx0

� �
+ km−pn+1D f xn, f

pn−1x0
� �

:

ð45Þ

Since for all m ≥ pn, we have Dðxn, f mx0Þ ≤ δ. Thus, from
(45), we get

D f xn, f
mx0ð Þ ≤ kδ 1 + k+⋯+km−pn

� �
+ km−pn+1D f xn, f

pn−1x0
� �

≤ kδ
1 − km−pn+1

1 − k

 !
+ km−pn+1D f xn, f

pn−1x0
� �

≤
kδ
1 − k

+ km−pn+1 D f xn, f
pn−1x0

� �
−

kδ
1 − k

� 	
:

ð46Þ

We have k ∈ ½0, 1/2½ and Dð f xn, f pn−1x0Þ <∞; hence,

lim
m⟶+∞

km−pn+1 D f xn, f
pn−1x0

� �
−

kδ
1 − k

� 	
= 0: ð47Þ

Using (47) and for δð1 − 2kÞ/1 − k > 0, there exists N ∈ℕ
such that for all m ≥N , we have

km−pn+1 D f xn, f
pn−1x0

� �
−

kδ
1 − k

� 	
<
δ 1 − 2kð Þ
1 − k

: ð48Þ

We take pn+1 = max ðpn,NÞ; thus, from (48) and (46), we
obtain, for all m ≥ pn+1,

D f xn, f
mx0ð Þ ≤ kδ

1 − k
+
δ 1 − 2kð Þ
1 − k

= δ: ð49Þ

From (49) and (43), we have, for all m ≥ pn+1, Dðxn, f mx0Þ
≤ δ and Dð f xn, f mx0Þ ≤ δ.

Let us now return to (44), and we obtain, for allm ≥ pn+1,
Dðxn+1, f mx0Þ ≤ δ.

Hence, we conclude that the statement (42) is true.
Step 2: we shall prove that ðdnÞn is bounded.
By step 1, we have, for all n ∈ℕ and every m ≥ pn,

D xn, f
mx0ð Þ ≤ δ: ð50Þ

Using Theorem 21, we have ð f mx0Þ converges to ω and
by ðD3Þ, and we obtain

dn =D xn, ωð Þ ≤ Clim sup
m⟶+∞

D xn, f
mx0ð Þ: ð51Þ

1050 15 20 25 30 35 40 45 50
n
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x n
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Ishikawa iteration
Picard iteration

Figure 1: Convergence behavior of the three iterative processes to the fixed point.
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Hence, by (50), we obtain

dn ≤ Cδ, forall n ∈ℕ: ð52Þ

Therefore, ðdnÞn is bounded.
Step 3: ðdnÞn converges to 0 (i.e., ðxnÞn converges to ω).
From (3), we have

dn+1 =D ω, xn+1ð Þ =D ω,w xn, f xn, αnð Þð Þ
≤ αnD ω, xnð Þ + 1 − αnð ÞD ω, f xnð Þ: ð53Þ

It follows from (41) that

D ω, f xnð Þ =D fω, f xnð Þ ≤ k D ω, f xnð Þ +D fω, xnð Þ½ �
≤ kD ω, f xnð Þ + kD ω, xnð Þ: ð54Þ

Hence, we get

D ω, f xnð Þ ≤ k
1 − k

D ω, xnð Þ: ð55Þ

Set λ = k/1 − k ∈ ½0, 1½, and we obtain from (53) and (55)

dn+1 ≤ γndn, ð56Þ

with γn = λ + ð1 − λÞαn = 1 − ð1 − λÞð1 − αnÞ.
Therefore,

dn+1 ≤ d0
Yn
0

1 − 1 − λð Þ 1 − αnð Þ½ �: ð57Þ

Now, if lim sup
n⟶∞

αn < 1, then we get lim sup
n⟶∞

γn < 1.

Hence, by (56) and Lemma 5, it follows that

lim
n⟶+∞

dn = lim
n⟶+∞

D ω, unð Þ = 0: ð58Þ

If ∑∞
i=01 − αi =∞, then by (57) and Lemma 6, we have

the same result.
Consequently, Mann iterative process converges to the

fixed point ω.☐

Theorem 23. Let ðX,D,wÞ be a complete convex JS metric
space and f : X ⟶ X be a Chatterjea mapping. Let ðxnÞn
and ðynÞn be the sequences defined in (5), x0 ∈ X. Suppose
that the following conditions hold:

(i) δðD, f , x0Þ <∞

(ii) For all n,m ∈ℕ, Dð f xn, f mx0Þ <∞ and Dð f yn, f m
x0Þ <∞

(iii) ð f nx0Þnconverges to some ω ∈ X satisfying Dðx0, fωÞ
<∞

(iv) lim sup
n⟶∞

αn < 1 or ∑∞
i=01 − αi diverges

Then, Ishikawa iterative process defined in (4) converges
to the fixed point ω.

Proof. By Theorem 21, we haveω ∈ Fixð f Þ. Let ðxnÞn and ðynÞn
be the sequences defined in (5) and set dn ≔Dðxn, ωÞ for all
n ∈ℕ. Now, we complete the proof in the following steps.

Step 1: we prove that

For every n ∈ℕ, there exists pn ∈ℕ such that
m ≥ pn impliesD xn, f

mx0ð Þ ≤ δ:
ð59Þ

We will prove the statement (59) by induction on n.
For n = 0, we have Dðx0, f mx0Þ ≤ δ for all m ∈ℕ, so we

take p0 = 0.
Suppose that (59) is true for some n ∈ℕ, that is,

There exists pn ∈ℕ such thatm ≥ pn impliesD xn, f
mx0ð Þ ≤ δ:

ð60Þ

From (3), we obtain, for all m ≥ pn,

D xn+1, f
mx0ð Þ =D w xn, f yn, αnð Þ, f mx0ð Þ

≤ αnD xn, f
mx0ð Þ + 1 − αnð ÞD f yn, f

mx0ð Þ:
ð61Þ

By (41), we get, for all m ≥ pn,

D f yn, f
mx0ð Þ ≤ k D yn, f

mx0ð Þ +D f yn, f
m−1x0

� �� �
: ð62Þ

On the other hand,

D yn, f
mx0ð Þ =D w xn, f xn, αnð Þ, f mx0ð Þ

≤ αnD xn, f
mx0ð Þ + 1 − αnð ÞD f xn, f

mx0ð Þ:
ð63Þ

According to (49), there exists sn =max ðpn,NÞ such that
for all m ≥ sn,

D f xn, f
mx0ð Þ ≤ δ: ð64Þ

Then, from (60), (63), and (64), we have, for all m ≥ sn,

D yn, f
mx0ð Þ ≤ δ: ð65Þ

Hence, from (65) and (62), we get, for all m ≥ sn,

D f yn, f
mx0ð Þ ≤ kD yn, f

mx0ð Þ
+ k2D yn, f

m−1x0
� �

+⋯+km−snD yn, f
sn+1x0

� �
+ km−sn+1D yn, f

snx0ð Þ + km−sn+1D f yn, f
sn−1x0

� �
≤ kδ 1 + k+⋯+km−snð Þ + km−sn+1D f yn, f

sn−1x0
� �

≤
kδ
1 − k

+ km−sn+1 D f yn, f
sn−1x0

� �
−

kδ
1 − k

� 	
:

ð66Þ
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We have k ∈ ½0, 1/2½ and Dð f yn, f sn−1x0Þ <∞; hence,

lim
m⟶+∞

km−sn+1 D f xn, f
sn−1x0

� �
−

kδ
1 − k

� 	
= 0: ð67Þ

Using (67), and for δð1 − 2kÞ/1 − k > 0, there exists N ′
∈ℕ such that for all m ≥N ′, we have

km−sn+1 D f xn, f
sn−1x0

� �
−

kδ
1 − k

� 	
<
δ 1 − 2kð Þ
1 − k

: ð68Þ

If we take pn+1 = max ðsn,N ′Þ, then from (68) and (66),
we obtain, for all m ≥ pn+1,

D f yn, f
mx0ð Þ ≤ δ: ð69Þ

Now, by (61), (60), and (69), we obtain, for all m ≥ pn+1,

D xn+1, f
mx0ð Þ ≤ δ: ð70Þ

It follows that the statement (59) is true.
Step 2: we shall show that ðdnÞn is bounded.
We have for every n ∈ℕ, there exists pn ∈ℕ such that

for all m ≥ pn,

D xn, f
mx0ð Þ ≤ δ: ð71Þ

Using Theorem 21, ð f mx0Þ converges to ω, and by ðD3Þ,
we obtain

dn =D xn, ωð Þ ≤ Clim sup
m⟶+∞

D xn, f
mx0ð Þ ≤ Cδ: ð72Þ

Then, ðdnÞn is bounded.
Step 3: ðdnÞn converges to 0 (i.e., ðxnÞn converges to ω).
By (3) and (7), we have

dn+1 =D ω, xn+1ð Þ =D ω,w xn, f yn, αnð Þð Þ
≤ αnD ω, xnð Þ + 1 − αnð ÞD ω, f ynð Þ: ð73Þ

It follows from (41) that

D ω, f ynð Þ =D fω, f ynð Þ ≤ k D ω, f ynð Þ +D fω, ynð Þ½ �
≤ kD ω, f ynð Þ + kD ω, ynð Þ: ð74Þ

Hence, we get

D ω, f ynð Þ ≤ k
1 − k

D ω, ynð Þ:≤λD ω, ynð Þ, ð75Þ

with λ = k/1 − k ∈ ½0, 1½.
Similarly, we have

D ω, f xnð Þ ≤ λD ω, xnð Þ: ð76Þ

We have, for all n ∈ℕ,

D ω, ynð Þ =D ω,w xn, f xn, βnð Þð Þ ≤ βnD ω, xnð Þ
+ 1 − βnð ÞD ω, f xnð Þ ≤ βnD ω, xnð Þ
+ λ 1 − βnð ÞD ω, xnð Þ ≤ βn + 1 − βnð Þλ½ �D ω, xnð Þ
≤D ω, xnð Þ:

ð77Þ

Set

γn ≔ λ + 1 − λð Þαn = αn + 1 − αnð Þλ = 1 − 1 − λð Þ 1 − αnð Þ:
ð78Þ

Now, by (73), (75), and (77), we obtain

dn+1 ≤ γndn: ð79Þ

Therefore,

dn+1 ≤ d0
Yn
0

1 − 1 − λð Þ 1 − αnð Þ½ �: ð80Þ

Now, if lim sup
n⟶∞

αn < 1, then we get lim sup
n⟶∞

γn < 1; hence, by

(79) and Lemma 6, it follows that lim
n⟶+∞

dn = lim
n⟶+∞

Dðω, xnÞ
= 0.

If ∑∞
i=01 − αi =∞, then the same result follows by (80)

and Lemma 6.
Consequently, Ishikawa iterative process converges to

the fixed point ω.☐

3. Applications

In this section, we apply Corollaries 13 and 17 in order to
show the existence of solution of the Fredholm integral
equation:

f tð Þ =
ðT
0
K t, τ, f τð Þð Þdτ + g tð Þ, ð81Þ

where T > 0, K : ½0, T� × ½0, T� ×ℝ⟶ℝ and g : ½0, T�
⟶ℝ is continuous function.

Remark 24. The convexity of the function f ðxÞ = jxjp
ðx ∈ℝ, 1 < p<∞Þ implies the followings:

(i) For all a, b ∈ℝ and α ∈ ½0, 1�, we have
jαa + ð1 − αÞbjp ≤ αjajp + ð1 − αÞjbjp

(ii) Particularly for α = 1/2, we have ja + bjp ≤ 2p−1ðjajp
+ jbjpÞ

Let X =C ½0, T� and let D : X × X⟶ ½0,+∞Þ be the
mapping defined by

D x, yð Þ = max
0≤t≤T

x tð Þ − y tð Þj jp: ð82Þ
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Using Remark 24 above and by considering w : X × X
× ½0, 1�⟶ X defined by wðx, y, λÞ = λx + ð1 − λÞy, we can
easily show that ðX,D,wÞ is a complete convex b-metric
space with C = 2p−1.

Theorem 25. Suppose that the following hypotheses hold:

(i) There exists a continuous function ζ : ½0, T� × ½0, T�
⟶ℝ+ such that for all t, s ∈ ½0, T� and for all x, y
∈Cð½0, T�Þ, we have

K t, s, x sð Þð Þ − K t, s, y sð Þð Þj j ≤ ζ t, sð Þ x sð Þ − y sð Þj j: ð83Þ

(ii) max
t∈½0,T�

Ð T
0 ζðt, sÞds < 1.

Then, the integral Equation (81) has a unique solution
on C ½0, T�. Moreover, Mann and Ishikawa iteration pro-

cesses converge to this solution for any sequences ðαnÞn,
ðβnÞn ∈ ½0, 1� such that lim sup

n⟶∞
αn < 1 or ∑∞

i=01 − αi diverges.

Proof. Define a self-map S on X by

Therefore,

D Su, Svð Þ ≤ max
t∈ 0,T½ �

ðT
0
ζ t, sð Þds

� 	p

D u, vð Þ: ð85Þ

Hence, S is a k-contraction mapping on X with k =

ðmax
t∈½0,T�

Ð T
0 ζðt, sÞdsÞ

p
< 1. All conditions of Corollaries 13 and

17 are satisfied. Hence, S has a unique fixed point. That is
to say, there exists a unique solution to the integral Equation
(81). Moreover, this solution could be approximated by
Mann and Ishikawa iterative processes.☐

4. Conclusion

In this paper, we consider a JS metric space endowed with
Takahashi convexity structure, and we establish convergence
theorems for Mann iteration and Ishikawa iteration for
Banach contraction and Chatterjea contraction. Also, we pro-
vide an example to validate the established theorems and give
an application of our result to Fredholm integral equation.
Finally, it remains an open problem to establish the Conver-
gence of Mann iteration and Ishikawa iteration to fixed point
for Kannan contraction.
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