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Thf/e\ study introduced a generalizedkmultiplier operator used as a tool to define and investigate a new class of function, TS
Q¥ (@,n) and its subclass TSQg:E‘Z,S(tD, n;M,). Various properties of the class of functions were investigated. The results

08w,
extend some known results in literature.

1. Introduction and Preliminaries

Let
fe)=z+ Y ah W
k=2

which are analytic in the open unit disk U={z€ C : |z| < 1}
and normalized by f(0) = 0 and f'(0) = 1 be denoted by S.

We denote by T the subclass of S which are normalized
univalent function of the form

flz)=z~- i at, a. >0, (2)

k=2

in the open unit disk U. The function of the form (2) was
first introduced in [1].

1.1. Differential Operators (Multiplier Transformations). In
1975, Ruscheweyh with the use of convolution introduced
a differential operator D" as a tool to investigate a certain
class of univalent functions. The continuous extension and
generalization of the tool have since then continue to gain
attention among the function theorists. The differential
operator and some of such extensions are discussed as
follows.

1.1.1. Ruscheweyh Differential Operator (1975). Let n € N,
={0,1,2,---}. The Ruscheweyh derivative of n'"order
denoted by R"f(z) is defined by

Rf(2)=z+ ¥ Bumad, 3)
k=

where

Bsz(n,k)=<

(n+1)(n+2)-- (n+k-1)
(k-1)! -

nrk=1\ (4 1)(n+2) - (n+k-1)
- (k—1)!
(”+1)k—1.

(Vi

Hence,

k-1
son-(*))-

So that R%f(z) is of the form (1).

1.1.2. Salagean Differential Operator (1983).
defined an operator D" as follows.

Salagean
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2
Let f(z) € A, the differential operator D"f(z) is defined
as
D'f(z)=z+ Z K'az", neNN,. (6)
k=2

Since the introduction of differential operators in geo-
metric function theory by Ruscheweyh in [2] and Salagean
in [3], several attempts have been made to extend and gen-
eralize the operators by various authors and researchers in
the field. According to Aldawish et al. in [4], the differential
operator forms the link between function theory and math-
ematical physics. Perhaps, this is the reason why the study of
differential operators is growing interest in Geometric Func-
tions Theory and Application (GFTA). Some of the numer-
ous differential operators (multiplier transformations)
established by some authors are found in [5-11].

The Salagean differential operator (6) defined in [3]
appears to be the most famous and most referred to in
general.

1.2. A Generalized Multiplier Transformation. In this work, a
generalized operator is defined and used to investigate the

class TSQ“Y! (@,n) and its subclass TSQ*M! (@,n;M;)

0.8,w,e 0.&,w,e
with their geometric properties. The results improve some
existing results in literature as pointed out in the work.
The work was motivated by [12].
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Let u, A, %, 0,8, €>0 with w> 0 such that { <w and n €
N, =NU{0}. For f €S, we define the following differential
operator as follows:

Dyan(0:8 @, )f (2) = f(2), (7)
Dl (0. & w.€)f (2) = (1 - %) flo) + /\(‘:%c?zf'(z)

H+e 5.0y
+y+wzf (2),

k=2

Substituting (9), (10), and (11) in (8), we have

DL,/U](O‘, §welf(z)=z+ Z

k=2

Dl

oo{l_ Mw—-8&)° ) kMw—-&)7 . k(k—l)(;1+s)}akzk’

u+w

u+w u+w

(12)

k(0> & @, €)f (2) =2+ Y

k=2

Similarly,
D} (0.6 0 0)f (2) =2(D, (0.6 w e)f (2)). (13)
Thus,

D2 (0,6 w,8)f (2) =2

. i <1+ (k- 1)[A(w—é)"+k(;7+e)]>”akzk. (14)
k=2

p+w

For convenience, for f € A, we let

Dy, (0,8 w,6)f(2) =z + i(l)(n, k)a, -, (15)
k=2

where @(n, k) = (1 + (k- 1)[Mw - &)° + k(n+&)]/u+w)".

u+w

00 (1 N (k=1)[Mw-8&)" +k(n+s)]>akzk'

Similarly, if f € T as defined in (2), then

Djay(0:8 w,6)f (2)
L i <1+ (k—l)[k(w—g)0+k(17+e)]> akzk,

u+w

k=2

(16)

Dy )08 w,6)f (2) =z - OZO:(D(n, k)a,z¥, (17)
k=2

where @(n, k) = (1 + (k- 1)[Mw - &)° + k(n +&)]/u+w)".

The operator defined in (14) reduces to (1) when n=0.
Furthermore, it reduces to some existing operators in litera-
ture. Setting some parameters as follows:

(i) For A\=w=1 and 0 =y =e=#n=0, we obtain the
Salagean operator in [3]
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(ii) WhenA=1,u=1,0=0,w=1,¢=0,and =0, we
get the Uralegaddi and Somanatha differential
operator in [13]

(iii) The differential operator reduces to the Cho and
Kim operator in [10] with A=1, uy=1,0=0, e=
0,and =0

(iv) When =0, w=1,0=0, e=0, and =0, we get
the Al-Oboudi differential operator in [14]

(v) When =1, 0=0, e=0, and #=0, we get multi-
plier transformation in [9]

(vi) Suppose 4=0,w=1,0=0,e=0,#=0,and A=«
+08/y + p for &, 8,9, p>0 and provided that y + p
#0, then (14) reduces to the Alamri and Darus
operator in [5]

(vii)) When o0 =1 and £=0, we get the Amourah and
Darus differential operator in [7]

(viii) Let A=-¢&, 0=1, ¢=0, and =0, we have the
Amourah and Yousef differential operator in [8]
provided > ¢

In [15-17], the authors defined and studied different
classes of univalent functions. Motivated by the work of
Varma and Rosy in [12], we define the following class of uni-
valent functions.

Definition 1. Let @ > 0, a function f defined by (2) belongs to

the class SQ” (@, n) if it satisfies the following condition:

Ew,e
. {Dzlq(o,i o 8)f(2)}
D, (0,& w,
>0 [DZ,A’,?(G, £, s)f(z)]'— a7 iw WO 550
(18)

Investigation of univalent function is based on various
classes and their geometric properties some of which are
given in the following theorems and definitions.

s ]

Let TNSQ! (@ n)=TSQ ! (@,

o £we (@ 7). The necessary
and sufficient condition for the functions in S to be in TS

QY (@, n) is investigated.

0.8,w,e

Remark 2. Let TSQUy" (@, 15 M,) < SQUt" (@, n). Then,
(i) SQUt" (@,0)=SD(a) and TSQ}! (@,0;M,)=T
SD(a) studied by both Varma and Rosy and [12, 18].

The class of functions investigated in the work general-
ized some known classes of functions in literature

(ii) Similar classes of functions were also investigated in
[19-21]

(iii) Different functions with finitely many fixed points
were also considered in [22-24]

2. Main Results

Theorem 3. Afunction f(z) defined by (16) is said to be in
the class TSQUEM((D, n) if and only if

OZO:<1+ (k-

k=2

I [Mw=&)7 +k(n+¢)]

ut+w

) [I+@k-1))|a<1.
(19)

Proof. Suppose f(z) defined by (16) satisfies (19). Then,

Re {DM«% f; v, e)f(z)}
~0|[Dpy (06w, 0)f ()] - D (@ fz’ we)f (2)

=1- (1 - DZO:(D(n, k)akzk_l) - '
k=2

-ol| 1- Zk(D(n, Ka ) - 1- Z(D(n, k)a 25!
k=2 k=2
=1- z D(n, k)az""
k=2
-0l - Zk(D (n,k)a 2"t -1+ Z<D (n,k)az""
k=2 -
=1- Z D(n, k)a 2!
k=2
—a|Y (k- 1)®(n, ka2, |z|=r<1=xl1
k=2
—Z|q>nk||ak|—wz - 1)[@(n, )|a] =1

k=2

= S @ B][1 + a(k - 1)]jay| 20.

k=2
(20)
O
Hence, f € TSQcl, (@, M)
Conversely,
Re {DZ A (U’ ¢ w, 8)f(z) }
z

. @’ Dok 0f@)] - Dl (0 EZ waf@)

(21)

which implies that Re {1 — Y2, |®(n, k)||a;|} — @Y 12, (k-
)|@(n, k)||a| > 0.



Letting z take real values and as |z| — 1, we get

D20, (22)

1- ;"D(”’ R)lla| = @ Y| @(m k)| (k
=2 k=2

which implies Y 2,|®(n, k)|[1+ @(k - 1)]|a;| <1 following
17).

Remark 4. For any function f € SQGEM(Q, n),

1
a; < , k=2,
k (1+ (k=1)[Mw—-&) +k(n+e)]/u+w)"[1+(k-1)] 2

The equality holds for
°° 1
©-& +k(g+e)/u+t @) L+ok-1)
(24)

The class is the generalization of the class TSD(«) inves-
tigated in [12, 18, 25].

Corollary 5. A function f(z) defined by (16) belongs to the
class f € SQUEW((D, 0) if

§[1+@(k—1)}|ak|s1,@20. (25)
k=2

The class SQ”EM( ,0) = SD(a) was investigated in [12,

18, 25].
Remark 6. Let n=0. Then, f € SQ" :A:Z,g@’ 0) with
1
a; < Trok-1)’ k>2. (26)
The equality holds for
< 1

flz)=z- ;mzk. (27)

See [12, 18, 25] and the articles cited therein for details.

2.1. Subclass of Analytic Functions with Finitely Many Fixed
Coefficients. We now 1ntr0duce the class of TSQ“ Ewe(d) n;

M,) as a subclass of TSQU o 8( n) with

zt: M; i
S+ (- DMo-8  +i(g+e)]u+o)T+a(i-1)]
- ukzk.

k=t+1

(28)
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In recent times, the authors in [12, 19-24, 26] have also
investigated classes of univalent functions with finitely many
fixed coefficients.

Theorem 7. Afunction f(z) defined by (28) is said to be in
the class TSQ” (@, n; M) if

Ew,e

& k-DMw-8°+k "
Z <1+( ll (wyfl,+ (’1+€)]) [1+@(k-1)]a

k=t+1

<1- Zt:Mi,
i=2

(29)

where @>0, 0<M;< 1, and 0< Y| ,M; < 1.

Proof. Suppose f € TSQGEM((D, n; M;). Then, from (23),

M.
ai < . o . : n . >
(1+ (-1 [Mw=-&) +j(n+e)]lu+w) [l +a(i-1)]
t
i=2,3,-,1,0<M;<1,0< Y M, (30)
i=2
which implies YLM A YR

1+ (k-DMw-8&° +k(n+e)/u+w)' [1+ak-1)]a, <1

Conversely,

Re {D:M(a, §o s)f(Z)}

z

Dipy(0:8 w0, )f (2)

z

- @' [D;M(G, Lo s)f<z>] -

z

>1-

|
-4l [Pha(e b (o] - Y

. i (1+ (k=1 [Mw-¥) +k(r/+s)]) o

pren
@kf (1+ % 1>[A<‘“gfz+k<"+s)}>"<k—1>|ak|

Z( (i-D)r wﬂfyk(meﬂ)”pmuf1>naj|
721 <1+ [A<wﬂfw+k'7+ )}>n[1+®(k*1)““k|:1

(31)

by (29) and (30). Thus, f € TSQ“Y" (@,n; M,).

0.8we
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The result is sharp for

d M, .
fE)=2- Zz T (- D[Mw-8° +j(n+e)u+a) 1+ai-1)]
B (1-YiM) 2
(1+ (k=1)[Mw—&)" +k(n+e)|/u+w) [1+ak-1)]
(32)
d
Corollary 8. Let TSQZ:?:Z})S((D, n; M,). Then,
a < (1-X¥iM) . , k>t+1.
(1 +(k-1) [)L(w—f)a + k(11+£)}/‘u +a)) [1+a(k-1)]
(33)
The result is sharp for f(z) given by (32).
Corollary 9. For TSQ”EM((D, 0;M,),
Zl ZM
The result is sharp for f(z) given by
N M; i (1-XiM)
fla)=z- ;1+(D(i—1)]z T vok-n o k2L
(35)
The class TSQ”EM((D, 0;M;) = TSD(«) was investigated

in [12].
Theorem 10. The class TSQg:?”Z’S((D, n; M,) is convex.

Proof. Suppose there exist functions f, g € TSQ“! (@, n;

0,80,
M) such that
t M; i
1= L T e D@57+ ko el o -]
- i azk,
(36)
t M,; i
96 === ;(1+(k*1)[/\(‘0*5)0+k(’1+3)}/ﬂ+“’)"[1*‘D(k’l)]z
- i byz",
(37)

where 0 < M;<1and 0< Y ,M; < 1. Then,let 0<{ <1 and

h(z) =¢f(2) + (1-0)g(2). (38)

So that by substituting (36) and (37) in (38), we have

M.

i i

&) +k(n+ )| lu+ @) [L+a(k—1)]

(1+ (k= 1) [Mew~

M8 “MS

Ca+ (1-Q)byJz".

t-

Iy
T

(39)

Such that if { = 1 and { = 0, equation (39) reduces to (36)
and (37), respectively. Now,

i <1+ (k-l)[l(‘”;fz()*k(”*@}) 1+ @k - 1)][Ca+ (1- )by

oy DA@=8) +k(n+e)]\"
ck%( s ) [1+@(k-1)]a

S (k=D [Mao-8)" +k(n+e)]\"
+(1—()k:zi+l<1+ e ) [1+a(k-1)]b,
[z

) (1- c<1—ZM> i;M,-.

Thus, h(z) € TSQ*M! (@, n;M,;). 0

o0& we

k=i+1

(40)

Theorem 11. Let

t Mi i
ft(z)=z‘2(1+(k DMw-8)° +k(;1+s)}/;4+w)"[1+<D(k—1)]z’

Mi i

1+ (- DMw-8° +ig+e)]p+@) 1+a(i-1)]
( —Z;{:ZM,-) &

(1+(k 1)[(w—E)“+k(17+e)}/;4+w)"[1+a)(k—1)] ’

T
)

z—

i

(2

i
N

MS

k>i+1. (41)

Then, f € TSQ"}" (@,n;M;) if and only if f can be

0.5:0,¢
expressed in the form

- S Ufile) (42)
k=t

where (>0 with k>t and Y 12, {f(z) =1

Proof. If f € T can be expressed in form of (42). Then,

Mi i
Mw-&7 +i(g+e)]ju+w)L+ai-1)]
_ Z Ck[ —ZizzMi] k.
W (L+ (k=) [Mw - &) +k(n+€)]lu+w)"[1 + (k- 1))

(43)

NM“




>n[1+w(k—1)}

utw

i (1 ) (k=1)[Mw &) +k(1 +¢)]

. Ce[1- YioM,]
(1+ (k=1)[AMw=&)" +k(n+e)]lu+w)"[1 +@(k-1)]
i Ck{l— ZM,.] = [1— ZM,} i ¢
k=t+1 k=2 k=2 k=t+1

{1— iMi:|(1—Ck)Sl— > M,
k=2 k=2

(44)
which implies f € TSQg:g”Z’s(a), n;M,;).
Conversely, for k>t + 1, set
¢, = (1 +(k-1) [/\(w—f)g +k(n -;s)]/(,t+w)"[l + (k- 1)]ak’ ks,
1=25M;
(45)

L=1- % ¢ (46)

k=t+1

Then, f can be represented as f(z) = Y °,{ifi(2). O

3. Conclusion

In this work, a generalized multiplier operator was defined
and used to define a class of univalent function. Geometric

properties of the class TSQ" ol (@, n) and its subclass TS

0.8,w,e
Q“Y (@,n;M,) were investigated. The results obtained

o.8,w,e
are the generalization of many known results in literature.
See [12, 18-21].
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