Hindawi

Abstract and Applied Analysis

Volume 2023, Article ID 1749302, 7 pages
https://doi.org/10.1155/2023/1749302

Research Article

Q@) Hindawi

On the &-Hyperstability of the Inhomogeneous o-Jensen’s
Functional Equation on Semigroups

M. Sirouni and S. Kabbaj

Department of Mathematics, Faculty of Science, University of Ibn Tofail, Kenitra, Morocco

Correspondence should be addressed to M. Sirouni; sirounim@gmail.com

Received 16 September 2022; Revised 29 May 2023; Accepted 5 June 2023; Published 17 July 2023

Academic Editor: Victor Kovtunenko

Copyright © 2023 M. Sirouni and S. Kabbaj. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

In this paper, we study the hyperstability problem for the well-known o-Jensen’s functional equation f(xy) + f(xo(y)) = 2f (x) for

all x,y €S, where S is a semigroup and ¢ is an involution of S. We present sufficient conditions on & c (R +)SZ so that the
inhomogeneous form of o-Jensen’s functional equation f(xy)+ f(xo(y))=2f(x)+¢(x,y) for all x,y€S, where the

inhomogeneity ¢ is given, can be &-hyperstable on S.

1. Introduction

Throughout this paper, we will denote by N :={1, 2, ---} the
set of positive integers, N, := N U {0}. We let R be the set of
real numbers, R, :=[0,00) be the set of nonnegative real
numbers, and C be the set of complex numbers. We write
% to mean “the family of all functions mapping from a
nonempty set & into a nonempty set %”.

The stability problem of functional equations originated
from a question of Ulam [1], posed in 1940 before the Math-
ematics Club of the University of Wisconsin in which he
suggested the following stability problem, well-known as
the Ulam stability problem:

Let (G;,-) be a group and let (G,, *) be a metric group
with the metric d(.,.). Given a real number & > 0, does there
exist a real number 8 >0 such that if a mapping f : G,
—> G, satisfies the inequality d(f(x-y),f(x)*f(y))<d
for all x, y € G,, then there is a homomorphism 4 : G; —
G, with d(f(x), h(x)) <efor all x € G;?

If the answer is affirmative, then we call that the equation
f(x-y)=f(x) = f(y) is stable in the sense of Ulam.

In 1941, Hyers [2] gave the first affirmative answer to
Ulam’s stability problem for the Banach spaces. Hyers’ theo-
rem was generalized by Aoki [3] for additive mappings and
by Rassias [4] for linear mappings by considering an
unbounded Cauchy difference. Gavruja [5] provided a fur-

ther generalization of the Rassias theorem by using a general
control function. During the last decades, the stability prob-
lems of several functional equations have been investigated
by a number of authors (see [6-8]).

In 2001, Maksa and Péles [9] studied the stability prob-
lem of a class of linear functional equation

n

Y S 0) =) +F0), 1)

i=1

for all x, y € S, where f is a real-valued mapping defined on
an arbitrary semigroup (S,-) and where ¢, ¢, : S—
S,n>2 are pairwise distinct automorphisms of S. More
precisely, they proved that if the error bound between the
two sides of equation (1) satisfies a specific asymptotic
property, then the two sides must be equal. This occurrence
is referred to as hyperstability of the functional equation
(1) on S. The terms hyperstability and stability were coined
in these historical contexts and have since been applied to
various functional equations. To learn more about this,
one can refer to [10-17]. Moreover, Brzdgk and Cieplinski
introduced a definition in their paper [14] that describes
the main ideas of hyperstability for functional equations
in several variables.
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Definition 1 (see [14], Definition 7). Let n € N, X be a non-
empty set, (Y,d) be a metric space, € € (R,)", and %,
and &, be operators mapping from a nonempty set & ¢
YX into YX". We say that the functional equation

Frp(x1s -0 %,) = Fo@ (X150 X)), (2)

for all x,---,x, € X is e-hyperstable provided that every
@, € D which satisfies

A(F 9o (%15 70 %,)s Foy (X155 %)) S &(xy,

"xn)’ (3)

for all xy,---,x, € X fulfills equation (2).

Note that in Definition 1, if we consider & the family of
all functions ¢ € (R, )*" which yields the e-hyperstability of
(2), we can formulate the following definition of what we call
&-hyperstability of functional equations (see [17]).

Definition 2. Let n € N, X be a nonempty set, P ¢ X" be non-
empty, (Y, d) be a metric space, & c (R,)” be a nonempty
subset, #, and &, be operators mapping from a nonempty
set 2 ¢ YX into Y?, and & ¢ @ be nonempty. Suppose that
the conditional functional equation

F1P(x15 005 X,) = Fo(x15 005 X, )5 (4)

for all (x,, ---, x,) € P admits a solution f, € Z. Then, we
say that the conditional equation (4) is &-hyperstable in &
provided for any ¢ € &, if for each function ¢, € & satisfying

the inequality
d(F 190 (x> - 5 %,)s ()

5% )s FoPy(Xps o0 X)) S €(xps

for all (x,, -+, x,) € P, then ¢ is the solution of (4).

If =9, then we omit the part “in &” and simply say
“&-hyperstable.”

Example 1. One of the most classical results concerning the
hyperstability problem of the additive Cauchy equation is
as follows:

fx+y)=f(x)+f()- (6)

Let E, and E, be normed spaces and ¢ > 0 and p be fixed
real numbers. Assume also that f : E; — E, is a mapping
satisfying

1fGe+y) = f @) = fD < ell=l” + 7). ()
for all x, y € E; \ {0}. If p < 0, then f is additive [11]. That is,

the functional equation (6) is e-hyperstable on E; \ {0},
where £(x, y) = c([[x[[” + [ly[I").
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By taking &, the set of all functions ¢ : (E, \ {0})* —
R, such that

e(xy) = c([Ix]” + [y, (8)

for all x,y € E; \ {0}, for some fixed real numbers ¢ >0 and
p <0; then, from Definition 2, equation (6) is &-hyper-
stable on E, \ {0}.

A common and significant variation of the additive Cau-
chy functional equation (6) is known as Jensen’s functional
equation. This equation is particularly notable for its sim-
plicity and importance. In the case of real numbers, Jensen’s
functional equation can be expressed as follows:

f(x+y) _f®+f0) (9)

2 2 ’

for all x, y € R. On a multiplicative group G = (G, -), Ng has
proposed two extensions to Jensen’s functional equation.
The first extension is given by the equation

fy)+f(x-y™) =2f(x), (10)

for all x, y € G, where f is a function from the group G with
neutral element e into an abelian additive group [18-20].
The second extension is expressed as follows:

[y +f(y-x) =2f(x), (11)

for all x,y € G. Every solution of the Jensen functional
equation is referred to as a Jensen function. It is easy to
observe that equation (10) under the normalization condi-
tion f(e) =0 is equivalent to the additive Cauchy functional
equation (6) on G (see [19, 21-23]).

Combining the concept of Jensen’s function defined on
semigroups introduced by H. Stetkeer in [24] and the
research conducted by M. Almahalebi on the hyperstability
of the 0-Drygas equation [25], which is defined as

fle-y)+f(x-0(y))=2f(x) +£(y) +2f (o (), (12)

for all x,yeS, where (S,-) denotes a semigroup, and
acknowledging that equation (10) cannot be applied to a
semigroup S due to the general absence of y~!, we can intro-
duce the following definition.

Definition 3. Let (S, ) be a semigroup and let ¢ be an invo-
lution on § satisfying o(x-y) =0(x)-0o(y) and o(0o(x)) =x
for all x,y€S. The o-Jensen functional equation on the
semigroup S refers to the functional equation of the form

fx-y) +f(x-0(y))=2f (%), (13)

for all x, y € S, where f denotes functions mapping from S to
an abelian group.
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The functional equation (13) takes the form
feey)+fx-y) =2f(x), (14)

for all x,y € S when o(x) =x"! and S is a group. Sinopoulos
[26] determined that the general solution of the functional
equation (13) on commutative semigroups is represented
by a summation of the additive Cauchy function and a con-
stant. An inhomogeneous form of o-Jensen’s functional
equation can be written

fx-y)+f(x-0(y)) = 2f(x) + ¢(%,7), (15)

for all x, y € S, where S is a semigroup, o is an involution of S,
and ¢ are given.

Initially studied by Kominek [27], the stability problem
of Jensen’s functional equation has been explored by several
mathematicians, including Jung [28], Faziev and Sahoo [29],
Mihet [30], Cieplinski [31], and Almahalebi et al. [32]. Var-
ious authors have studied the stability of the o-Jensen func-
tional equation (13) on abelian groups or vector spaces
[33-35]. In their paper [36], a novel stability approach for
the Pexider functional equation with involution ¢ in a
normed space E was introduced by Bouikhalene et al., which
is given by

fx+y)+g(x+a(y))=h(x)+I(x), (16)

for all x,y € E.

The hyperstability question of Jensen’s functional equa-
tion (10) on abelian groups or vector spaces has been studied
by various authors. Bahyrycz and Piszczek in [37] studied
the hyperstability of Jensen’s functional equation of the form

f(x+y):f(X)+f(y) (17)

2 2 ’

in the class of functions from a nonempty subset of a
normed space into a normed space and by Piszczek in [38]
and by Bahyrycz and Olko in [39].

In [40], Brzdek et al. established the stability of a general
functional equation given by

Af (px * ry) + Bf (qx * sy) = Cf (x) + Df (¥), (18)

for all x, y € G which covers various specific cases including
the additive Cauchy equation (6), the Jensen equation (10),
the quadratic equation, and equation (13). The functional
equation is defined for functions that map a groupoid
(X, %) into a Banach space Y, where the parameters p,
g, 1, and s are endomorphisms of the groupoid X and
A, B, C, and D are fixed scalars.

El-Fassi and Brzdek in [41] presented and solved a func-
tional equation of the form

fle-y)+f(x-0(y)) =2f(x) + h(x), (19)

for all x,y € G, where f and h are functions defined on a
semigroup (G,-) and take values in a commutative semi-

group (E, +). In this equation, ¢ is an endomorphism of G
such that o(o(x)) = x for all x € G. Equation (13) is a special
case of (19). However, the authors focused their discussion
on two specific cases and did not provide a general analysis
of the hyperstability problem for the equation. Specifically,
they studied the following two cases:

fex-y)+fx-0(y)) =2f(x) +2f (), (20)

for all x, y € G and

fey) +f(x-0(y) +2f(e) =2f (x) + f () + f(a(»)), (21)

for all x, y € G without addressing the issue of hyperstability
of equation (13) in a general context.

In their recent work, El Ghali and Kabbaj investigated the
question of hyperstability in the context of non-Archimedean
2-Banach spaces, focusing specifically on o-Jensen’s equation
(13). The details of their study can be found in their paper [42].

This paper establishes the &-hyperstability of the
o-Jensen’s functional equation (13) under certain asymp-
totic properties of the control function ¢ € &. Particularly,
the inhomogeneous forms of this equation are proven to be
hyperstable in the class of functions mapping a semigroup
into a normed space.

2. Auxiliary Results

Before proceeding to the main results, we will state the fol-
lowing theorem (Theorem 4), which is relevant to our objec-
tive and can be regarded as a specific case of Theorem 2.2
in [13].

In the following, let n € IN, X be a nonempty set, P ¢ X"
be nonempty, (Y, +) be a group with a translation invariant
metric d (e, d(a+ ¢, b+c)=d(a,b) forall a, b,and cin Y),
and (Y%, +) be a group, where + is a binary operation in Y*
(as usual, (f +g)(x) =f(x) + g(x), and (—f)(x) =—f(x) for
f,g €Y, x€X). We say that a function F from a subgroup
(2, +) of the group (Y*, +) into Y? is additive if

F(f+g) (0 x,) = Ff (%1 0005%,) + FG(x15 00 Xy),
(22)

forall f,ge D, (x;,-,x,) €P.

Theorem 4. Let n € N, X be a nonempty set, P X" be non-
empty, and the triple (Y,+,d) be a translation invariant met-
ric group. Consider the nonempty family & of functions from
PtoR,. Let F, and F, be two additive functions from a sub-
group D of the group (YX, +) into Y* and % be a subgroup of
the group (2, +), and p : P — Y. Suppose that the equation

F190(X1s w05 %) = FoPy(Xp> 05 Xy ) + (x50 %) (23)
for all (x,,-

equation

- X,) € P admits a solution f,€U. Then, the



F19o(xp5 5 x,) =

forall (x,, -+, x,) € P is &-hyperstable in U if and only if (23)
is &-hyperstable.

F (X155 %) (24)

Proof. Assume that equation (23) is &-hyperstable in %. Let
g€ & and let f € % satisty the inequality
d(glf(xl’ T xn)’ gzlf(xl’ Xy

) <e(x, x,),  (29)

for all (x;, -+, x,) € P. Write g:=f + f,. Then, g € % and
A(F1g(Xps %)y Fog (X1 - X,) + (1555 X))
=d(F(f +fo) (X1 o5 %) Fo(f + o) (%1505 %)
+p(xy e x,)) SA(Ff (x5 %), Fof (X105 X,))
+d(F fo (X1 %), Fofo (%1500 Xy) + (X 2005 %))
< A(Fof (51205, Fof (51,7001 5%,)) < (1, -+ %),

(26)

forall (x,, -+, x,) € P. Since (23) is &-hyperstable in %, g is a
solution of (23). That is,

F1g(xy, - x,) = Fog(xy, o0 x,) + u(xy,0x,), (27)

for all (x,,---, x,) € P. Moreover,
A(F1f (x1 05 2)s Fof (%1505 X))
=d(F (El To) (i x0)s Fo(g = fo) (15 -5 X))
=d(F1g(x0 %) = Fifo(xr, >xn)’9729(x1a " Xy)
= Fofo(xis s x,)) = d(F1g (x5 005 %)
= Ffo(xi %), Fag (15 o0 %) = Fifo (x5 005 %)
(X x,)) = d(Frg(xps o ) Fog (X o X,)
+U(xp, 5 x,)) =0,
(28)
for all (x;,---,x,) € P. Evidently, f is a solution to (24).

Therefore, (24) is &-hyperstable in %.
The converse implication is analogous. |

3. Hyperstability of o-Jensen’s Equation

In this section, let S:= (S, -) be a semigroup and (E, ||.||) be
an arbitrary normed vector space over K (K denote either
R or C).

A motivating idea used by Maksa and Pales in [9] was
the basis of the proof method for the main results. This
method relies on a lemma that establishes an identity for
the two variable functions obtained by taking the difference
of the left- and right-hand sides of (13).

Lemma 5. Let E be a normed vector space over K and (8, -) be
a semigroup and let o be an involution of S. Let f : S— E be
an arbitrary function. Then, the function Dy : SxS—E

defined by
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Dy(xy) = 2f(x) = f(x-y) = f(x-0(y)), (29)

for all x, y € S satisfies the following functional equation:

2D¢(x,y) + Dg(x -y, z) + Dg(x - 0(y), 2)

(30)
= Df(x,y -Z)+ Df(x,y -0(2)),
for all x,y,z €.

Proof. Let f:S—— E be an arbitrary function and let
Dy : §x§—E be given by (29). Evaluating the left- and

the right-hand side of (30), we get

2D¢(x,y) + Dy(x -y, 2) + Dy(x-0(y), )
=4f(x) ~f(x-y-2) = f(x-y-0(2)) (31)
—flx-0(y)-2) - f(x-0(y-2)),

for all x, y,z €S, and

Dy(x,y-2) + Dy(x,y - 0(2)) = 4f (x) = f(x -y -2)
—f(x-y-0(2)) - f(x-0(y)-2) = f(x-0(y-2)),

for all x, y, z € S. Thus, (30) is valid. O

(32)

The following theorem presents an &-hyperstability
result for equation (13). Namely, we show that, under some
asymptotic properties of control functions ¢ € &, the func-
tional equation (13) is &-hyperstable in the class of func-
tions f from an arbitrary semigroup S into a normed
vector space E.

Theorem 6. Let E be a normed vector space, S be a semi-
group, and o be an involution of S. Let & be a nonempty fam-
ily of all functions & whose domain is contained in S* and
range is contained in R, such that there exists a sequence
(s,), of elements of S satisfying conditions

{ lim g(x,y-s,)=0,

n—aoo 33
lim e(x,y-0(s,)) =0, G3)

n—ao0
for all x,y €S. Then, equation (13) is &-hyperstable.

Proof. Let € € &. Assume that f : S — E satisfies the inequa-
tilty

If(x-p)+f(x-0() =2f(x)[ <e(xy),  (34)

for all x,y € S. Let Dy : $x S — E be the function given by
(29). Then, (34) becomes

|Ds(x7)|| < €(x.9), (35)

for all x,y € S. Using Lemma 5, then Dy satisfies the func-
tional equation
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2Df(x,y) +Df(x-y, z) +Df(x‘a(y),z) (36)
= Df(x,y -Z)+ Df(x,y -0(2)),

for all x,y,z €S. O

Suppose that there exists a sequence (s,,), of elements of

S satistying conditions (33). Then, by replacing y with y-s,
in (34), we get

HDf(x’y'Sn)H Ss(x’y'sn)’ (37)
for all x, y € S and all n € N. Thus, by (33), we have

lim Dy(x,y-s,) =0, (38)

for all x, y € S. Replacing y with y-o(s,) in (34), we get
Dy (xy - a(s,)) || s e(xy+5,)s (39)
for all x, y € S and all n € N. Thus, by (33), we have

lim Dy(x,y-0(s,)) =0, (40)

n—=ao0o

for all x,y €S. Let x, y,t € S be fixed. By replacing z by ¢ -,
in (36), we get
2D¢(x,y) + Dy(x -y, t-s,) + Dp(x-0(y), £-5,)

(41)
=Di(x,y-t-s,) +Dp(x,y-0(t5,)).

Taking the limit as # — oo and by (37), we deduce
from (38) and (40) that

Di(x,y)=0, x,y€S, (42)

that is, f is a solution of (13). Therefore, equation (13) is
&-hyperstable.

Corollary 7. Let ¢ : SxS—> R, be a function such that
there exists u€ S, 0<r< 1, and 0< q < 1 such that

{e(x;u-y) <re(xy),

(43)
&(x, 0(u)-y) <qe(x. ),

forall x,y € S. Assume that f : S — E satisfies the inequality

If(x-y)+f(x-0(r) - 2f (x)[| <e(xy), xyeS. (44)
Then, f is a solution of (13).
Proof. By induction, it is easy to show that
£ (x, u -y) < rks(x,y),
(45)

e(x,a(uk) ~y) <qe(x,y),

for all x,y €S and all ke N,. Therefore, the asymptotic
properties (33) of the control function & are satisfied
with the sequence s, = u¥, and the statement follows from
Theorem 6. u

From the above results (Theorem 4 and Theorem 6), we
can derive a &-hyperstability result for the inhomogeneous
form of ¢-Jensen’s functional equation

feey)+fx-0()=2f(x) +9(x.y), xyeS.  (46)
Theorem 8. Let E be a real vector space, S be a semigroup,
and o be an involution of S and an inhomogeneity ¢ : Sx S
— E. Let & be a nonempty family of all functions € whose
domain is contained in S, and range is contained in R, such
that there exists a sequence (s,), of elements of S satisfying
conditions

lim e(x,y-s,)=0,
lim e(x,y-0(s,)) =0,

n—=00

for all x, y € S. Suppose that the equation
flx-y)+f(x-0(y)) =2f (x) + ¢(x. ), (48)

forall x,y € S admits a solution f,, : S— E. Then, this equa-
tion is &-hyperstable.

Remark 9. The assumption in Theorem 8 that equation (46)
admits a solution is quite natural because it seems that it
makes sense to study stability or hyperstability of an equa-
tion only if it has solutions. However, we can still ask if such
equation (without solutions) admits functions that satisfy it
approximately in a certain way. This problem has been
investigated in [43] for a quite general functional equation,
a particular case of which is the inhomogeneous version of
the Jensen functional equation.
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