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In this paper, under appropriate hypotheses, we have the existence of a solution semigroup of partial differential equations with
delay operator. These equations are used to describe time—age-structured cell cycle model. We also prove that the solution

semigroup is a frequently hypercyclic semigroup.

1. Introduction

Partial differential equations with delay have been studied for
many years and arise in various applications, like biology,
medicine, control theory, climate models, and many others.
For example, the following mathematical problem involving
a delayed nonlocal dynamical described by a particular par-
tial differential equation as follows:

ou ou

E+c(x)a:g(t,u, uy), (1)

where u,:6€[-1,0] > u(t +6) € X=LP, 7>0 and with an
initial condition:

u(t, x) = ¢(t, x), for (¢, x) € [-7,0] x [0, 1]. (2)

This equation is considered as a particular time—age-
structured cell cycle model that was motivated by the biolog-
ical process of hematological cells.

When ¢(x)=x and g(t,u,u;) =Au, ) is the constant,
then equation can be written as follows:

ou ou
o T =

with the initial condition:

u(0,x) =v(x),0<x < 1. (4)

This equation is so called the Lasota equation (see, e.g.,
[1-5]) and the references cited therein.

This equation has been developed as a model of the
dynamics of a self-reproducing cell population, such as the
population of developing red blood cells (erythrocyte pre-
cursors). It also has been applicable to a conceptualization of
abnormal blood cell production, such as leukemia. Although
this equation is linear but the solution also has chaotic
behavior and is studied by many authors

In this paper, we are interested in g(¢, u, u,) = Qu,, Pisa
delay operator, and the first-order partial differential equation
with delay is expressed as follows:

ou ou
— fx—=u, t>0,0<x<1, 5
o Xox T P t2 * )

with an initial condition:

u(0) =wand uy =f, (6)

where @, w, and f see later hypotheses.

Here, we study the partial differential equations with
delay in an abstract way.

Under the appropriate hypotheses that follow Batkai and
Piazzera’s [6] study, we can switch the linear delay differen-
tial equations to be an abstract Cauchy problem in an
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appropriate Banach space. That means, we can use a semi-
group approach to deal with those equations.

We introduce the abstract delay equation and hypotheses
first. List the standing hypotheses as follows:

(H1) X is a Banach space.
(H2) Usually B just needs to be a closed, densely defined,

linear operator, but here we choose B= —x g—z to let
the equations have the frequently hypercyclic
property.

(H3) f e LF([-1,0].X), 1 <p<oo.

(H4) @ e W'([-1,0], X) — X is a bounded linear oper-
ator, called the delay operator.

(H5) ©: =X xLP(]-1,0],X).

Under these hypotheses and for given elements x € X
and f € LP([-1,0], X).

The following initial value problem will be called an
abstract delay equation:

u'(t) = Bu(t) + Qu,, t >0
u(0)=w . (7)
ug =f

(DE),

For a function u:[—7,00) - X, t>0and u,:6 € [ -7, 0]
—u(t+o)eX.

Chaotic phenomena are interesting and abundant topics
in different areas and attract many mathematicians (see, e.g.,
[1,2,7-10]). Alberto Conejero et al. [7] introduced different
kinds of chaotic operators, such as Devaney chaos, frequent
hypercyclicity, and so on. In [7] the authors provide a lot of
examples. Here, we are interesting in a tape of Cy-semi-
group so called frequently hypercyclic semigroup. Moti-
vated by Birkhoff’s ergodic theorem, Bayart and Grivaux
[11] introduced the notion of frequently hypercyclic opera-
tors trying to quantify the frequency with which an orbit
meets the open set. This concept was extended to Cp-semi-
group in [12].

When a semigroup {S(t)},, is a frequently hypercyclic
semigroup, then for every t,>0 the operator S(t,) is fre-
quently hypercyclic, but the chaotic semigroup does not nec-
essarily satisfy this condition. By the results of Bayart and
Bermiidez [13], there are chaotic Cy-semigroup {S(¢)};s,
such that no single operator S(¢) is chaotic and a Cy-semi-
group {S(t)};5, containing a nonchaotic operator S(t,),
to>0 and a chaotic operator S(t;) for some ¢, >0. However,
if a frequently hypercyclic semigroup {S(t)} ., satisfies fre-
quently hypercyclic criterion, then S(#) is also chaotic for
every t>0 [12, Proposition 2.7]. This is one of the reason
for us to study frequently hypercyclic semigroups.

The structure of this paper is following. In Section 2, we
will introduce some useful terminologies and proposition. In
Section 3, first, we prove that the semigroup {J ()}, gen-
erated by Ay (see later) is frequently hypercyclic in Theo-
rem 1. Then, we describe the solution semigroup {U(t)} 5,
using {Jo(t)},»o and purtubation theorem. Then by
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constructing the new set having frequently hypercyclic char-
acteristics with positive lower density, we prove the purtuba-
tion of a frequently hypercyclic semigroup is also a frequently
hypercyclic semigroup in Theorem 2. In Section 4, we give
some examples.

2. Terminologies

First, we introduce some useful terminologies and proposi-
tions. We recall that the lower density of a measurable set
M C R, is defined by the following equation:

Dens (M) =lim inf 4(M n [0, N])/N, (8)

where y is the Lebesgue measure on R,. A C,-semigroup
{S(t) } 15 is called frequently hypercyclic on the sunspace M C
X if there exists x € M such that Dens ({t € R, :S(t)x € U})
>0 for any nonempty open set U C M.

The lower density of a set A C N is defined by the follow-
ing equation:

Dens(A) = liNm inf#{n<N:ncA}/N. (9)

An operator S € L(X) is said to be frequently hypercyclic
on the sunspace M CX if there exists x € M (called fre-
quently hypercyclic vector) such that for any nonempty open
set U C M, the set {n € N:§"x € U} has positive lower den-
sity. If x € X is a frequently hypercyclic vector for {S(t)}5
then, for every >0, the x is also a frequently hypercyclic
vector for the operator S(t), for detail see Mangino and
Peris’s [12] study.

Proposition 1. See [14, Proposition 2.1].
Let {S(t)},5o be a Cy-semigroup on a separable Banach
space X. Then, the following conditions are equivalent:

(1) {S(t)}5g is frequently hypercyclic,

(2) for every t>0, the operator S(t) is frequently hyper-
cyclic, and

(3) there exist ty>0 such that the operator S(t,) is fre-
quently hypercyclic.

By Proposition 1, to prove S(#) is frequently hypercyclic
just need to prove S(t) is frequently hypercyclic operator for
some fixed t.

3. The Frequently Hypercyclic
Semigroup {S(f)},

In order to use the semigroup approach to deal with (DE),,
we switch (DE), to an abstract Chachy problem and hope
the solution of (DE), is equal to the solution of the abstract

Chachy problem.
If u:[—7,00) — X is a classical solution of (DE),, then

the function:
u(t)
U: €0, (10)
Uy
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is a classical solution of the abstract Chachy problem:

u'(t) = Au(t)
(ACP), u@)(x), (11)
f

B @&

with A= ( 0 d ), where % denotes the distributional
do

derivative domain:

Reversely, for every classical solution U of (ACP)p, the
function u is defined as follows:
I, -U)(t), if t>0
u(t) = (M, = U)(t), i ' (13)
f(t), if t€[-1,0)

Then, u is a classical solution of (DE), and (/7,  U)(t)
=u, for all t >0, where /1, is the canonical project from &
onto X and similarly /7, is the canonical project from & to
LP([-1,0], X).

As we want, we can transform the problem of solving the
delay equation (DE), to solving (ACP),.

We write:
B o
A= d |, 14
;4 (14
do
B 0
as the sum A=A;+C, where A,= 0 d ],C=

(g f)eL(D(Ao),@),lsp@O and D(A) =D(4) =

{<}C ) € D(B) x W'?([-1,0]. X).£(0) :x}.

From Batkai and Piazzera [6], under appropriate
assumption, we can see that A, is the generator of semigroup
{S0(t)};5o and the solution semigroup {Fo ()}, is given
by the following equation:

So(t) = Sw o (15)
’ S, T

where the semigroup {S(t)},,, is generated by operator B =
— x4, {Ty(t)},5 is the nilpotent left semigroup on L*([-1,

0], X) and S; : X — LP(]-1,0], X) is defined by the following
equation:

S(t—1)x, if —t<-7<0

(16)
0, if—1<-7<—t

@@PﬂZ{

Remark 1. We consider the set Q= {ve X:v(0) =0} is the
subset X (as HI). The semigroup {S(t)},s, is generated by
operator B is described by S(t)x(1) =x(le™") and is fre-
quently hypercyclic on €, for detail see Hung and Chang’s
[15] study.

Theorem 1. If the solution semigroup {S(t)}, is frequently
hypercyclic, then the solution semigroup {Fo(t)},so is also

frequently hypercyclic on W = { <y > €QXW!P([-1,0],
g

X),g(0) =y, g(@)(s) =y(se™)

Proof. First, we note that W is nonempty. For example, g(0)
(s)=y(s)=s€,g(w)(s) =se”®, and 0 # (;) ew. O

According to Proposition 1, to prove J(t) is frequently
hypercyclic is equal to proving that Jo(t,) is frequently
hypercyclic operator for some fixed #,>0.

For every nonempty open subset U=U; XU, CW,
without losing the generality we can suppose U, ={z € Q:
2 - ylx<er}. Uy = {he WH([-1,0.X): | - gl|, <e>}

for some ¢, £,>0 and <}/ ) € W. We need to check for U
g

w
the existence of frequently hypercyclic vector | = | €W

such that the set E= {n eN, Fa(ty) <w> € U} has posi-
J

tive lower density.

Since the semigroup {S(t)},, generated by operator B is
frequently hypercyclic, there exists a frequently hypercyclic
vector x € 2 such that for any neighborhood U with radius r
>0 and center y = g(0), (U = {z:]|z — y||x <r}) then the set
Ey={neN,8"(t,)x=S(nty))x€ U} has positive lower
density. w
Instead of proving I} (t,) (] ) in U directly, we prove

w
36 (to) ( > belongs to a subset of U. Now, we construct
J

such subset of U. Choose r; >0 such that Jmin{e,, &,} >,
andlet U' ={z:||z — y||x <r }, it is clear that U’ C Uj. Thus,
corresponding U’, there exists a set E; ={n €N, §"(t;)x=
S(nty)x € U’} and E, has positive lower density.

Let U ={he W'P([-1,0],X):h(0) =y € U'}, then:



=g, = [ 60 - gtax
<1y sl [° W)

From above inequalties, we have U” C U, and U' X U” C
U, x U,.
Next, we need to find the set E, E; is natural suggestion

and find a frequently hypercyclic vector, is natural

X

f
w

suggestion for (] )

From Equation (15), we have the following form:

() = () = (& ) )
SOOI\ g | TR Suy Tolnto) )\ f

S(nty)x
~ \ S+ To(nto)f )

(18)

Then, we consider the second component of
Equation (18), that is S, x+ T,(nty)f. From the perform
of Ty, we have Ty(nty)f( —7) =f(nty —7) =0, where n>n,
for some 1, and we extent f to be zero out of [ -7, 0].

Then, Equation (18) becomes:

o x\ S(nty)x
() - ("

(19)

HSMOX(/D

0
—(/ (y"(se™*) — y(se”
-1
Since y" in U".

From the above conclusion, we get S(nfy)x—y in U’,

Su,x — g in U”, and:
S(nty)x —y
SuyX = g

()-C)H

—[1S(nto)x = yllx + |Suyx - g, <1 +ri <2,

(23)

so 36 (1) (;) CU XU"CU.We get (;) is a frequently

hypercyclic vector and E; = {n € N, n € E;, n>n,} has post-
ive lower density. Therefore, E] is the set that we wanted.
This implies that J(¢,) is a frequently hypercyclic operator
on U and the theorem is proved.

DI, = 15y () = S()y(s

1 1
i))"dﬂ)" <y -y”X</ F”)P =y = yllx<n.
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ﬂ))ﬁdﬂ)‘%

ora ([

Iy = yllx<2r<e,.

\
and we have the following equation:

%‘g(to)<x> - <y> = (S(nto)x—y) for <y) eU xU".
/ g SuX = 9 g

(20)

Since S(nty)x€ U’ in the first component of
Equation (20) that is ||S(nty)x — y|| <r,. Then, we move on
the second component of Equation (20).

If g is the second component of <y> €W and n€Ej,
n>ny, we get the following equation:

S(rnty + x(s) ~ gl(2)(5) = x(se70~)
g(i)S(ntO)x — y(se™)
S()y" =Sy,

Suyx(4) = g(4) = = y(se™)

(21)

where we define an operator S as S(1)w(s) = w(se™*) and
y"=S(nty)x € U'. In particular, when @ =y, we have S(4)

y(s) =y(se™) = g(A)(s).
From the above, we have the following equation:

)M, = lly"(se™) = y(se),

\
Since we have the structure of {F(f)}, we can move

on to study the existence of the solution semigroup of
Equation (5), we add the condition (H6) and state as follows:
(H6) There exist some #,>0 and 0 <g<1 such that:

)
/ [|ICS(r)x]|dr < gl|x|| forall x € D(A,). (24)
0

Under the condition (H6), we consider the perturbation
case. The existence of solution semigroup { U(t) }, gener-
ated by A follows from Theorem 3.2 Miyadera—Voigt in [6].

The semigroup {U(t)},, is given by the Dyson—Phillips
series and denoted as U(#)x =22 (V") (t)x forall x € X,
t>0 and converging uniformly on compact subset of R*.
Here, V € L(C(R', L(X))) is the abstract Volterra operator
defined by the following equation:
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(VE)(1)z = / "F(t - 5)CS(s)ads, for 10, (25)
and
(VE)(t)z = lim (VF)(1)z,. forz€ (X).120.  (26)

Here, F € C(R",
that z=1im,_,, z,.

Let F (¢) to be §(¢), from Equation (25), we have (V)
(t)z= [5T0(t —s)CFo(s)zds and we also have VF, is norm
continuous for t >0 for detail see Batkai and Piazzera’s [6]
study. For any 0 < < 1, we can choose some f,>0 such that
IVEo(t)|| <pforall 0 <t <t,.

We will use the frequently hypercyclic property of o (¢)
to prove U(t) is frequently hypercyclic and we write the result
as Theorem 2.

L(X)),z, € D(Ay) is a sequence such

Theorem 2. When (HI)—(H6) are satisfied the solution semi-
group {U(t)},s, generated by A is frequently hypercyclic.

Proof. Without losing generality, we can suppose any non-
empty open set as a neighborhood Z’ with radius r and center
at origin. To prove the frequently hypercyclic property of U
(o), we need to find a frequently hypercyclic vector x and a
set M={neN,U"(ty)x€Z'} such that M has positive
lower density for some particular operator U(t). O

Since Jo(t;) is frequently hypercyclic operator, there
exists a frequently hypercyclic vector ¥ € W such that for a

Isil,= ([ (6,
(f e

and

0
[ To(to)hll, = (/ (To(to)h
~(f o

Pdf)l
)pdf)l _ ( / (a(ﬂe‘“()”)))f’di')}’ (29)
<([ ||a||f’dr) <l ([ 1 ) <

neighborhood Z with radius ' < ( ) r and center at ori-

gin, the set M ={neN,
density.

X is a good candidate for the frequently hypercyclic vec-
tor of U(ty). Then, we figure out the set which has frequently
hypercyclic property.

When m=n+1 for n€M and let y=5(t,)x€Z
we have U™ (ty)X = U(mtg)% =322, VESo(mte)X =372,
VESo0(to) o (to)X = 232 VESo (t0)-

To estimate U™ (f,)X, we need to estimate J,(y)y and
VkS(to)y for all k> 1.

From Equation (15), we have the following equation

+7
S(ty)x €Z} has positive lower

So(ts)y S(t) 0 a
INY =
s mw )k
(27)
S(ty)a _ a
= , fory = ,
S, a+ To(t)h h
We calculate the first component of J(t,)¥, S(ty)a, as
follows:
18(t0)a(D)[x = [la(2e™)[[x = [lallx- (28)

The second component of o ()y is Sy a + To(t)h.
We calculate their norms separately:

_ ( / ? (S(ty + T)a(z))PdTY

Pdf>l _ (/_(l)(h(to + ﬂ)%)‘l’
pdT)l _ ( /_ ?_to(h(z))w>‘l’ (30)

0
</ Pdl) — [|n], since h(2) € X for 2 € [1,0].
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Combine the above estimates, we get the following

equation:
|
1S (to)y[l = o) = [IS(to)allx + [|S,@ + To(t)h]|
ot S+ Ty(t)h TP R (31)
<I8(to)arllx + [Srall, + 1 To(O)ll, < llerllx + llallx + lIAll, < 2(||0!||X + ||h||p) =2|x]l-
\
Then, we consider V" (t,)y for all n> 1. So U™(ty)x C Z' for all m e M'. This implies X is a fre-
When n=1, ||[VE,(t)7| <p||7|], we already know. quently hypercyclic vector and M’ as we want. We finish the
When n =2, we get the following equation: proof.
t
V(@ = 1Vl = | [ v -96365d] 4, Examples
t
< 5[ llcau(s)lds < pal.
0
(32) . . .
Example 1. We consider the following delay equation:
Moreover, || V2F(t)y|| < pqlly|| for 0 <t <t
From Equation (25) and by induction, we have the esti- J u(t) = —xiu(t) N /Ou(t COdet20
mate: ot ox -1 T
_ - u(0) =w (35)
IV"S(to)yll < A" [ [l (33)
g =,

Consider meM' ={meN,m=n+1,forne M}, we

have the following equation:
where we X, f € IP([-1,0],X), 1 <p<oo.

Let @:C([-1,0],X) — X be the bound linear operator

U™ (to)x || = [[U (mto)x[| = szovkgo(mto)x given by Riemann-Stieltjes integral:

o0
kZOVk%O ()" (to)x

= |E w5 Elvnrl g [ gdo. forall g c-r.0Lx) = x. (30
o] o0 -1
<lISo(t)7ll + X [[VFSo(t)y|| < 21I7ll + X Ag ]
k=1 k=1 Since W' ([-1, 0], X) is continuously embedded in C([-1,
= (2 + L) 17l < <2 + p >r’<r. 0], X), @ defines a bounded operator from W'?([-1, 0], X) to
l-gq l-gq X. So, we can translate Equation (35) to (DE), form.
(34) To ensure the existence of the solution semigroup U(t) of
(DE),, we need to check (H6) is satisfied.
For 0 <t <1, we obtain the following equation:

[es ()= 120G )0 ) )
:/;H/_l_’f(r+g)da+/_(:s(r+a)xda dr
S/;/_:rllf(r+6)||dadr+/;/_(:||S(r+a)x||d6dr )

S/_(:LO||f(S)||dsd6+/_:tLH”Hf(s)Hdsdo—i— /;quxdr

< [*oP o+ [ @7l + el
< [ @ fldo + el = OF 1 Fl, + lslh < 07 (171, + ).

dr — /;uqb(srx + To(r)f)||dr
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=+ 1% =1. conclude  that

cgu(r)( ) ar< @7 (11, + 1)

1
Now choose #, small enough such that ;' < 1, then con-

dition (H6) is satisfied with q = #”. Apply Theorem 2, we
have {U(t)},s, is frequently hypercyclic.

Finally,  we

Jo

Example 2. The important special case of Example 1 is the
following form:

%u(l‘) = —xa—i u(t) + kZ:OBku(t +h),t>0
u(0)=w (38)

ug=f,

where f € W'([-1,0],X),By€L(X) and h,€[-1,0] for
k=0,1,...,n.
The operator @ is defined by the following equation:

9(f): 3 Bef (). (39)

The result of Example 1 is coming from we can choose g
small enough when @ is defined as Equation (36). Similar
results for Example 2 were proved by Kunisch and Schappa-
cher [16].

Remark 2. B= — x - can extend to B= — ¢(x) &, where c(x)

is a continuous function and satisfied the following equation:

' dr

0¢(x)

¢(0) =0, ¢(x)>0, forx € (0,1] and /
(40)
The solution semigroup { S(t) },», generated by B=

—¢(x) £ is also frequently hypercyclic, for details see Hung
and Chang’s [15] study.

5. Conclusion

By finding a frequently hypercyclic vector and the set has
frequently hypercyclic characteristic with positive lower den-
sity, we have the results in Theorems 1 and 2. Finally, we give
two examples satisfying Theorem 2, then they have the fre-
quently hypercyclic solution semigroup.
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