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Peristaltic transport through eccentric
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Kh.S. Mekheimera,b,∗, Y. Abd elmaboudc,d and A.I. Abdellateefe

aMathematics & Statistic Department, Faculty of Science, Taif University, Hawia(888) Taif, Saudi Arabia
bMathematical Department, Faculty of Science (Men), Al-Azhar University, Nasr City, Cairo, Egypt
cMathematics Department, Faculty of Science, Al-Azhar University(Assiut Branch), Assiut, Egypt
dMathematics Department, Faculty of Science and Arts, Khulais, King Abdulaziz University (KAU), Saudi Arabia
eBasic science Department, Higher Institute of Engineering, Shorouk City, Cairo, Egypt

Abstract. This paper discusses the effect of peristaltic transport on the fluid flow in the gap between two eccentric tubes
(eccentric-annulus flows). The inner tube is uniform, rigid, while the outer tube has a sinusoidal wave traveling down its wall.
The flow analysis has been developed for low Reynolds number and long wave length approximation. The velocity and the
pressure gradient have been obtained in terms of the dimensionless flow rate Q, time t, azimuthal coordinate θ and eccentricity
parameter ε (the parameter that controls of the eccentricity of the inner tube position). The results show that there is a significant
deference between eccentric and concentric annulus flows.
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1. Introduction

Endoscope and catheter are very important tools for
medical diagnosis and they have many clinical appli-
cations. The endoscope now is a very important tool
used for determining real reasons responsible for many
problems in the human organs in which the fluid are
transported by peristaltic pumping such as, stomach,
small intestine, etc. Also from fluid dynamic point of
view, there is no difference between an endoscope and
catheter. In medicine, a catheter is a tube that can be
inserted into a body cavity, duct or vessel. Catheters
thereby allow drainage or injection of fluids. The pro-
cess of inserting a catheter is catheterization.
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Also, the injection of fluid into the body using a
needle or syringe is an important application of fluid
dynamics. In the surgical process known as thread
injection a surgeon not only injects fluid into the body,
but also various medical implants. A particular applica-
tion of chemical thread injection is in lip augmentation
found in most plastic surgery industries.

Peristaltic transport is a form of fluid transport that
occurs when a progressive wave of area contraction
or expansion propagates along the length of distensi-
ble duct. Peristalsis is an inherent property of many
biological systems having smooth muscle tubes which
transports biofluids by its propulsive movements and is
found in the transport of urine from kidney to the blad-
der, the movement of chyme in the gastro-intestinal
tract, intra-uterine fluid motion, vasomotion of the
small blood vessels and in many other glandular ducts.

In recent years peristaltic transport through a con-
centric annulus has received much attention. There
are several investigations to study the effect of an
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Fig. 1. The simplified model geometry of the problem.

endoscope on peristaltic motion for a Newtonian and
non-Newtonian fluids [1–13].

The eccentric annulus (without peristaltic) is some-
what more difficult to treat. Few studies take into
consideration the effect of the eccentricity property
[14–18].

No attempts have been made yet to discuss peri-
staltic flow through the eccentric annulus. Therefore
the main purpose of the present paper is to discuss the
effect of peristaltic transport on the fluid flow in the
gap between two eccentric tubes, the outer tube have a
sinusoidal wave traveling down its wall and the inner
one is rigid. A motivation of the present analysis is the
hope that such a problem will be applicable in many
clinical applications. This investigation give a better
understanding for the speed of injection and the fluid
flow characteristics within the syringe. Also, the injec-
tion can be carried out more proficiently and the pain
of the patient can be reduced.

2. Formulation of the problem

Consider a flow of an incompressible Newtonian
fluid through eccentric tubes. The inner tube is rigid

(endoscope or catheter) and the outer have a sinusoidal
wave traveling down its wall. The radius of the inner
tube is δ′ but we need to reference the fluid motion to
the center of the outer tube. The center of the inner tube
is now at position z′ = ε′, y′ = 0 where y′ and z′ are
coordinates in the cross-section of the pipe as shown in
Fig. 1. Then the boundary of the inner tube is described
to order ε′ by r′

1 = δ′ + ε′ cos[θ′]. (obtained by using
the cosine rule) where (ε′ << δ′) is the parameter that
controls the eccentricity of the inner tube position. The
geometry of the walls surface is described in Fig.1, the
equations for the radii are

r′
1 = δ′ + ε′ cos[θ′],

r′
2 = a′ + b′ cos

[
2π

λ
(z′ − ct′)

]
, (2.1)

where δ′, a′ are the radius of the inner and the outer
tubes, b′ is the amplitude of the wave, λ′ is the wave-
length, c′ is the propagation velocity and t′ is the time.
The problem has been studied in cylindrical coordi-
nate system (r′, θ′, z′), radial, azimuthal and axial
coordinates respectively.
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The equations governing the problem are:

∂u′

∂z′ + ∂v′

∂r′ + v′

r′ + 1

r′
∂w′

∂θ′ = 0 (2.2)

ρ
[∂u′

∂t′
+ u′ ∂u′

∂z′ + v′ ∂u′

∂r′ + w′

r′
∂u′

∂θ′
]

= −∂p′

∂z′ + µ
[∂2u′

∂z′2 + ∂2u′

∂r′2 + 1

r′
∂u′

∂r′

+ 1

r′2
∂2u′

∂θ′2
]

(2.3)

ρ
[∂v′

∂t′
+ u′ ∂v′

∂z′ + v′ ∂v′

∂r′ + w′

r′
∂v′

∂θ′ − w′2

r′
]

= −∂p′

∂r′ + µ
[∂2v′

∂z′2 + ∂2v′

∂r′2 + 1

r′
∂v′

∂r′

+ 1

r′2
∂2v′

∂θ′2 − v′

r′2 − 2

r′2
∂2w′

∂θ′2
]

(2.4)

ρ
[∂w′

∂t′
+ u′ ∂w′

∂z′ + v′ ∂w′

∂r′ + w′

r′
∂w′

∂θ′ + w′ v′

r′
]

= −∂p′

∂θ′ + µ
[∂2w′

∂z′2 + ∂2w′

∂r′2 + 1

r′
∂w′

∂r′ +

1

r′2
∂2w′

∂θ′2 − w′

r′2 + 2

r′2
∂v′

∂θ′
]

(2.5)

Where v′, w′, u′ are the velocity components in r′,
θ′ and z′-directions respectively, ρ is the density, p′
is the pressure and µ is the viscosity. The boundary
conditions are:

u′ = 0, v′ = ∂r′
2

∂t
, w′ = 0 at r′ = r′

2,

u′ = V ′, v′ = 0, w′ = 0, at r′ = r′
1, (2.6)

where V ′ is the velocity of the inner tube. We will
assume that the velocity vector in the form (0, 0, u′)
because the effective velocity component only is the
axial velocity. We introduce the following nondimen-
sional variables and parameters

p = a2

µcλ
p′, u = u′

c
, θ = θ′, t = c

λ
t′,

Re = ρca

µ
, r1 = r′

1

a
= δ′

a
+ ε′

a
cos(θ′) φ = b

a
,

δ = δ′

a
, ε = ε′

a
, δ0 = a

λ
, z = z′

λ
,

r2 = r′
2

a
= 1 + b′

a
cos(2π(z − t)), (2.7)

where φ is the amplitude ratio, Re is the Reynolds
number, δ0 is the dimensionless wave number, ε is
eccentricity parameter. After using the above assump-
tion, the equations of motion in the dimensionless form
become

∂u

∂z
= 0, (2.8)

Re δ0

[
∂u

∂t
+ u

∂u

∂z

]
= −∂p

∂z
+

[
δ2

0
∂2u

∂z2 + ∂2u

∂r2

+ 1

r

∂u

∂r
+ 1

r2

∂2u

∂θ2

]
, (2.9)

∂p

∂r
= 0, (2.10)

∂p

∂θ
= 0, (2.11)

Equations (2.10, 2.11) shows that p is not a function
of r and θ. Using the long wavelength approximation
and dropping terms of order δ0 and higher, it follows
from Equations (2.8, 2.11) that the appropriate equa-
tion describing the flow is

dp

dz
=

[
∂2u

∂r2 + 1

r

∂u

∂r
+ 1

r2

∂2u

∂θ2

]
. (2.12)

The basic flow is assumed to be unsteady and uni-
directional so a solution of Equation (2.15) is written
in the form u(r(z, t), θ) = u0(r) + ε cos(θ) u1(r) + ...,
the two variable z, t will appear from the boundary con-
ditions. Substituted into Equation (2.15) and collect the
like power then the equations for u0 and u1 are found
to be

∂2u0

∂r2 + 1

r

∂u0

∂r
= dp

dz
(2.13)

∂2u1

∂r2 + 1

r

∂u1

∂r
− 1

r2 u1 = 0 (2.14)
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The boundary conditions are obtained from the
manipulation of the viscous no-slip conditions at the
boundary of the wall of the outer and inner tubes,

u = 0, on r = r2 = 1 + φ cos(2π(z − t)),

u = V, on r = r1 = δ + ε cos(θ).

By using Taylor series, the viscous no-slip condi-
tions are:

u0(r2) = 0, u0(δ) = V, u1(r2) = 0,

u1(δ) = −∂u0(δ)

∂r
(2.15)

The solutions of (16-17) with the boundary are easily
found to be

u0(z, t) = 1

4

dp

dz

(
r2 − r2

2

)

+ V − 1
4

dp
dz

(
δ2 − r2

2

)
log

[
δ
r2

] log

[
r

r2

]
,

u1(z, t) =
δ2

2
dp
dz

+ V− 1
4

dp
dz

(
δ2−r2

2

)
log

[
δ
r2

]
(

δ2

r2
2

− 1

)

(
1

r
− r

r2
2

)
. (2.16)

As dp
dz

= 4, φ = 0, r2 = 1 (No peristaltic pumping)
our results reduce to that given by Labadin and Walton
[18] and for ε = 0 the results reduce to concentric case
u0, that represented by Mekheimer [7].

The instantaneous volume flow rate Q(z, t) is given
by

Q(z, t) = 2π

∫ r2

r1
r u dr, Q/2π = 1

48(r2 − δ) (r2 + δ) log
[

δ
r2

] dp

dz

(
3(r2 − δ) (r2 + δ)

(
−(r2 − δ) (r2 + δ)

(
−r1

2 + r2
2 + 2r1

2 log

[
r1

r2

]
− 2r2

2 log

[
r2

r2

])

+ (−r1
4 + r2

4 + 2r2
2 (r1 − r2) (r1 + r2)

)
log

[
δ

r2

])
+

4
(−r1

3 + 3r2
2 (r1 − r2) + r2

3
)
εCos[θ]

(
r2
2 − δ2 + 2δ2 log

[
δ

r2

]))

V

(
4
(−r1

3 + 3r2
2 (r1 − r2) + r2

3
)
εCos[θ] − 3

(
r2
2 − δ2

) (
−r1

2 + r2
2 + 2r1

2 log
[

r1
r2

]
− 2r2

2 log
[

r2
r2

]))

12
(
r2

2 − δ2
)

log
[

δ
r2

] . (2.17)

Following the analysis given by Mekheimer [7], the
mean volume flow, Q over a period is obtained as

Q(z, t) = Q

π
− φ2

2
+ 2 φ Cos[2π(z − t)]

+ φ2Cos[2π(z − t)]2. (2.18)

Where Q is the time-average of the flow over one period
of the wave.

Make combination between Equations(2.17 and
2.18) we get

∂p

∂z
= S

C
, (2.19)

S =
Q

π
− φ2

2 + 2φCos[2π(−t + z)] + φ2Cos[2π(−t + z)]2

2π

−
V

(
0.25r2

1 − 0.5 log [r1] r2
1 − r2

2
4 + 1

2 log [r2] r2
2

)
log[δ]

−
VεCos[θ]

(
−r1 + r3

1
3 + r2 − r3

2
3

)
(−1 + δ2

)
log[δ]
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C = − r4
1

16
+ r4

2

16
+ 1

8

(
r2

1 − r2
2

) +
0.25

(
1 − δ2

)(
0.25r2

1 − 0.5 log [r1] r2
1 − r2

2
4 + 1

2 log [r2] r2
2

)
log[δ]

+
0.5δ2εCos[θ]

(
−r1 + r3

1
3 + r2 − r3

2
3

)
−1 + δ2

+
0.25

(
1 − δ2

)
εCos[θ]

(
−r1 + r3

1
3 + r2 − r3

2
3

)
(−1 + δ2

)
log[δ]

where S, C are the numerator and dominator of pressure
gradient.

The pressure rise 	p(t) and the friction force (at the wall)
on the outer and inner tubes are F2(t) and F1(t) respectively,
in a cylinder of length L, in their non-dimensional forms, are
given by

	p(t) =
∫ 1

0

∂p

∂z
dz, (2.20)

F1(t) =
∫ 1

0

r1
2

(
−∂p

∂z

)
dz (2.21)

F2(t) =
∫ 1

0

r2
2

(
−∂p

∂z

)
dz (2.22)

The average rise in pressure is 	p, outer and inner
frictional forces F2, F1 are then evaluated by averaging
	p(t), F1(t), F2(t) over one period of the wave.

By substituting in Equations(2.20–2.22) with r1 = δ +
ε Cos[θ], r2 = 1 + φCos[2π(z − t)], we get the average pres-
sure rise and the average friction force (at the wall) on the
outer and inner tubes.

3. Graphical results and discussion

The numerical evaluations of the analytic results obtained
for the pressure gradient dp

dz
, the pressure rise 	p(t), the frica-

tion force (at the wall) F1(t), F2(t), on the inner and outer
tubes and the basic flow velocity u(r, t) for various values of
the dimensionless time t, flow rate Q, amplitude ratio φ, the
velocity of the inner tube V , and the eccentricity parameter
ε are discussed.

Also, the effects of pertinent parameters on the average
pressure	p and frictional force F 1, F 2 per one wave length
are investigated by numerical integrations.

In Figs. 2-3, the variation of dp

dx
versus z is shown for dif-

ferent values of ε , φ , Q and δ by fixing the other parameters.
We can see that, the pressure gradient is relatively small in
wider part of the channel, that is, the flow can easily pass
without imposition of large pressure gradient. Where, in a
narrow part of the channel, a much larger pressure gradient
maintain the same flux to pass it, especially for is required to

the narrowest position near x = 0.5. This is in well agreement
with the physical situation.

Also, it is observed that the maximum amplitude of the
pressure gradient increases as the eccentricity parameter ε,
the radius of the inner tube δ and φ increases, while it’s

Fig. 2. Variation of pressure gradient over the length versus z with
different values of amplitude ratio φ with different ε.

Fig. 3. Variation of pressure gradient over the length versus z with
different values of flow rate Q with different δ.
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Fig. 4. Variation of pressure rise over the length versus Q̄ with
different values of eccentric parameter ε with different θ.

Fig. 5. Variation of pressure rise over the length versus Q̄ with
different values of inner cylinder velocity v with different δ.

decreases as the flow rate Q increases. Hence, the pressure
gradient is higher for the eccentric flow than that for the con-
centric one (ε = 0), and for a small radius of the inner tube
we get a low pressure gradient in the gap of the annulus and
this alternately achieve the flow rate. Figures 4 and 5 illus-
trate the change of the average pressure rise 	p versus the
time-averaged mean flow rate Q for various values of the
θ , ε , δ and V . The graph illustrate the pumping regions,
which are, the peristaltic pumping (Q > 0, 	p > 0), the
augmented pumping (Q > 0, 	p < 0) and the retrograde
pumping (Q < 0, 	p > 0). These figures shows that that
there is an inversely linear relation between 	p and Q, that
is, the pressure rise decreases with increasing the flow rate
and the pumping curves are linear both for eccentric and

Fig. 6. Variation of pressure rise over the time interval t with dif-
ferent values of eccentric parameter ε with different main flow rate
values.

Fig. 7. Variation of the average inner Friction force over length ver-
sus Q̄ with different values of eccentric parameter ε at different
θ.

concentric flow. Moreover, the pumping curves for eccentric
flow lie above the curves of the concentric flow in pump-
ing region (	p > 0). Also, the pressure rise increases as the
eccentricity parameter ε and the angle θ increases, and for
fixed value (	p) , the flow rate will increases as ε and θ

increases, i.e, the back flow decreases. Figure 5. shows that,
as the velocity of the inner tube V or it’s radius δ increase,
the average pressure rise will increases in the backward and
peristaltic pumping region, while it decreases in the aug-
mented pumping region. Also, for fixed (	p) the flow rate
will increase as V and δ increases.

Figure 6. illustrate the variation of the pressure rise with
time which indicates that 	p(t) is heigher for the eccen-
tric cylinder than that for concentric one, and this pressure
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Fig. 8. Variation of the average inner Friction force versus Q with
different values of ε and v.

Fig. 9. Variation of inner Friction force versus t with different values
of the main flow rate Q.

will increases as the eccentricity parameter ε increases. Also,
	p(t) will decrease as Q increases.

The inner friction force ( on the inner tube) as well as the
outer friction force ( on the outer tube) are plotted in Figs.
7–12 versus the dimensionless time t and the flow rate Q.
We notice from these figures that the inner and outer friction
forces have the opposite behavior compared to the pressure
rise. The inner friction force behaves similar to the outer
friction force for the same values of the parameters, moreover
the outer friction force is greater than the inner friction force
at the same values of the parameters. Furthermore, from Figs.
9 and 12 it is noticed that the inner and outer friction forces are
higher for concentric cylinder than that for the eccentric one.
Figures 13–16 describes the variation of the basic flow with

Fig. 10. Variation of the average outer Friction force versus Q for
different values of v at different values of ε.

Fig. 11. Variation of outer Friction force versus Q for different
values of v at different values of ε.

r and t for different values of different governing parameters.
In Fig. 13 it is observed that, the basic flow increase as the
eccentric parameter ε and the flow rate Q increases.

Also, as expected at ε = 0 the velocity value of the basic
flow started at the radius of the inner tube, where δ = 0.1
and ends at r = 1. Hence, the basic flow is higher for eccen-
tric tube than that for concentric one. Figure 14. depicts
the variation of the basic flow with r for different values
of the amplitude ratio and t. We see that, as φ (the amplitude
ratio of the peristaltic wave) increases the basic flow veloc-
ity increases, while it’s decreases with time. For the effect
of the inner tube radius δ, the basic flow is slow near the
region of the inner tube and as δ increases the basic flow
manages to overtake the latter. Figures 15-16. indicates that
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Fig. 12. Variation of outer Friction force versus t with different
values ε.

Fig. 13. The basic thread-annular flow u(r, t) for various Q.

Fig. 14. u(r, t) for various δ with t at different state of φ.

Fig. 15. The basic thread-annular flow u(r, t) for various V .

Fig. 16. The basic thread-annular flow u(r, t) for various V .

the basic wq1flow will increase as the velocity of the inner
tube increase for φ = 0 ( no peristaltic wave), but for φ /= 0
this effect is reverse.
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