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Exact solution for peristaltic flow of
Jeffrey fluid model in a three dimensional
rectangular duct having slip at the walls
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Abstract. In the present article, we tried to develop the exact solutions for the peristaltic flow of Jeffrey fluid model in a cross
section of three dimensional rectangular channel having slip at the peristaltic boundaries. Equation of motion and boundary
conditions are made dimensionless by introducing some suitable nondimensional parameters. The flow is considered under the
approximations of low Reynolds number and long wavelength. Exact solution of the obtained linear boundary value problem
is evaluated. However, the expression for pressure rise is calculated numerically with the help of numerical integration. All
pertinent parameters are discussed through graphs of pressure rise, pressure gradient, velocity and stream functions. It is found
that presence of slip at the walls reduces the flow velocity but increases the peristaltic pumping characteristics.
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1. Introduction

The movement with in the living organism’s body
are described by muscular movement stimulated by
neurons. There are two types of movements voluntary
or involuntary. The involuntary movement can not be
controlled by the will of organism himself. Normally in
the human body, the peristalsis motion is the example
of an involuntary wavelike contractions and relax-
ation of smooth muscles. It occurs in transport tubes
like oesophagus, urine transport from kidney or some
blood vessels. Peristaltic phenomenon has enormous
applications in chemical industries, engineering and
biomedical equipment. In food tubes, food bolus initi-
ate the waves which activate excitatory neurons above
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the bolus and consequently initiate inhibitory neurons
that relaxes smooth muscles below the bolus [1]. These
waves may have long or short wavelengths. Inspired
by this phenomenon many industries like roller and
finger pumps and in blood filtration devices etc. uses
this mechanism. Nowadays, it is a well accepted fact
that most of the fluid used in industries and biomedical
treatments are non-Newtonian in rheological proper-
ties. So many researchers have presented the flow
phenomena of non-Newtonian fluids [2–4]. The idea
about the peristaltic flows was presented by Shapiro
[5] and later verified experimentally by Latham [6].
Application of peristaltic flow have attracted the inter-
est of many scientists to analyze the flow of Newtonian
and non-Newtonian fluids through flexible walls of
channel, duct or tube [7–12].

Tretheway and Meinhart [13] have experimen-
tally shown slip-flows. Choi et al. [14] have studied
apparent slip flows in hydrophilic and hydrophobic
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microchannels. Lauga and Cossu [15] have examined
the stability of slip channel flow. Srinivas et al. [16]
presented the influence of slip conditions, wall prop-
erties and heat transfer on MHD peristaltic transport.
Nadeem and Akram. [17] studies heat transfer in a
peristaltic flow of MHD fluid with partial slip.

Recently, the peristaltic flows in rectangular chan-
nels have become a subject of interest due to their
physical and complex mathematical structure. Only a
limited number of works could be found in the liter-
ature [18–20] because of the inherent mathematical
complexity. However, the peristaltic flow of non-
Newtonian fluid in a rectangular channel with slip
effects are not explored so far. Therefore the present
work is concentrated to examine the slip effects in
peristaltic flow of a Jeffrey fluid in a rectangular duct.
Long wavelength and low Reynolds number are used,
which simplify the governing three dimensional par-
tial differential equations. The exact solutions of the
reduced equations have been found with the help of
eigen function expansion method. The physical behav-
ior of involving parameters is discussed through graphs
of pressure rise, pressure gradient, velocity and stream
functions. Three dimensional analysis is also taken into
account for velocity profile.

2. Mathematical formulation

Let us consider the slip effects at the peri-
staltic walls for peristaltic flow of an incompressible
non-Newtonian (Jeffrey fluid) fluid in a rectangular
channel. The width and height of the channel are 2d and
2a, respectively. In the current geometry, the Cartesian
coordinate system is taken in such a way that x−axis is
taken along the axial direction, y−axis is taken along
the lateral direction and z−axis is perpendicular to both
of x and y (see Fig. 1). The flow is induced by the prop-
agation of sinusoidal waves travelling in the direction
parallel to the flow.

The peristaltic wave equations at the upper and lower
walls of the rectangular duct are given by

Z = ±H(X, t) = ±a ± b cos

[
2π

λ
(X − ct)

]
, (1)

where a and b are the amplitudes of the waves, λ is
the wavelength, c is the velocity of propagation, t is
the time and X is the direction of wave propagation.
We assume that the lateral velocity is zero as there
is no change in lateral direction of the channel. The

Fig. 1. Schematic diagram for peristaltic flow in a rectangular duct.

velocity profile for rectangular duct is described as
(U(X, Y, Z), 0, W(X, Y, Z)). The governing equations
for an incompressible fluid are defined as

∇ · V = 0, (2)

ρ
DV
Dt

= −∇P + ∇ · S, (3)

where D/Dt is material time derivative, S represents
the stress tensor for the Jeffrey model and is defined
by [18]

S = µ

1 + λ1

( ·
γ + λ2

··
γ
)

. (4)

In the above equation λ1 is the ratio of relaxation

to retardation times, λ2 is the delay time,
·
γ is shear

stress and double dots denote the differentiation with
respect to time. Let us analyze the flow in a wave frame
(x, y, z) moving with a constant velocity c away from
the fixed frame (X, Y, Z) by the transformation

x = X − ct, y = Y, z = Z, u = U − c, w = W,

p(x, z) = p(X, Z, t). (5)

We define the following non-dimensional quantities

x̄ = x

λ
, ȳ = y

d
, z̄ = z

a
, t̄ = c

λ
t, ū = u

c
,

w̄ = w

cδ
, h̄ = H

a
, β = a

d
, δ = a

λ
, φ = b

a
,

p̄ = a2p

µcλ
, S̄ = a

µc
S,

·̄
γ = a

c

·
γ, β1 = L

a
, Re = ρac

µ
.

Under the assumption of long wavelength (δ << 1)
and low Reynolds number (Re << 1) , the governing
equations (2) and (3) in non-dimensional form for the
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considered flow problem are stated as (see Nadeem and
Akram [18])

∂u

∂x
+ ∂w

∂z
= 0, (6)

β2 ∂2u

∂y2 + ∂2u

∂z2 = (1 + λ1)
∂p

∂x
, (7)

∂p

∂y
= 0 = ∂p

∂z
. (8)

The corresponding slip boundary conditions
[21–29] at the walls are described as

u = −1 at y = ±1,

u = − β1

1 + λ1

∂u

∂z
− 1 at z = h (x) = 1 + φcos (2πx) ,

u = β1

1 + λ1

∂u

∂z
− 1at z = −h (x)

= −1 − φcos (2πx) . (9)

From Eq. (8) , it is obvious that p /= p (y, z) . There-
fore, Eq. (7) can be written in more precise form as

β2 ∂2u

∂y2 + ∂2u

∂z2 = (1 + λ1)
dp

dx
. (10)

Special cases: There are some special cases which can
be derived from the above discussion i.e., for β = 0, we

retrieve the case for peristaltic flow of Jeffrey fluid in
two dimensional channel, λ1 = 0 gives the peristaltic
flow of viscous fluid in three dimensional channel and
β1 = 0 leads to the no-slip conditions.

3. Solution of the problem

The exact solutions of the Eq. (10) along with bound-
ary conditions defined in Eq. (9) have been evaluated
by adopting the similar procedure as applied in [18]
and is directly written as

u (x, y, z) = − dp
dx

(
1 − y2 + λ1 − y2λ1

) − 2β2

2β2 +
∞∑

n=1

(
cos

(
y
αn

β

)

⎛
⎝cosh (zαn)

⎛
⎝− 8 dp

dx
(1 + λ1)(2cos (nπ))

(−1 + 2n)3 π3β2
(

cosh (hαn) + αnβ1sinh(hαn)
1+λ1

)

−
(

8(1 + λ1)sech (hαn)

(
αnβ1cosh (hαn)

1 + λ1
+ sinh (hαn)

)

(
2
dp

dx
αnβ1cos (nπ) sinh (hαn)

)) / (
(−1 + 2n)3 π3β2

(αnβ1cosh (hαn) + sinh (hαn) + λ1sinh (hαn))(
cosh (hαn) + αnβ1sinh (hαn)

1 + λ1

)))
+ (8(1 + λ1)Sech (hαn)

(
2
dp

dx
αnβ1cos (nπ) sinh (hαn)

)
sinh (zαn)

) / (
(−1 + 2n)3 π3β2

(αnβ1cosh (hαn) + sinh (hαn) + λ1sinh (hαn))))) , (11)

where αn = (2n − 1)π
2 β, n = 1, 2, 3, .... The volu-

metric flow rate q is calculated as

q =
∫ h(x)

0

∫ 1

0
u (x, y, z) dydz. (12)

The average volume flow rate over one period(
T = λ

c

)
of the peristaltic wave is defined as

Q =
∫ h(x)

0

∫ 1

0
(u (x, y, z) + 1) dydz = q + h (x) .

(13)
The pressure gradient dp/dx is obtained after solv-

ing Eqs. (12) and (13) and is found as
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dp

dx
= −

∞∑
n=1

(
Q

/ (
h

3β2 + hλ1

3β2

+
(

8(1+λ1)2cos (nπ) sin

(
α

β

)
(αnβ1

+ (1 + λ1)sinh (hαn)) tanh (hαn)) /(
(−1 + 2n)3 π3α2

nβ (αnβ1

cosh (hαn) + (1 + λ1)sinh (hαn))))) . (14)

The pressure rise 
p is evaluated by numerically
integrating the pressure gradient dp/dx over one wave-
length, i.e.,


p =
∫ 1

0

dp

dx
dx. (15)

4. Results and discussions

We have obtained the exact analytical solutions for
the peristaltic flow of Jeffrey fluid model in a rectangu-
lar channel having slip at the peristaltic walls. In this
section, we discuss the effects of physical parameters
on the rheological aspects of the considered flow. All
the pertinent quantities are described through graphi-
cal treatment. Numerical variation of pressure rise and
velocity profile is also described through Tables 1 and
2 Figs. 2–3 are drawn to show the effect of different
parameters such as β, β1, λ1 and φ on pressure rise
per unit wavelength 
p against the mean flux Q. The
fluid flow can be classify on the basis of coordinate
system generated by taking 
p along y-axis and Q

along x-axis in to three major regions: Quadrant (I)
displays Q > 0 and 
p > 0 is called peristaltic pump-
ing region, Quadrant (II) where Q > 0 and 
p < 0
is augmented flow region and Quadrant (IV) contains
Q < 0 and 
p > 0 is known as backward pumping
region. If 
p = 0 it is called free pumping. Figure
2a indicates free pumping at Q = 0, an increase in
β rises the magnitude of pressure change in quadrant
IV while reduces in II. Figure 2b shows the behavior
of 
p with changing values of β1. It is observed an
increase in the values of β1 gives opposite behavior as
compared with β. Figure 3 a and b is drawn to show
for the variation of λ1 and φ respectively. It is noted
that with the increase in λ1 pressure rise suppresses in
augmented part while increased in backward pumping
and for rising φ pressure change inversely.

Table 1
Variation of pressure rise 
p for fixed λ1 = 0.1, β = 0.5, φ = 0.1

Q 
p when β1 = 0 
p when β1 = 0.3 
p when β1 = 0.5

−2.0 7.87572 6.13742 5.60602
−11.6 6.30057 4.90993 4.48482
−11.2 4.72543 3.68245 3.36361
−0.8 3.15029 2.45497 2.24241
−0.4 1.57514 1.22748 1.12120
0.0 0.00000 0.00000 0.00000
0.4 −1.5751 −1.2274 −1.1212
0.8 −3.1502 −2.4549 −2.2424
1.2 −4.7254 −3.6824 −3.3636
1.6 −6.3005 −4.9099 −4.4848
2.0 −7.8757 −6.1374 −5.6060

Table 2
Variation of velocity profile u for fixed λ1 = 3, β = 0.5, φ =

0.2, Q = 0.5, x = 0, y = 0.5

z u when β1 = 0 u when β1 = 0.3 u when β1 = 0.5

−1.2 0.48605 0.23108 0.09756
−1.0 0.77306 0.52413 0.39374
−0.8 0.99314 0.75071 0.62376
−0.6 1.15593 0.92096 0.79799
−0.4 1.26801 1.04190 0.92366
−0.2 1.33366 1.11816 1.00559
0.0 1.35529 1.15257 1.04679
0.2 1.33366 1.14633 1.04872
0.4 1.26801 1.09923 1.01143
0.6 1.15593 1.00954 0.93353
0.8 0.99314 0.87388 0.81212
1.0 0.77306 0.68690 0.64245
1.2 0.48605 0.44062 0.41739

The variation in pressure gradient dp/dx for differ-
ent parameters β,β1, λ1, φ and Q can be observed from
Figs. 4–6. Figures 4a and b display effects of β and β1
respectively. Increase in β decreases the magnitude of
pressure gradient dp/dx in the wavelength x ε [0, 1]
whereas, increase in β1 increases pressure gradient. In
both the graphs the pressure at x < 0.2 and x > 0.8
attains a much smaller value indicating a low resis-
tance to the flow and at about x = 0.5 the maximum
resistance to the flow is anticipated. Figure 5a Shows
a similar behavior for λ1 as observed for β1. Figure 5b

indicates that in the central region increase in ampli-
tude ratio φ decreases the pressure but this behavior
reverse itself in the region x < 0.2 and x > 0.8. Fig-
ure 6 shows decrease in pressure gradient with mean
flow rate Q.

Next we examine the graphical aspects of the differ-
ent parameters of interest on the velocity distribution
through Figs. 7–11. The two and three dimensional
analysis is submitted in these figures for all the observ-
ing parameters β, β1, λ1, φ and Q. The variation of β

is shown in Fig. 7. It is observed that velocity decreases
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Fig. 2. (a) : Variation of 
p for β when other parameters are λ1 = 0.1, β1 = 0.1, φ = 0.1. (b) : Variation of 
p for β1 when other parameters
are λ1 = 0.1, β = 0.5, φ = 0.1.

Fig. 3. (a) : Variation of 
p for λ1 when other parameters are β = 0.5, β1 = 0.1, φ = 0.1. (b) : Variation of 
p for φ when other parameters
are λ1 = 0.1, β = 0.5, β1 = 0.1.

Fig. 4. (a) : Variation of dp/dx for β when other parameters are λ1 = 0.1, β1 = 0.1, φ = 0.7, Q = 0.1. (b) : Variation of dp/dx for β1 when
other parameters are λ1 = 0.1, β = 0.7, φ = 0.6, Q = 0.1.
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Fig. 5. (a) : Variation of dp/dx for λ1 when other parameters are β = 0.7, β1 = 0.1, φ = 0.6, Q = 0.1. (b) : Variation of dp/dx for φ when
other parameters are λ1 = 0.1, β = 0.7, β1 = 0.1, Q = 0.1.

Fig. 6. Variation of dp/dx for Q when other parameters are β =
0.7, β1 = 0.1, φ = 0.6, λ1 = 0.1.

with the increasing effects ofβ.Figure 8 shows the vari-
ation of velocity for different fixed values of β1. It is
noted that in the part z ∈ (−1, 0.5) , velocity decreases
with the increase of β1 while the situation is opposite in
the rest of the region. The maximum velocity is at the
centre of the duct but for smaller values of β1 velocity
decreases rapidly. The theoretical effects of λ1 are dis-

Fig. 7. Velocity profile for different values of β for fixed φ = 0.1, x = 0, y = 0.5, β1 = 0.1, λ1 = 3, Q = 0.5, (a) for 2−dimensional, (b) For
3−dimensional.

played in Figs. 9 (a, b) . An increase in velocity profile
is observed when the values of λ1 increases. Figures
10 and 11 show decrease in velocity when φ increases
and increase when Q increases respectively.

The stream lines are drawn in Figs. 12–15 to see the
trapping bolus behavior with the variation of emerg-
ing parameters β, λ1, φ, and Q. From Fig. 12, it is
seen that numbers of the trapped bolus are reduced
with increasing the values of the parameter β where
as the size increases. Figure 13 is for stream lines ver-
sus wavelength constructed for λ1. It is measured here
that number of bolus is reduced with the increase of
λ1. The stream lines for different values of the param-
eter φ are shown in Fig. 14. It is evident that the size
of the trapped bolus increases with increasing φ. It is
measured from Fig. 15 that the size of trapped bolus
decreases with mean flux Q, however the boluses are
increased in number.



A. Riaz et al. / Exact solution for peristaltic flow of Jeffrey fluid model 87

Fig. 8. Velocity profile for different values of β1 for fixed φ = 0.1, x = 0, y = 0.37, β = 0.4, λ1 = 2, Q = 1, (a) for 2−dimensional, (b) For
3−dimensional.

Fig. 9. Velocity profile for different values of λ1 for fixed φ = 0.9, x = 0, y = 0.9, β1 = 0.25, β = 0.5, Q = 0.65, (a) for 2−dimensional,
(b) For 3−dimensional.

Fig. 10. Velocity profile for different values of φ for fixed β = 0.9, x = 0, y = 0.5, β1 = 0.1, λ1 = 2, Q = 0.5, (a) for 2−dimensional, (b) For
3−dimensional.
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Fig. 11. Velocity profile for different values of Q for fixed φ = 0.1, x = 0, y = 0.5, β1 = 0.15, λ1 = 2, β = 0.9, (a) for 2−dimensional, (b)
For 3−dimensional.

Fig. 12. Stream lines for different values of β (a) for β = 0.8, (b) for β = 0.9, (c) for β = 1. The other parameters are y = 0.1, Q = 0.3, λ1 =
0.1, φ = 0.4, β1 = 0.2.

Fig. 13. Stream lines for different values of λ1 (a) for λ1 = 0.1, (b) for λ1 = 0.5, (c) for λ1 = 0.9. The other parameters are y = 0.1, Q =
0.3, β = 1.1, φ = 0.4, β1 = 0.2.
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Fig. 14. Stream lines for different values of φ (a) for φ = 0.3, (b) for φ = 0.4, (c) for φ = 0.45. The other parameters are y = 0.1, Q = 0.3, β =
0.9, λ1 = 0.1, β1 = 0.2.

Fig. 15. Stream lines for different values of Q (a) for Q = 0.1, (b) for Q = 0.2, (c) for Q = 0.3. The other parameters are y = 0.1, φ =
0.4, β = 1.1, λ1 = 0.3, β1 = 0.2.

5. Concluding remarks

This paper gives an account of peristaltic flow in
a duct for a jeffrey fluid with partial slip effects. The
equations are modeled and simplified using long wave-
length and low Reynold’s number approximations. The
effects of various parameters on velocity u, pressure
rise 
p, pressure gradient dp/dx and trapping are
discussed through graphs. We have concluded the fol-
lowing observations:

� The velocity field increases with the increase in
λ1 and Q and decreases with the increase in β,

β1 and φ.
� The rise in pressure gradient is observed with

increase in β1 and λ1 and a reduction is observed
with increase in β, φ and Q.

� Maximum resistance to the flow is observed at
x = 0.5, where as, a small pressure gradient is
observed at x < 0.2 and x > 0.8.

� A linear dependence of pressure rise per unit
wavelength is observed, pressure rise increases
with increase in β and φ and suppresses in mag-
nitude is observed for β1 and λ1.

� In size of bolus formed above and below y = 0
there is an increase with increase in β and φ while
decrease with the flow rate Q.

� The major role of the slip conditions is observed
to slow down the flow velocity and increase the
peristaltic pumping rate.
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