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/e mechanism of how hydraulic fracturing influences gas drainage in coal-rock mass is still not clear due to its complex
mechanism. In this work, statistical distributions are firstly introduced to describe heterogeneity of coal-rock mass; a novel
simultaneously coupled mathematical model, which can describe the fully coupled process including seepage-damage coupling
during hydraulic fracturing process and subsequent gas flow during gas drainage process, is established; its numerical imple-
mentation procedure is coded into a Matlab program to calculate the damage variables, and it partly uses COMSOL solver to
obtain numerical solutions of governing equations with damage-flow coupling; the mathematical model and its implementation
are validated for initial damage pressure and mode of a single solid model without considering flow-damage coupling, as well as
fracture initiation pressure and influence of heterogeneity on damage evolution of hydraulic fracturing considering flow-damage
coupling; and finally, based on an engineering practice of hydraulic fracturing with two boreholes, the mechanism of how
hydraulic fracturing influences gas drainage is investigated, numerical simulation results indicate that coal-rock mass pore-fissure
structure has been improved, and there would exist a gas migration channel with characteristics of higher porosity and lower
stresses, which demonstrates significant effects and mechanism of hydraulic fracturing on improving coal-rock permeability and
enhancing gas drainage. /e research results provide a guide for operation of hydraulic fracturing and optimal layout of gas
drainage boreholes.

1. Introduction

Coalbed gas as an unconventional natural gas gradually
constitutes a vital part of China’s clean energy structure.
Moreover, coalbed gas can also result in gas disaster that
seriously affects coal mining safety [1]. For gas recovery and
disaster control in underground coal mine, coal-rock mass
permeability is an important parameter as it determines the
practicability of gas extraction in advance of coal mining.
However, most of the permeability of coal-rock mass ex-
cavated in China’s coal fields is relatively low, and as its
excavation goes deeper, the permeability of coal-rock mass

would become much lower, resulting in the difficulty of gas
drainage before mining [2]. /ere are several measures of
hydraulics used to improve permeability of coal-rock mass,
such as hydraulic punching, water injection, hydraulic
cutting, and hydraulic fracturing [3]. Particularly, the hy-
draulic fracturing measure is generally applied to enhance
gas drainage in filed practices of China. However, the
mechanism of how hydraulic fracturing affects the gas
drainage process in coal-rock mass is still not understood
fully due to its complex mechanical process. Related labo-
ratory microscopic experiments denote that the evolution of
hydraulic fractures (or cracks) is the damage evolution with
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initiation, extension of manymicrofissures due to the impact
of external load and hydraulic pressure [3, 4]; additionally,
gas drainage in damaged coal-rock mass after fracturing is a
process with coal-rock mass deformation and gas flow
coupling. /erefore, to investigate the mechanical mecha-
nism of how hydraulic fracturing influences gas drainage
process in coal-rock mass, the evolution of hydraulic frac-
tures (or hydraulic cracks) in coal-rock mass and its sub-
sequent coalbed gas seepage in coal-rock mass must be
regarded as a simultaneous process with seepage-damage
coupling during hydraulic fracturing and gas seepage during
gas drainage. However, it is not easy to describe mechanisms
of such complex process truly. With the development of
numerical methods and modern computers, some models
are raised to consider this coupled behavior of coal-rock
mass during hydraulic fracturing [5, 6]. In general, there are
two types of models used to simulate this process, namely,
the direct method and indirect method. In the former
method [7–9], the coal-rock mass is discretized into ideal-
ized microstructures (e.g., particles or springs) and the
hydraulic cracks are denoted by the breakages among these
microstructures. On the contrary, in the latter method, coal-
rock mass is assumed to be a continuum and the hydraulic
cracks are denoted by the nonreversible damage considered
in constitutive law of coal-rockmass. Compared to the direct
method, models using indirect method are relatively elab-
orate, as it can easily deal with complex medium containing
dispersedly microcosmic cracks or pores and the multifield
coupling problems to be consistent with coal-rock mass
behavior [10, 11]. Representative capabilities of such models
are composed of mesoscopic elements, which would degrade
when specific strength criterions are satisfied [10, 11].
However, most existing models assume that the coal-rock
mass is not permeable, and the influence of mechanical-
hydraulic coupling on characteristic of hydraulic fracturing
are usually ignored due to its complex description [11, 12].
Hydromechanical coupling is the essence of hydraulic
fracturing, which is the key to describe the hydraulic frac-
turing process accurately. Zhu et al. [11, 12] developed a
RFPA-flow program, in which a model with damage-flow
coupling for heterogeneous material was embedded using
finite element method. Yuan and Harrison [6] proposed the
local degradation method, in which the hydromechanical
coupling with evolutions of element’s permeability and
dilatancy was considered. More recently, Lyakhovsky and
Hamiel [13] simulated the coupling process of crack evo-
lution and fluid flow on the basis of a thermodynamic
mathematical model. Lu et al. [14] raised a double-scale
mathematical model to describe the actual coal-rock mass
comprising microcracks, and the process of hydraulic
fracturing with hydromechanical coupling was simulated. In
summary, models based on the indirect method have been
well-developed and applied by many scholars to study the
process of hydraulic fracturing, but very few studies can be
found considering the formation of hydraulic fractures and
gas seepage within coal-rock mass simultaneously. In the
present work, to study the mechanism of how hydraulic
fracturing influences gas drainage, inspired from the existing
models, a novel simultaneously coupled mathematical

model to describe damage of coal-rock mass and gas seepage
is built, which can realistically describe the fully coupled
process including damage-seepage coupling during hy-
draulic fracturing process and subsequent gas flow during
gas drainage process in damaged coal-rock mass. In the
following, the method for heterogeneity assignment of
material properties is proposed firstly; then governing
equations for the simultaneously coupled mathematical
model are introduced secondly; the procedure of numerical
implementation is proposed in Section 4; then the mathe-
matical model and numerical procedure are validated and
then applied to an engineering case; and lastly, Section 6 lists
the conclusions obtained. /e research results provide a
guide for the operation of hydraulic fracturing and ar-
rangement of gas drainage boreholes.

2. Assignment of Material Properties

Coal-rock mass consists of various mineral particles and
cementing materials. /e dispersedly microcosmic cracks
and pores in coal-rock mass exhibit heterogeneity of hy-
draulic and mechanical properties. To describe such het-
erogeneity characteristic of coal-rock mass, suppose that it
consists of numerous elements, whose mechanical proper-
ties satisfy the Weibull distribution with a probability
density function (PDF) defined as follows [11]:

f(z,ω, m) �

0, z< 0,

z

ω
 

m−1m

ω
exp −

z

ω
 

m

 , z≥ 0,
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(1)

where z denotes the mechanical property of the element
(e.g., the elastic modulus),ω denotes themean of mechanical
properties of all elements, andm denotes homogeneity index
for mechanical property of element. On basis of charac-
teristic of Weibull distribution, the mechanical properties of
all elements would be closer to ω as homogeneity index m
increases, and thus producing a more homogeneous cal-
culation model for coal-rock mass. Preliminary studies show
that whenm ≥ 1000, the coal-rock mass could be assumed to
be homogeneous.

Moreover, to describe the heterogeneity of element’s
hydraulic property (such as permeability), a log-normal
distribution function is introduced [14]:

R(ξ, σ, μ) �
1

���
2π

√
ξσ

exp −
ln(μ− ξ)2

2σ2
 , (2)

where ξ represents the hydraulic property of the element, μ
and σ represent the average values of hydraulic properties of
elements and corresponding deviation, respectively. /e
larger value of σ, the more the inhomogeneous calculation
model for coal-rock mass.

According to equations (1) and (2), a Monte Carlo
simulation can be used to numerically produce a hetero-
geneous coal-rock mass model with heterogeneous hy-
draulic and mechanical properties [14]. /e numerically
generated heterogeneous model is similar to the realistic
coal-rock mass specimen. /erefore, how the heterogeneity
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of coal-rock mass property affects the mechanical process
could be investigated using a numerical simulation method.

3. Simultaneously Coupled
Mathematical Model

Coal-rock mass is a typical porous medium and has an
obvious nonlinear characteristic as plastic deformation
occurs. Nevertheless, the elastoplastic model would increase
cost and difficulty of calculation with low numerical accu-
racy. Taking such into account, a linear elastic model
combined with damage theory is adopted instead [15]. Two
simultaneously coupled processes are involved in the present
study, one is the seepage-damage coupling process during
hydraulic fracturing, and the other is the gas flow process
during gas drainage after fracturing. /e former process has
a significant influence on the initialization and evolution of
the latter. /is section briefly summarizes the related
equations of simultaneously coupled mathematical model,
which are built at element scale.

3.1. Governing Equations with Damage-Seepage Coupling
during Hydraulic Fracturing

3.1.1. Governing Equations for Deformation Field.
Governing equations for deformation field are composed of
constitutive relation, displacement-strain relation, and
equilibration equation. /e indicial notation is adopted to
express tensor quantities and vector hereafter. For porous
coal-rockmass with single-phase saturated, the effective stress
σ′ij (positive for tension), total stress σij, and pore pressure p
satisfy the modified principle of Terzaghi effective stress [16].

σij
′ � αpδij + σij. (3)

/e porous coal-rock mass is assumed to be elastic
before damage initiates, then its constitutive relationship
conforms to Hooke’s law under isothermal state [17].

2]G

1− 2]
εkkδij + 2εijG � αpδij + σij, (4)

where α and δij are called Biot coefficient and Kronecker
delta; G and v are shear modulus and Poisson’s ratio of coal-
rock mass; εij is infinitesimal-strain tensor, and εkk � ε11 + ε22
+ ε33 with ε11, ε22, ε33 being the principal strain in three
directions.

/e displacement-strain relation for coal-rock mass
under infinitesimal strain condition is

εij �
uj,i + ui,j 

2
, (5)

where ui represents displacement in ith direction and the
notation [,j] denotes differentiation with respect to the co-
ordinate xj.

/e equilibration equations for coal-rock mass can be
expressed as

fi + σji,j � 0, (6)

where fi represents the volumetric force of ith orientation.

On the basis of equations (4)–(6), mathematical gov-
erning equations for deformation field can be obtained:

fi −
G

2v− 1
uj,ji + Gui,jj − αp,i � 0. (7)

As seen from equation (7), the influence of fluid pressure
on mechanical equilibrium of coal-rock mass has been
considered, namely, it reflects the unidirectional coupling
effect between fluid and solid.

3.1.2. Governing Equations for Water Seepage Field. /e
governing equations of water flow in coal-rock mass are
composed of water balance equation (continuity equation)
and water seepage equation (momentum equation) [17, 18].
Supposing the total bulk volume of coal-rock mass is V, and
V � Ve +Vs (Ve represents volume of pore, andVs represents
volume of solid). According to water balance principle,
mathematical equation for water balance can be expressed as
follows:

1
V

zV

zt
�

zεv
zt

�
1
V

zVs

zt
+

zVe

zt
 , (8)

where t represents time and εv denotes volumetric strain.
/e coal-rock mass’s porosity, ϕ, can be given by

ϕ � Ve/V. Based on equation (4), equations (9) and (10) are
deduced [17]:

−
ϕ
βl

zp

zt
−∇ql �

1
V

zVe

zt
, (9)

where βl represents the water bulkmodulus and ql represents
the vector of water seepage velocity; the first and second
terms of equation (9) are the change of water quantity due to
water pressure and water flux flowing out, respectively.

ϕ− 1
Ks
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+

1
3Ks

δij
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′
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�
1
V

zVs
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, (10)

where Ks represents bulk modulus for coal-rock mass ma-
trix; the first and second terms of equation (10) are volume
change of solid due to change of water pressure and effective
stress, respectively.

Substituting equations (9) and (10) in equation (8), one
can gain the mathematical governing equations for water
seepage field:

1
V

zV

zt
�

zεv
zt

�
ϕ− 1
Ks
−
ϕ
βl

 
zp

zt
−∇ql +

1
3Ks

δij

zσij
′

zt
. (11)

Assuming that the water flow process in coal-rock mass
satisfies the Darcy seepage law (water gravity effect is ignored
here) [17–19],

ql � −
k

μw
· ∇p, (12)

where μw denotes dynamic viscosity coefficient for water and
k denotes the coal-rock mass permeability.

According to equations (11) and (12), the final mathe-
matical governing equations for seepage field is given by
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−
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( )
zp

zt
� 0. (13)

3.1.3. Evolutions of Damage and Permeability. As men-
tioned above, the elastic damage constitutive relation is
utilized to depict the coal-rock mass behavior in the present
study. In other words, the strain-stress curve for coal-rock
mass is linear unless the threshold of damage is reached. Two
damage modes for coal-rock mass are considered in the
numerical procedure. If the shear stress in coal-rock mass
meets Mohr–Coulomb criterion (referred as M-C hereafter),
it would damage in shear mode, while the coal-rock mass
would damage in form of tensile when the maximum
principal stress meets maximum tensile stress criterion
(referred as M-T hereafter), as illustrated in Figure 1. e
tensile mode is also prior to the shear mode, namely, the
M-T criterion is used �rst to judge whether the coal-rock
mass is damaged in tension or not, and only coal-rock mass
that is not damaged in tension would be judged for shear
mode by M-C criterion. It is worth noting that equations
(14)–(22) operate on e�ective stress only.

e M-Tcriterion and M-C criterion could be written as
[20, 21]

F1 � −ft + σ1, (14)

F2 � −σ3 −
sinφ + 1
sinφ− 1

σ1 −fc, (15)

where φ represents the internal frictional angle of coal-rock
mass, fc and ft represent compressive strength and tensile
strength of coal-rock mass, respectively, while F2 and F1 are
threshold functions of damage for shear and tensile mode,
respectively.

As the damage of coal-rock mass evolves, the mechanical
index such as elastic modulus would decrease monotonically
according to theory of elastic damage [15, 21].

E � E0 · (1−D), (16)

where E0 is the original elastic modulus for coal-rock mass
without damage and D is called the damage variable, whose
value is 1.0 for coal-rock mass with full damage and 0.0 for
the coal-rock mass without damage.

If coal-rock mass is in the uniaxial stress state, the curves
of constitutive relationships are shown in Figure 1. When F1
> 0, namely, the coal-rock mass is under tensile state, the
value of D can be calculated by

D �
−
εt0
ε

∣∣∣∣∣∣
∣∣∣∣∣∣
n
+ 1, ε≥ εt0,

0, ε< εt0,




(17)

where εt0 denotes limit strain before tensile damage occurs.
Hooke’s law is given as [17].

σi � εi −
v

2v− 1
εjj[ ]

E

v + 1
. (18)

According to M-T criterion and equation (18), the fol-
lowing relation can be obtained with η � −]/(v + 1)(2v− 1).

E �
ft

εv · η + ε1/v + 1( )
. (19)

Based on equations (16) and (19), the expression of D
under triaxial stress condition is rewritten as

D �
−ft

ηE0εv + E0 ε1/v + 1( )
+ 1. (20)

Corresponding to its damage evolution under tensile
condition, when F2 > 0, namely, the coal-rock mass is
damaged in shear mode as illustrated in Figure 1, the ex-
pression of D is calculated by

D �
1−

εc0
ε

∣∣∣∣∣∣
∣∣∣∣∣∣
n
, ε≤ εc0,

0, ε> εc0.




(21)

When the coal-rock mass is under triaxial stress con-
dition, the expression of D can be deduced from equations
(15) and (18)

D � 1−
fc

E0 εvη + ε3/(v + 1)( )− κ εvη + ε1/(v + 1)( )( )[ ]
.

(22)

When coal-rock mass experiences dilatancy due to its
strength or sti�ness degradation as damage evolves, its
hydraulic property would also change. e porosity, ϕ,
strongly associated with rock’s stress state, could be given
by [22]

ϕ � ϕr + ϕ0 −ϕr( )exp σe · αϕ( ), (23)

where ϕr denotes the residual porosity under extremely large
stress condition, ϕ0 denotes the initial porosity under zero-
stress condition, αϕ denotes the coe�cient of stress sensi-
tivity, and σe is the average of e�ective stress calculated as

ft

–fc

σ1

σ3

ε3 εc0 εt0 ε1

Figure 1: Curves of elastic damage constitutive relations under
uniaxial states.
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σe � αp + (σ3 + σ2 + σ1)/3 with σ3, σ2, and σ1 being the
third, the second, and the first total principal stress in three
directions.

Moreover, as coal-rock mass damage accumulates, its
permeability would also change accordingly. According to
the related studies of relation between porosity and per-
meability [22], the damage evolution of permeability k can
be described using an exponential function as follows:

k � k0
ϕ
ϕ0

 

β

exp D · αD( , (24)

where k0 represents the initial permeability in zero-stress
state, αD is the damage-permeability effect coefficient of 5.0,
and β is the index coefficient of 3. /e value of D in equation
(24) can be calculated by equations (20) and (22). /rough
some numerical simulation examples given below, equation
(24) can well describe the permeability damage evolution of
coal-rock mass.

3.2. Governing Equation for Gas Flow during Gas Drainage.
To describe the gas drainage process including coal-rock
mass deformation (the same as that already introduced in
Section 3.1.1) and gas flow after fracturing, except for the
previous hypothesis above, the established governing
equations used to describe the gas flow process are based on
the following hypotheses: (1) the coal-rock mass is com-
pletely saturated by single gas; (2) gas existed in pores is the
ideal gas, whose viscosity is kept constant; and (3) the rule of
gas flow in coal-rock mass satisfies Darcy’s law and is
deemed as an isothermal process.

/e governing equation of gas mass conservation under
isothermal state is given by [23–26]

Qy � ∇ · ρgqg  +
zC

zt
, (25)

where Qy represents the gas sink or source and ρg is the gas
density, which is associated with gas pressure as [26, 27].

ρg �
Mgp

TR
� pβ. (26)

qg is the vector of Darcy velocity for free-phase gas,
which is expressed using Darcy’s law with its gravity effect
neglected:

qg � −
k

μg

∇p. (27)

C is the gas content retained in coal-rock mass, which is
given by Langmuir’s formula [27, 28]:

C � β
a2a1ρs
a2p + 1

+
ϕ
p0

 p
2
. (28)

In equations (26)–(28), Mg represents gas molecular
mass, T represents the Kelvin temperature, p represents gas
pressure, R represents ideal gas constant, β represents
compressibility coefficient of gas, μg represents gas kine-
matic viscosity coefficient, k is the coal-rock mass perme-
ability; a2 and a1 are called Langmuir’s coefficients with their

units being Pa−1 and m3·kg−1, respectively, ρs is the coal-rock
mass density, and p0 represents the standard atmospheric
pressure.

/e ultimate governing equation of gas flow is derived by
substituting equations (26)–(28) in equation (25):

2pβ
ϕ
p0
−

ρspa2
2a1

2 pa2 + 1( 
2 +

a2a1ρs
pa2 + 1

⎡⎣ ⎤⎦
zp

zt
−∇ · 2pβ

k

μg
∇p  � Qy.

(29)

In brief, two damage-flow coupling processes are in-
cluded in the simultaneously coupled mathematical model.
equations (7) and (13) are the governing equations with
damage-flow coupling during hydraulic fracturing, and
equations (29) and (7) are governing equations with gas flow
and coal-rock mass deformation coupling during gas
drainage. /e influence of fluids (including gas and water)
seepage on the deformation behavior is considered in
equation (7). Besides, the porosity and permeability, strongly
associated with its stress state, are considered in equations
(23) and (24). Furthermore, the influence of deformation
field on the flow behaviors of water and gas are implicit in
equations (13) and (29), respectively.

4. Numerical Implementation of
Mathematical Model

/e aforementioned equations, especially equations (7), (13),
and (29), are nonlinear partial differential equations, and
their analytical solution is difficult to solve in theory.
/erefore, a numerical method is used instead. /e flow
chart of the numerical implementation procedure of
mathematical model is presented in Figure 2, and its basic
procedure can be divided into four steps:

Step 1. After the model geometry is determined, it is then
discretized into numerous mesoscopic elements (such as
triangular or quadrilateral elements). To ensure that the
distribution of elements’ properties conforms to specific
distributions, a Monte Carlo simulation, coded by Matlab
program, is adopted to assign hydraulic or mechanical
property of coal-rock mass [14]. Meanwhile, to guarantee
the static response of numerical model, prescribed
boundary stress is divided into discrete stress increment,
which is gradually loaded on the boundary of numerical
model.

Step 2. For each stress increment, a fully coupled solution is
executed using the Comsol solver [29] to solve governing
equations (7) and (13), and the solution results of each el-
ement’s strain and effective stress are stored for the next step.

Step 3. /e damage state of each element is judged by
substituting the stored effective stress into equations (14)
and (15). If it is in damage state, the value of D on each
element node is calculated using equations (17)–(22).
Furthermore, the elastic modulus E and permeability kwith
damage on each element node are calculated by equations
(16) and (24), thus forming a new finite element model with
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updated mechanical and hydraulic properties. /en, steps
(2) and (3) are repeated to check the stress condition of
each element. A new stress increment is loaded unless the
given convergence criterion is reached, namely, ||(Di+1 −
Di)/Di+1||∞ < 1 × 10−5, where D is the matrix of damage
variable and i denotes the computation step of numerical
model.

Step 4. According to the characteristic of damage and hy-
draulic and mechanical properties after hydraulic fracturing,
another fully coupled solution is executed using Comsol
solver according to governing equations (7) and (29), and
then, the change of pore pressure with time can be obtained.
As illustrated in Figure 2, only the dotted portion represents

the computation procedure for the gas flow during gas
drainage after hydraulic fracturing.

In brief, the proposed procedure is coded into a Matlab
program to calculate the related damage variables in con-
stitutive relation and partly uses Comsol solver to obtain
solutions of governing equations with damage-flow
coupling.

5. NumericalModelValidationandaCaseStudy

5.1. Validation of Mathematical Model and Procedures. In
order to verify the numerical model, two numerical ex-
amples are presented. /e first example is a single solid

Start

Add a stress increment

Fully coupling calculation using COMSOL solver based on governing
equations (7) and (13) (during fracturing) or (29) (a�er fracturing)

 

Is there new damaged element?

Add next stress increment

No

End

Generate mesoscopic elements for model geometry
Assign heterogeneity of mechanical or hydraulic parameters
Divide prescribed stresses and apply initial conditions

(1)
(2)
(3)

Initialization

Compute the damage variable D
Update mechanical and hydraulic
properties

(1)
(2)

End of solution of hydraulic fracturing simulation, and the start of gas flow solution a�er fracturing
Assign initial damage, elastic modulus etc. according to the simulation results of hydraulic
fracturing and assign related hydraulic-mechanical parameters of gas
Apply initial and boundary conditions

(1)

(2)

Yes

Figure 2: Flow chart of the numerical implementation procedure of mathematical model.
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model without considering �ow-damage coupling. e
second example analyzes the damage evolution of hydraulic
fracturing considering �ow-damage coupling.

Example 1. Figure 3 presents the numerical model geometry
and its boundary conditions for the �rst example. e re-
lated coal-rock mass parameters used are shown in Table 1.
e upper boundary stress σv and horizontal boundary stress
σh applied on model are 15.45MPa and 10.3MPa, re-
spectively.e initial borehole wall pressure σn is 0MPa, and
the pressurization rate is set to 0.1MPa/step to analyze the
initial damage evolution.

e distribution diagram of initial elastic modulus with
homogeneity indexes of 1000 is shown in Figure 4 (only the
mechanical heterogeneity is examined here). As seen from
Figure 4, the values of elastic modulus in entire computation
domain range from 5.94GPa to 6.02GPa, and their de-
viations from the average value of 6GPa are relatively small;
thus, it can be assumed as a homogeneous material.

According to elastic mechanics, the circumferential
stress surrounding borehole can be de�ned [30]:

σθ � 3
R4

r4
+ 1( )

σv − σh
2

cos 2θ( )

+
R2

r2
+ 1( )

σv + σh
2

( )−
R2

r2
σn,

(30)

where R is the distance between point location and borehole
center, r is borehole radius, and θ is the intersection angle
from horizontal stress, as shown in Figure 4.

As the value of σv is greater than σh, it can be concluded
that σθA < σθB.us, the PointA is the position where tensile
damage could occur �rst, and its critical pressure is calcu-
lated as σn � 3σh − σv + σt. e numerical simulation results
indicates that a initial damage occurs at Point A when the
borehole wall pressure σn reaches 21.40MPa, which agrees
well with the theoretical solution of 21.45MPa. Additionally,
the tensile yielded elements using Phase2 software are also
consistent with the damaged elements using the method in
this paper, as shown in Figure 5. e aforementioned results
validate the e�ectiveness of the mathematical model and its
numerical procedure presented in this paper.

Example 2 e geometry and de�nite conditions of nu-
merical model for the second example are shown in Figure 6.
Two models, whose homogeneity indexes are 20 and 1000,
are established in this example. Related coal-rock mass
parameters used are listed in Table 2. e upper boundary
stress σv and horizontal boundary stress σh applied are
15.45MPa and 10.3MPa, respectively. e original water
pressure p is 0MPa, and the pressurization rate of borehole
wall is set to 0.5MPa/step to analyze damage evolution of
hydraulic fracturing considering �ow-damage coupling.

For the homogeneous model with homogeneity index of
m � 1000, the simulation results show that if hydraulic
pressure p reaches 13.5MPa, two nearly straight cracks
(represented by damaged elements) occur, whose propa-
gation directions are approximately perpendicular to

horizontal stress direction. ere are two classical equations
currently used to estimate the breakdown pressure under far
�eld stress condition. One is the Hubbert–Willis (H-W)
equation, which is applied in impermeable coal-rock mass
where the injecting �uid cannot penetrate into the bore-
hole wall, while the other is the Haimson–Fairhurst (H-F)

30
0m

m

300mm

σv

σh
σn

Figure 3: Geometry and boundary conditions of numerical model.

Table 1: Parameters of coal-rock mass for numerical calculation.

Parameters Values Parameters Values
Poisson’s ratio v 0.25 Homogeneity index m 1000
Elastic modulus E 6GPa Internal friction angle φ 30°
Tensile strength ft 6MPa Compressive strength fc 60MPa

A

CBr

R

5.94

5.97

6.00

6.02
(GPa)

θ

Figure 4: Distribution diagram of initial elastic modulus (m �
1000).
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equation, which is applied in permeable coal-rock mass
where the injecting �uid can permeate into the borehole wall
[14]. e two di�erent equations are as follows:

pHF �
−ft − 3σh + σH + 2p0

2η− 2
+ p0, (31)

pHW � ft − σH + 3σh −p0, (32)

where pHF is the breakdown pressure calculated by the
H-F equation, pHW is the breakdown pressure calculated
by the H-W equation, σh denotes minor horizontal stress,
σH denotes maximum horizontal stress, p0 denotes
original water pressure existed in coal-rock mass, and
η � α(2v− 1)/(2v− 2).

According to equations (31) and (32), the theoretical
solutions for the permeable and impermeable coal-rock
mass are 11.6MPa and 18.45MPa, respectively. It is
worth noting that the breakdown pressure, calculated by
equation (31) or (32), is on the basis of a tensile strength
criterion. Namely, when the circumferential stress on
borehole equals its coal-rock mass tensile strength, a
breakdown that leads to full failure of coal-rock mass would
occur. However, engineering practices indicate that the
propagation of hydraulic cracks would keep stable unless the
�uid pressure applied on borehole wall is increased to an-
other critical pressure [11, 12]. us, the pressure estimated
using equation (31) or (32) can be regarded as the fracture
initiation pressure instead of the breakdown pressure of
coal-rock mass. Moreover, as H-F equation and H-W
equation represent the theoretical solution of fracture ini-
tiation pressure for permeable coal-rock mass and imper-
meable coal-rock mass, they should be regarded as the lower
and upper limit values for fracture initiation pressure, re-
spectively. Simulated fracture initiation pressure of 13.5MPa
is between the lower limit (11.6MPa) and upper limit
(18.45MPa), and the simulated fracture initiation pressure
approaches the lower H-F solution due to the reason that
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Figure 5: Tensile yielded elements or damaged elements surrounding borehole. (a) Yielded elements using Phase2 software. (b) Damaged
elements using method in this paper.

p = p (step)

p
=

0

p = 0

p = 0

p
=

0

300mm

σv

σ h

30
0m

m

Figure 6: De�nite and geometry conditions for numerical
simulation.

Table 2: Parameters of coal-rock mass and water for numerical
calculation.

Parameters Values Parameters Values

Poisson’s ratio v 0.33 Initial
permeability k0

3×10−18m2

Elastic modulus E 3.35GPa Initial porosity ϕ0 0.05
Internal friction
angle φ 30° Residual porosity

ϕr
0.01

Compressive
strength fc

40MPa Water dynamic
viscosity μw

3.55×10−4 Pa·s

Tensile strength ft 3MPa Bulk modulus
of water βl

2.5×109 Pa

Homogeneity
index m 1000, 20 Biot coe�cient α 0.8
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both the models have considered the fluid seepage influence
on stress, which also demonstrates the excellent perfor-
mance of the numerical model and its numerical procedure.

Figure 7 presents the distribution diagram of initial
elastic modulus with homogeneity index of 20.

As illustrated in Figure 7, the values of elastic modulus in
the entire computation domain range from 2.00GPa to
3.88GPa, and their deviations from the average value of
3.35GPa are relatively large; thus, it can be assumed as a
heterogenous material. /e result shows that the Monte
Carlo simulation can be used to numerically produce a
heterogeneous coal-rock mass model.

To analyze the effect of homogeneity index on stress
distribution within coal-rock mass, Figure 8 presents the
distribution diagram of the first principal stress with ho-
mogeneity indexes of 1000 and 20. As illustrated in Figure 8,
the stress distribution of the heterogenous model would
exhibit discontinuity and roughness with respect to the
homogeneous model under the same condition. /e reason
for this is that grains and defects are randomly distributed in
coal-rock mass with lower homogeneity index; when the
coal-rock mass is loaded, the distributions of inner stress
would be nonuniform due to the behavior differences of
deformations and force transfer of rock constitutes; when
local stress concentrations occur, it would cause the prop-
agation of local microcracks, thus changing the failure mode
of coal-rock mass.

For a heterogeneous model with homogeneity index ofm
� 20, simulation results show that when hydraulic pressure p
in borehole reaches 12MPa, two nearly straight cracks occur
(represented by damaged elements), whose propagation
directions are approximately perpendicular to the horizontal
stress direction, as shown in Figure 9.

As shown in Figure 9, a loading process is represented by
notation of “Step 12_25,” in which “12” denotes the hy-
draulic pressure of 12MPa applied at borehole wall and “25”
represents the iteration number in a load increment under
current hydraulic pressure. It can be understood that when
the initial crack occurs under specific hydraulic pressure, the
water flows into the crack, the equilibrium state is disturbed,
the mechanical and hydraulic properties need to be updated,
and then the coupling calculation should be calculated again
to obtain a new convergence state. /e numerical simulation
results show that fracture initiation pressure of 12MPa with
homogeneity index of 20 is lower than that of 13.5MPa with
homogeneity index of 1000. As mentioned above, with the
increase of m, the material would become more homoge-
neous, thus leading to a higher strength of material. In short,
to accurately depict the crack initiation and evolution during
coal-rock mass fracturing, it is necessary to consider realistic
heterogeneity of coal-rock mass for engineering practice of
hydraulic fracturing.

/e whole evolution of hydraulic cracks (represented by
damaged elements) in coal-rock mass with homogeneity
index of 20 is shown in Figure 10. As illustrated in Figure 10,
the whole evolution process can be divided into three steps,
namely, the initiation process (Figure 10(a)), propagation
process (Figures 10(b) and 10(c)), and coalescence process
(Figure 10(d)).

As can be seen from Figures 9 and 10, the initial cracks
occur when the pressure on borehole wall reaches the
fracture initiation pressure, but hydraulic cracks do not keep
propagating only if the pressure on borehole wall is in-
creased. When the pressure on borehole wall increases to an
extent, hydraulic cracks propagate unsteadily until the
failure of coal-rock mass reaches. /us, it can be inferred
that for heterogenous coal-rock mass, even if hydraulic
cracks resulting from increasing pressure on borehole wall
are initiated, they do not immediately result in full failure of
coal-rockmass, which also demonstrates that the breakdown
pressure is not consistent with fracture initiation pressure.
As the evolution of hydraulic fractures, the hydraulic
pressure is increased. In other words, the breakdown
pressure mass is greater than its fracture initiation pressure,
which is meaningful to comprehend the instability mech-
anism of practical coal-rock mass engineering induced by
fracturing [12, 31]. Based on the aforementioned results, it
can be seen that the mathematical model and its procedure
proposed are able to accurately describe the mechanical
processes during hydraulic fracturing.

5.2. Numerical Simulation Study on a Case. A numerical
model of hydraulic fracturing with two boreholes for en-
hancing gas drainage is built according to an engineering
practice of Nantong mine district in China [32]. /e pa-
rameters used for numerical calculation are shown in Ta-
ble 3. /e definite conditions and geometry for the
numerical model are presented in Figure 11.

/e borehole 1 or borehole 2 is called the fracturing
borehole as it is used for fracturing, while other boreholes
are called control boreholes (as illustrated in Figure 11),
whose aim is to make the hydraulic fracture easily propagate
to the directions of them [33–35]. It is understood that
strengths of surrounding coal-rock mass of control bore-
holes would decline after they have been excavated; thus,
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Figure 7: Distribution diagram of initial elastic modulus (m � 20).
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Figure 9: Distribution of initial cracks around borehole (p � 12MPa). (a) Step 12_01. (b) Step 12_25. (c) Step 12_50. (d) Step 12_99.
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Figure 8: Distribution diagram of the �rst principal stress. (a) m � 1000. (b) m � 20.

10 Advances in Civil Engineering



they can be regarded as weak parts in coal-rock mass during
fracturing. Two simultaneously coupled processes are in-
volved in this case, one is the seepage-damage coupling
process during hydraulic fracturing, and the other is gas flow

process in damaged coal-rock mass during gas drainage.
/erefore, the numerical simulation results and corre-
sponding analysis are divided into two parts. Part 1 is the
simulation of hydraulic fracturing with two boreholes, and
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Figure 10: Distribution diagram of cracks evolution during hydraulic fracturing process (m � 20). (a) Step 12_99. (b) Step 14_55. (c) Step
15.5_28. (d) Step 18.5_9.

Table 3: Parameters for the numerical calculation.

Material parameters Values Material parameters Values
Elastic modulus E 3.35GPa Initial permeability k0 3×10−18m2

Poisson’s ratio v 0.33 Initial porosity ϕ0 0.05
Uniaxial compressive strength fc 40MPa Residual porosity ϕr 0.01
Internal friction angle φ 30° Water dynamic viscosity μw 3.55×10−4 Pa·s
Uniaxial tensile strength ft 3MPa Bulk modulus of water βl 2.5 GPa
Homogeneity index m 1.5 Biot coefficient α 0.8
Langmuir coefficient a1 4×10−2m−3·kg−1 Langmuir coefficient a2 8×103 Pa−1

Coal density ρs 1.25×103 kg·m−3 Compressibility coefficient of gas β 1.18×10−5 kgPa−1·m−3

Gas dynamical viscosity μg 1.84×10−5 Pa·s Initial gas pressure pw 2.1MPa
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part 2 is the simulation of gas �ow during gas drainage based
on the studies of part 1.

Part 1. e initial hydraulic pressure applied at walls of
fracturing boreholes are both 7MPa, while the hydraulic
pressures of control boreholes are 0MPa, and both the
vertical and horizontal distances between two boreholes are
3m, as shown in Figure 11. e pressurization rates of
fracturing boreholes are set to 0.5MPa/step (for transient
analysis, 1 step represents 0.5minutes in this case) to analyze
the damage evolution. e simulation results show that
when hydraulic pressure p reaches 8MPa, two straight initial
cracks occur (represented by damaged elements), whose
propagation directions are perpendicular to the horizontal
stress direction, as shown in Figure 12(a). Moreover, the
whole initiation, propagation, and coalescence of hydraulic
cracks (represented by damaged elements) and their cor-
responding pore pressure evolution during hydraulic frac-
turing process are presented in Figure 12.

In the present case, the lateral coe�cient σh/σv is set to
0.5. Most of the cracks propagate parallel to the orientation
of vertical stress during primary process of hydraulic
fracturing (Figure 12(a)); no larger de�ection occurs,
which demonstrates that extension direction of hydraulic
cracks is dominated by initial ground stress of coal-rock
mass but not the control holes [33]. As the computation
step increases (namely, increase of hydraulic pressure and
time), the e�ective stresses increase, and the cracks further
propagate under the water wedge with high pressure
(Figure 12(b)); the damage extent nearby the zones of
crack tip is increased largely, which could greatly increase
the permeability of coal-rock mass, thus providing a high
�ow channel for gas seepage after fracturing. When the
distance of hydraulic cracks surrounding borehole 1 and 2
reduces to an extent (Figure 12(c)), the pore pressures on
the crack propagation paths of two fracturing boreholes

would be larger than that of other directions, then the
cracks exhibit de�ection tendency to each other due to the
e�ect of local pore pressure, which would also increase the
coalesce velocity of two cracks. When the hydraulic
pressure reaches 24MPa (namely, 17minutes) in
Figure 12(d), the two fracturing boreholes are connected
through hydraulic cracks. It can be seen from the afore-
mentioned simulation results that the initial ground stress
of coal-rock mass and local pore pressure gradient com-
bine to in�uence the crack propagation direction. Because
the dominated directions of initial ground stress and local
pore pressure gradient are almost identical in this case, the
control boreholes seem to have no e�ect in this study. It
could be inferred that if a rational layout of multiple
boreholes is designed, then hydraulic pressures resulting
from injected �uid in boreholes can be applied to generate
an appropriate gradient of pore pressure to control the
trajectory of fracture propagation.

Part 2. After fracturing, based on the simulation results of
“Step 14.5_3” in the �rst part, a fully coupling simulation
based on governing equations (7) and (29) is conducted.e
original gas pressure in solution domain is 2.1MPa, the
negative pressures in gas drainage boreholes is 20KPa, and
related parameters of this numerical computation are pre-
sented as shown in Table 3. In China, gas pressure of coal-
rock mass is used to evaluate gas outburst risk. erefore,
compared with gas drainage in coal-rock mass without
hydraulic fracturing, if the gas pressure can be reduced to a
larger extent through gas drainage after hydraulic fracturing,
then measure of hydraulic fracturing is deemed to be ef-
fective. e distribution diagram of gas pressure under
varying gas drainage times is presented in Figure 13.

As seen in Figure 13, due to the initial nonuniform
distribution of hydraulic cracks after fracturing, the initial
permeability of coal-rock mass would also exhibit non-
uniform distribution, thus resulting in the nonuniform
distribution of gas pressure.

e curves for gas pressure under varying gas drainage
times on the I-I survey line and II-II survey line (as shown in
Figure 11) are presented in Figure 14.

Moreover, the curves for gas pressure distribution on the
vertical fracture path during gas drainage in borehole 1 are
presented in Figure 15.

It can be seen from Figures (13)–(15) that as gas drainage
time increases, gas pressure surrounding fracturing bore-
holes would decline gradually, and the in�uence regions of
gas drainage increase gradually; the decrease degree of gas
pressure on the path of fracture propagation is greater than
that of other directions; the distributions of gas pressure
surrounding fracturing boreholes are extremely non-
uniform, which indicate that the gas pressure of damaged
zones declines signi�cantly compared with the undamaged
zones; and the gas pressure with a distance of 0.5m from
center of fracturing borehole 1 is 1.5MPa, while the gas
pressure with the same distance from center of control
borehole 5 is 2.05MPa, indicating that the reduction rate of
gas pressure has increased by 27% due to hydraulic frac-
turing. In summary, after hydraulic fracturing, pore-�ssure
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Figure 11: Geometry and de�nite conditions of numerical model.
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Figure 12: Evolution process of pore pressure (figure on left side) and cracks (figure on right side). (a) Step 9.5_45 (t � 2.5min). (b) Step
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structures within coal-rock mass can be improved, there
would exist a gas migration channel with characteristics of
lower stress and higher permeability, which demonstrate
that hydraulic fracturing has signi�cant in�uences on im-
proving the coal-rock permeability and thus enhancing
e�ectiveness of gas drainage.

6. Conclusions

It is important to investigate mechanism of how hydraulic
fracturing in�uences gas drainage in coal-rock mass. In
present work, the method for heterogeneity assignment of
material properties is proposed; a novel simultaneously
coupled mathematical model with �ow-damage coupling is
established and its numerical implementation procedure is
also proposed; then two examples are presented to validate

their e�ectiveness; and �nally, numerical simulation of an
engineering case on hydraulic fracturing in coal-rock mass
to improve gas extraction is presented. e obtained con-
clusions are as follows:

(1) Monte Carlo simulations can be used to numerically
produce a heterogeneous coal-rock mass model
including heterogeneity of hydraulic and mechanical
properties. To accurately depict the crack initiation
and evolution during hydraulic fracturing, it is
necessary to consider realistic heterogeneity of coal-
rock mass for engineering practice of hydraulic
fracturing.

(2) Simulation results of two numerical examples in-
dicate that the simultaneously coupled mathematical
model and its numerical implementation procedure
proposed can be used to describe the fully coupled
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Figure 13: Distribution diagram of gas pressure under varying gas drainage times. (a) Two days. (b) Six days. (c) Ten days.
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Figure 14: Curves for gas pressure under varying gas drainage times on survey lines. (a) Horizontal survey line. (b) Vertical survey line.
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hydraulic fracturing processes including seepage-
damage coupling.

(3) Simulated fracture initiation pressure is between H-F
equation and H-W equation, and it approaches
lower H-F equation as two models both have con-
sidered seepage in�uence on stress. e higher the
homogeneity index, the greater the fracture initiation
pressure. For heterogenous coal-rock mass, break-
down pressure is greater than fracture initiation
pressure, which is meaningful to understand the
hydraulic fracturing mechanism in practical coal-
rock mass engineering.

(4) e engineering case of hydraulic fracturing with
two boreholes for improving gas drainage shows that
decreased degree of gas pressure on fracture prop-
agation path is greater than that of other directions;
the gas pressure of damaged zones declines signi�-
cantly compared with the undamaged zones; the
reduction rate of gas pressure surrounding borehole
has increased after fracturing; the pore-�ssure
structure of coal-rock mass is improved, and there
exists a gas migration channel with characteristics of
lower stress and higher porosity, which is the main
mechanism of hydraulic fracturing on increasing
coal-rock permeability and enhancing gas drainage.
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