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In this paper, the lateral pedestrian-footbridge interaction is investigated by using the model of an inverted pendulum on a cart.
+e inverted pendulum and the cart separately represent the synchronous pedestrians and the footbridge. +e pivot point of the
inverted pendulum is considered to vibrate harmonically to model the walking motion of the pedestrians. +e proposed inverted
pendulum model avoids the difficulty of the determination of the lateral force induced by the pedestrians applying to the
footbridge, which was usually treated based on a semiempirical approach in previous works. Moreover, the model can describe the
whole process: how the lateral amplitude of the bridge increases from small to large. Measurement data showed that a normal
pedestrian always keeps the ratio of 1/2 between the lateral and vertical step frequencies. +e theoretical analysis for the inverted
pendulum model indicates that such walking habit of pedestrians is the root of the frequency-locking phenomenon, which
eventually results in excessive lateral vibrations of the bridge. Furthermore, such walking habit also is a key factor in the oc-
currence of the “jump phenomenon” in the London Millennium Bridge.

1. Introduction

+e excessive lateral vibrations of footbridges induced by
pedestrians have received much concern in the past de-
cade. +e lateral vibrations of a footbridge occur due to
the zigzag movement of the pedestrians. Measurements
showed that a pedestrian will induce vertical and hori-
zontal dynamic time-varying forces at the same time on
a rigid surface [1]. +e lateral force is about 4% of the
pedestrian’s weight, and the frequency is between 0.75–
1.25 Hz [2]. Observations showed that many footbridges
with excessive lateral vibrations have a lateral natural
frequency near 1 Hz, such as the London Millennium
Bridge, the T-bridge, and M-bridge in Japan [3]. If
a footbridge has a lateral mode of vibration with a natural
frequency within the range of the lateral walking fre-
quency, the direct resonance will be achieved to result in
excessive lateral vibrations.

More complex cause, the internal resonance mechanism
[4], has been proposed to explain the excessive lateral

vibrations of footbridges. If the bridge is characterized by
a 2 : 1 ratio between vertical-mode and lateral-mode fre-
quencies and its vertical mode satisfies the direct resonance
conditions, energy can flow between the vertical and lateral
modes because of the structural nonlinearities [5]. However,
both the direct resonance and the internal resonance the-
ories have difficulty in explaining the frequency-locking
phenomenon between pedestrians and a footbridge in the
lateral direction.

Dynamic interaction mechanisms have got special
concern in the past few years. +e interactive force between
pedestrians and a footbridge is the key factor to precisely
describe the dynamics of the bridge. Dallard et al. [6] as-
sumed that the external lateral force induced by pedestrians
is proportional to the lateral velocity of the bridge to explain
the excessive lateral vibration on the London Millennium
Bridge. Dallard’s model provides an instability threshold,
which has been adopted in the engineering practice. Nev-
ertheless, this model indicates that the bridge response
will increase infinitely when the lateral force is large enough.
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To avoid the irrationality, Nakamura and Kawasaki [2, 3]
modified Dallard’s model by assuming that the lateral force
induced by pedestrians is proportional with the bridge ve-
locity only at low velocities. Nakamura’s model allows
schematization of self-limiting nature when the bridge ve-
locity becomes large. Roberts [7] considered that synchro-
nization between pedestrians and a footbridge occurs when
the displacement of the footbridge is greater than that of the
pedestrians, and the interactive force harmonically varies
with frequency of about 1Hz. Macdonald [8] used an
inverted pendulum model from the biomechanics field to
estimate the lateral force induced by a walking pedestrian.
However, the bridge motion is absent in the model; that is,
dynamical interaction between pedestrians and the bridge
has not been fully considered in this estimation. Up to now
[9], the lateral force exerted by pedestrians was generally
tackled based on an empirical approach, especially based on
the measurement data. Experimental measurements [10]
showed that the lateral force induced by a pedestrian walking
on stationary platforms is approximately harmonic. But,
such approximationmay not be appropriate if the pedestrian
walks on a footbridge with a laterally large amplitude. Ex-
perimental measurements involving pedestrians walking on
a moving platform [6] showed that the lateral force induced
by pedestrians is a function of the deck motion amplitude.
Piccardo and Tubino [5] considered that the dynamic
loading factor can be approximately expressed as a linear
function of the deck motion amplitude. Based on the as-
sumption, Piccardo et al. explained why the London Mil-
lennium Bridge has a lateral vibration with a frequency of
0.48Hz. Ingólfsson et al. [11] found that the lateral force
induced by a pedestrian is a summation of the equivalent
static load that represents the lateral force exerted by a pe-
destrian on a rigid surface and the motion-induced force
that is attributed to the movement of the structure. In their
model, it is a frequency- and amplitude-dependent lateral
force.

From the literature above, it is worth looking at two
aspects of the study of the dynamic interaction between
pedestrians and a footbridge. One is that almost all the
lateral force models are established according to mea-
surement data and plausible rational assumptions; Strict
and exact mathematical models are not available yet. +e
other is that the existing lateral force models lack the
description of the changing process when the lateral am-
plitude of the bridge increases from small to large. For
small lateral vibrations of the bridge, the lateral force is
considered to be harmonic; with the increase of the lateral
amplitude, the lateral force is a function of the lateral
amplitude or velocity of the bridge, or has a more complex
relation with some characteristic quantities of the bridge.
When pedestrians begin to walk on a stationary bridge, no
one knows the full dynamic interaction process: how the
bridge increases its lateral amplitude under pedestrians
excitation. +is might be a key point why some observa-
tions on footbridges cannot be rationally explained. For
example, the “jump phenomenon” in the London Mil-
lennium Bridge is curious anomaly [12]. It is still confused
to understand why the bridge amplitude decreased

suddenly after a sudden increase while the pedestrians did
not significantly reduce their walking speed. To attempt to
solve the questions mentioned above, we used an inverted
pendulum on a cart to model the lateral interaction be-
tween pedestrians and a footbridge.+e inverted pendulum
represents the synchronization pedestrians, while the cart,
the bridge. To model the pedestrians’ walking motion on
the bridge, we consider the inverted pendulum has har-
monica vibrations at its pivot point. +e proposed model in
this paper avoids the difficulty of the determination of
lateral force induced by pedestrians. Furthermore, the
model provides a possible way to understand the changing
process: how the lateral amplitude of the bridge increases
from small to large. Our theoretical analysis for the model
shows that some walking habits of the pedestrians are the
key factor to result in the frequency-locking phenomenon.
+e habit also is the reason why the lateral amplitude of the
London Millennium Bridge suddenly decreased while the
pedestrians did not reduce their walking speed.

+e rest of the paper is organized as follows: the
governing equation of the inverted pendulum model is
given in Section 2; asymptotic solutions of the model are
discussed in Section 3, and the resonance conditions for the
inverted pendulum system are derived. In Section 4, the
stability of the inverted pendulum system is investigated to
illustrate the inevitability of the resonance for some
footbridges. In Section 5, numerical simulations are carried
out to demonstrate that the proposed inverted pendulum
model is able to give quantitative results. Conclusions are
drawn in Section 6.

2. The Model Equation

Consider the inverted pendulum of length L and lumpmass
m on a cart of mass M, shown as in Figure 1. +e inverted
pendulum represents the synchronization pedestrians,
and the cart represents a footbridge with a stiffness k. Here,
we omit the damping. To analyze the lateral pedestrian-
footbridge interaction, we assume that the pivot point of
the inverted pendulum vibrates harmonically along the
y-axis to model the synchronization pedestrians’ walking
motion. Under such excitation, the cart sways along the
x-axis, which simulates the lateral vibrations of the foot-
bridge. +e dynamics of the lateral pedestrian-footbridge
interaction can be discussed as long as the inverted pen-
dulum is stable.

Denote the angle of the pendulum with respect to the
vertical direction by θ and the gravitational acceleration by
g. +e inclination angle θ is defined such that it is negative in
the position shown in Figure 1. +e governing equation of
the inverted pendulum model can be derived by using
Lagrange’s equations. +e positions of the lump mass m and
the cart are written as

m : (x + L sin(θ), y + L cos(θ)),

M : (x, 0),
(1)

where x and y represent the horizontal and vertical dis-
placements of the pivot point of the inverted pendulum,
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respectively. �en, the kinetic and potential energy are
separately expressed by

T �
1
2
m ( _x + L _θ cos(θ))2 +( _y − L _θ sin(θ))2[ ] +

1
2
M _x2,

V � mg(y + L cos(θ)) +
1
2
kx2,

(2)

where · denotes the derivative versus time.
�e Lagrangian of the inverted pendulum system is

given by

H � T−V, (3)

which should satisfy the following Lagrange equations:
d

dt

zH

z _θ
−
zH

zθ
� 0,

d

dt

zH

z _x
−
zH

zx
� 0.

(4)

Substituting Equations (2) and (3) into Equation (4) and
neglecting the nonlinear terms of the position and velocity of
the inverted pendulum and cart, the model equation can be
written as

€θ +
1
L
€x−

1
L
(€y + g)θ � 0,

€x +
mL

M +m
€θ +

kx

M +m
� 0.

(5)

Assume that the pivot point has harmonic vibrations
with the form of y � A cos(ωt), whereA and ω represent the
amplitude and frequency of vibrations. In addition, let time
be normalized according to the transformation ωt⟶ t.
�en, Equation (5) can be rewritten as

€θ + β1 €x +(ϵ cos(t) + δ)θ � 0,

€x + β2€θ + β3x � 0,
(6)

where

β1 �
1
L
,

β2 �
mL

M +m
,

β3 �
k

(M +m)ω2,

ϵ �
A

L
,

δ � −
g

Lω2.

(7)

According to physical meanings of parameters, 0< ϵ< 1
and −1≪ δ < 0. In this paper, we will analyze the stability
conditions of system (6) to understand the dynamics of the
pedestrian-footbridge interaction. We �rst �nd the reso-
nance conditions of Equation (6) in the next section.

3. Resonance Conditions for System (6)

We �rst �nd the solution of Equation (6) with 0< δ < 1,
which has the following form:

θ � θ0 + ϵθ1 + ϵ
2θ2, · · · ,

x � x0 + ϵx1 + ϵ
2x2, · · · .

(8)

Substituting Equation (8) into Equation (6) and equating
the coe�cients of each power of ϵ to be zero, one has

€θ0 + δθ0 + β1€x0 � 0,

€x0 + β2€θ0 + β3x0 � 0,
(9)

€θ1 + δθ1 + β1€x1 � −cos(t)θ0,

€x1 + β2€θ1 + β3x1 � 0.
(10)

Equations (9) and (10) can be separately rewritten as
d4θ0
dt4

+
δ + β3
1− β1β2

€θ0 +
δβ3

1− β1β2
θ0 � 0,

x0 �
1− β1β2
β1β3

€θ0 +
δ

β1β3
θ0,

(11)

d4θ1
dt4

+
δ + β3
1− β1β2

€θ1 +
δβ3

1− β1β2
θ1 �

1− β3( )θ0 − €θ0
1− β1β2

cos(t)

+
2 _θ0

1− β1β2
sin(t),

x1 �
1− β1β2
β1β3

€θ1

+
δθ1 + cos(t)θ0

β1β3
.

(12)

�e general solution of Equation (11) is given by

0

L

θ

m y

x

M

k

Figure 1: Sketch of the inverted pendulum on a cart.
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θ0 � a1 cos c1t(  + a2 sin c1t(  + a3 cos c2t(  + a4 sin c2t( ,

x0 � μ1 a1 cos c1t(  + a2 sin c1t(  

+ μ2 a3 cos c2t(  + a4 sin c2t(  ,

(13)

where ai are constants dependent on the initial conditions, and

μ1 �
δ − 1− β1β2( c2

1
β1β3

,

μ2 �
δ − 1− β1β2( c2

2
β1β3

,

c1 �

�
2

√

2

����������
δ + β3
1− β1β2

+ p



,

c2 �

�
2

√

2

����������
δ + β3
1− β1β2

−p



,

c2 �

���������������������

δ2 + 2δβ3 2β1β2 − 1(  + β23


1− β1β2
.

(14)

Substituting Equation (13) into Equation (12), the par-
ticular solution of Equation (12) can be expressed by

θ1 � a1 α1 cos c1 − 1( t(  + α2 cos c1 + 1( t(  

+ a2 α1 sin c1 − 1( t(  + α2 sin c1 + 1( t(  

+ a3 α3 cos c2 − 1( t(  + α4 cos c2 + 1( t(  

+ a4 α3 sin c2 − 1( t(  + α4 sin c2 + 1( t(  ,

x1 � ]1 a1 cos c1 − 1( t(  + a2 sin c1 − 1( t(  

+ ]2 a1 cos c1 + 1( t(  + a2 sin c1 + 1( t(  

+ ]3 a3 cos c2 − 1( t(  + a4 sin c2 − 1( t(  

+ ]4 a3 cos c2 + 1( t(  + a4 sin c2 + 1( t(  ,

(15)

where

α1 � f1 c1 − 1( ,

α2 � f1 c1 + 1( ,

α3 � f1 c2 − 1( ,

α4 � f1 c2 + 1( ,

]1 � f2 c1 − 1( ,

]2 � f2 c1 + 1( ,

]3 � f2 c2 − 1( ,

]4 � f2 c2 + 1( ,

f1(y) �
β3 −y2

2 β1β2 − 1( y4 + δ + β3( y2 − δβ3 
,

f2(y) �
1

β1β3

1
2
β1β3 + f1(y) δ −y

2 1− β1β2(   .

(16)

To demonstrate the validity of the first-order pertur-
bation solution, comparison between expressions (13) and
(15) and numerical results of Equation (6) is carried out for
two different cases, which is presented in Figure 2. Clearly, it
has a good agreement between the two approaches, which
indicates that the perturbation method is valid to derive the
asymptotic solutions of Equation (6).We also show in Figure 3
that the analytical solution will have less degree of coincidence
with the numerical simulation results if the value of ϵ in-
creases. +e higher order terms of ϵ have to be calculated to
improve the coincidence between the two approaches.

According to Equation (15), there cannot be any
bounded solutions of Equation (6) if the value of the de-
nominator of f1(ci ± 1) is equal to zero, that is,

β1β2 − 1( y
4

+ δ + β3( y
2 − δβ3 � 0, (17)

where y � ci ± 1, i � 1, 2. By letting n � m/M in Equation
(17), it is easy to check that the critical values of δ and β3 are
only related to n. According to physical meanings of pa-
rameters, the mass of the pedestrians is much less than that
of the footbridge, that is, n≪ 1. +e curves defined by
Equation (17) with y � c1 − 1 are presented in Figure 4,
where n is taken as 0, 0.01, 0.05, and 0.1, respectively.

Clearly, from Figure 4 for a small δ > 0, the resonance of
system (6) occurs near β3 � 1/4 and β3 � 1. +e influence of
n on the resonance conditions is small if n varies near zero.

In fact, if n⟶ 0, β2⟶ 0. +e second equation of
Equation (6) can be approximately written as

€x + β 3x � 0. (18)

+e solution of Equation (18) is given by x �

a0 cos(
���
β3t


), where a0 is a constant determined by the

initial conditions. Substituting this solution into the first
equation in Equation (6) yields

€θ+(ϵ cos(t) + δ)θ � a0β1β3 cos
���
β3t


( . (19)

If the right side of Equation (19) is equal to zero, it be-
comes the classical Mathieu equation. +e stability chart of
the Mathieu equation is well known [13–15], and the region
near δ � 0 in the ϵ− δ parametric plane is shown in Figure 5.

For parameters on the line AB in Figure 5, Equation (6)
has periodic solutions with period of 4π regardless of whether
δ < 0. Under such case, if

��
β3


� 1/2, 1, 3/2, · · ·, no bounded

solution can be found in Equation (6). From Equations (18)
and (19), it is clear that the resonance in Equation (6) occurs
because of periodic solutions of the inverted pendulum with
period of near 4π. From the stability chart in Figure 5, if δ < 0,
there still exists periodic solutions with period of 4π in
Equation (6). According to Figure 4, the linear system (6) is
affected slightly by n when n is small. +erefore, if δ < 0 and n

varies near 0, the unbounded solutions still occur near��
β3


� 1/2, 1, · · ·. In practice engineering, we usually only

focus on the first resonance condition, and then we emphasize
on the condition

��
β3


� 1/2.

Recall

β3 �
k

(M + m)ω2 �

��������
k/M + m

√

ω
 

2

�
1
2

 
2
. (20)
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Figure 3: Continued.
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Figure 2: Comparison between the analytical approximation (dot) and the numerical solution (solid line) of Equation (6) with β1 � 1, β2 � 0.01,
and β3 � 0.01, and the initial conditions are taken as θ(0) � 0.2, _θ(0) � 0, x(0) � 0, and _x(0) � 0: (a) ϵ � 0.01, δ � 0.01; (b) ϵ � 0.01, δ � 0.02.
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Our theoretical analysis indicates that excessive lateral
vibrations of the bridge occur if the lateral natural frequency
of the bridge near half the vertical step frequency of the
pedestrians. On the other hand, the lateral step frequency is

also half the vertical step frequency for a normal pedestrian,
and the ratio is almost una�ected even if the pedestrian
walks on a moving surface [5, 16]. For a footbridge with
a lateral natural frequency between 0.75–1.25Hz, once
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Figure 4: �e critical curves de�ned by Equation (17): (a) n � 0; (b) n � 0.01 (c) n � 0.05; (d) n � 0.1.
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Figure 3: Comparison between the analytical approximation (dot) and the numerical solution (solid line) of Equation (6) withβ1 � 1, β2 � 0.01,
β3 � 0.01, and the initial conditions are taken as θ(0) � 0.2, _θ(0) � 0, x(0) � 0, and _x(0) � 0: (a) ϵ � 0.04, δ � 0.01; (b) ϵ � 0.04, δ � 0.02.

6 Advances in Civil Engineering



pedestrians walk on the bridge, resonance will be inevitable.
In fact, excessive lateral vibrations are easily observed in
footbridges with a lateral natural frequency near 1Hz; for
example, the lateral natural frequencies of the T-bridge, the
M-bridge, and the London Millennium bridge are between
0.9–1.1Hz [2]. Since the ratio between the lateral and vertical
step frequencies remains unchanged despite a small or large
lateral amplitude of the bridge, frequency-locking phe-
nomenon is easy to be explained. To deeply understand this
in theory, we discuss the stability of the inverted pendulum
system near

��
β3
√

� 1/2 in the next section.

4. Stability Analysis of the Inverted
Pendulum System

In the section, we investigate the stability of solutions of
Equation (6) with −1≪ δ < 0. We consider that both the
initial displacement and velocity of the bridge are zero.
Assume that θ and x can be written as

θ � θ0 + β2θ1 + · · · ,
x � x0 + β2x1 + · · · .

(21)

Substituting Equation (21) into Equation (6) and equating
the coe�cients of each power of β2 to be zero, we have

€θ0 +(δ + ϵ cos(t))θ0 � −β1€x0,
€x0 + β3x0 � 0,

(22)

€θ1 +(δ + ϵ cos(t))θ1 � −β1€x1,

€x1 + β3x1 � −€θ0.
(23)

Equation (6) has stable solutions only if the solutions of
both Equations (22) and (23) are stable. To obtain the stability
conditions of solutions of Equation (6), we separately analyze
the stability of solutions of Equations (22) and (23).

4.1. �e Stability Conditions of Solutions of Equation (22).
Since the initial displacement and velocity of the bridge are
zero, the solution of the second equation in Equation (22) is
x0 � 0. Substituting such solution into the �rst equation in
Equation (22) yields

€θ0 +(δ + ϵ cos(t))θ0 � 0. (24)

Equation (24) is a Mathieu equation without external
force. Since the stability results of Equation (24) are well
known, we omit the analysis process here.�e two transition
curves emanating from the origin and δ � 1/4 and corre-
sponding periodic solutions are separately given by (please
see the reference [14, 15] for details)

δ � −
1
2
ϵ2,

θ0 � a 1 + ϵ cos t +
1
8
ϵ2(cos(2t)− 1)[ ],

(25)

δ �
1
4
−
1
2
ϵ−

1
8
ϵ2, δ < 0,

θ0 � a cos
1
2
t( ) +

1
4
ϵ cos

3
2
t( )

−
1
48
ϵ2 3 cos

3
2
t( )− cos

5
2
t( )[ ],

(26)

where a is a constant determined by the initial conditions.
Equations (25) and (26) are obtained by using the pertur-
bation method. �e stability chart presented in Figure 5 is
depicted based on Equations (25) and (26). It should be
noted that Equations (25) and (26) only are valid for small ϵ.
Once ϵ is not small, the results obtained by perturbation
analysis might lose accuracy. At ϵ � 0.5, the expression (26)
yields δ � −0.03125. �e exact value is δ � −0.02756. From
the analysis results in literature [14], the approximate ex-
pression δ � 1/4− 0.556 is valid over a large range of ϵ.
Considering physical meanings of δ and ϵ, we focus on the
region δϵ(−0.15, 0). �erefore, the precision of Equation
(26) is enough in the study of the inverted pendulum system
in this paper.

4.2. �e Stability Conditions of Solutions of Equation (23).
Since the ratio between the lateral and vertical step fre-
quencies is 1/2 for a pedestrian, we substitute Equation (26)
into the second equation in Equation (23):

€x1 + β3x1 �
a

4
cos

1
2
t( ) +

9aϵ
64

(4− ϵ)cos
3
2
t( )

+
25aϵ2

192
cos

5
2
t( ).

(27)

According to the engineering practice and the analysis
in previous section, we focus on the case of β3 ≠ 1/4 and β3
near 1/4. �e particular solution of Equation (27) is written
as

x1 � aq1 cos
1
2
t( ) + aq2 cos

3
2
t( ) + aq3 cos

5
2
t( ), (28)
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Figure 5: �e transition curves in the ϵ− δ plane.
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where

q1 �
1

4 4β3 − 1( 
,

q2 �
81ϵ(4− ϵ)
64 4β3 − 9( 

,

q3 �
625ϵ2

192 4β3 − 25( 
.

(29)

Substituting Equation (28) into the first equation in
Equation (23), we have

€θ1 +(δ + ϵ cos(t))θ1 � q4 cos
1
2

t  + q5 cos
3
2

t 

+ q6 cos
5
2

t ,

(30)

where

q4 �
1
4
β1a q1,

q5 �
9
4
β1a q2,

q6 �
25
4
β1a q3.

(31)

Similar to that treated in the previous section, we need to
analyze the stability condition of periodic solutions with
period of 4π in Equation (30). Considering the linearity of
Equation (30), we focus on the following equation:

€z +(δ + ϵ cos(t))z � q cos(wt), (32)

where q � q4 and w � 1/2. In the following, we use
the energy method [17] to analyze the condition that
Equation (32) with δ > 0 has a stable periodic solution with
period of 4π. Note that the stability condition will be still
valid for the case of δ < 0 according to the research con-
clusion for the Mathieu equation. We denote two functions:

g(z) � δz,

f(z, _z, t) � ϵ cos(t)z− q cos(wt).
(33)

+e potential energy and the mechanical energy of
system (32) are expressed by

V(z) � 
z

0
g(y) dy �

1
2
δz

2
,

E(z, _z, t) � V(z) +
1
2

_z
2
.

(34)

+e energy coordinate system (E,ψ) corresponding
to system (32) is obtained by the following transformation:

z � a cos(ψ),

_z � −
�������������������

2(V(a)−V(a cos(ψ)))



� −a
�
δ

√
sin(ψ),

(35)

where the terms higher than the second order are neglected.
Additionally,

z g(z) � δ z
2 > 0, if z≠ 0. (36)

According to Equation (35), system (32) is transformed
into

dE

dt
� −f(z, _z, t) _z

�
a2ϵ

�
δ

√

4
[sin(2ψ − t) + sin(2ψ + t)]

−
qa

�
δ

√

2
[sin(ψ + wt) + sin(ψ −wt)],

dψ
dt

�
1

a sin(ψ)


1
2g(−a)g(a)

[(g(−a)−g(a))cos(ψ)

+(g(−a) + g(a))]
dE

dt
− _z

�
�
δ

√
+
ϵ

4
�
δ

√ [2 cos(t) + cos(2ψ + t) + cos(2ψ − t)]

−
q

2a
�
δ

√ [cos(ψ + wt) + cos(ψ −wt)].

(37)

Since we assume that Equation (32) has a periodic so-
lution with period of 4π, the phase ψ can be written as

ψ �
1
2

t + ϕ, (38)

which can be transformed into the following form:

t � 2(ψ −ϕ). (39)

Substituting Equation (39) into Equation (37) leads to

dE

dt
�

a2ϵ
�
δ

√

4
[sin(2ϕ) + sin(2(2ψ −ϕ))]

−
qa

�
δ

√

2
[sin((2w + 1)ψ − 2wϕ) + sin((1− 2w)ψ + 2wϕ)],

dψ
dt

�
�
δ

√
+
ϵ

4
�
δ

√ [2 cos(2(ψ −ϕ)) + cos(2(2ψ − ϕ)) + cos(2ϕ)]

−
q

2a
�
δ

√ [cos((1 + 2w)ψ − 2wϕ) + cos((1− 2w)ψ + 2wϕ)].

(40)

Considering w � 1/2 in Equation (40), the existence of
periodic solutions with period of 4π means that the fol-
lowing equations should be held:

a2ϵ
�
δ

√

4
sin(2ϕ)−

β1a2q1
�
δ

√

8
sin(ϕ) � 0,

�
δ

√
+
ϵ

4
�
δ

√ cos(2ϕ)−
β1q1
8

�
δ

√ cos(ϕ) �
1
2
.

(41)

Solving the first equation of Equation (41), we have
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a � constant,

cos(ϕ) �
q1β1
4

,

ϕ � 0,

ϕ � π.

(42)

+en, the second equation of Equation (41) becomes

cos(ϕ) �
q1β1
4

: 4δ − ϵ− 2 � 0,

ϕ � 0 : 4δ − ϵ− 2 �
q1β1
2

,

ϕ � π : 4δ − ϵ− 2 � −
q1β1
2

.

(43)

Considering condition (26) and the first equation in
Equation (43), we have ϵ � −5.646 or ϵ � −0.3542, which is
not possible in the practical engineering. Recalling ϵ � A/L,
β1 � 1/L, and q1 � 1/[4(4β3 − 1)], the last two equations in
Equation (43) can be rewritten as

ϕ � 0 : β3 �
8L2 +(24A− 1)L + 4A2

16 A2 + 6AL + 2L2( )
,

ϕ � π : β3 �
8L2 +(24A + 1)L + 4A2

16 A2 + 6AL + 2L2( )
.

(44)

According to stability analysis for Equation (23), if the
periodic motion of the pedestrians has a period of 4π,
condition (44) must be satisfied. We show such stability
condition in Figure 6. Clearly, β3 approaches to 1/4 with the
increase of A for a fixed L (Figure 6(a)) or with the increase
of L for a fixed A (Figure 6(b)).

From the stability analysis for Equations (22) and
(23), the pedestrians on the bridge are indeed caught in
a dilemma. For the given body height and vertical step
frequency, the pedestrians have to increase the vertical
vibration amplitude as much as possible to habitually
keep the ratio of 1/2 between the lateral and vertical step
frequencies, which just increases the risk of resonance of
the bridge. Since the walking habit is hard to be changed,
the occurrence of the excessive lateral vibrations of the
bridge is inevitable as long as the lateral natural fre-
quency of the bridge approaches half the vertical step
frequency of the pedestrians (about in the range of
0.75–1.25 Hz).

5. Numerical Simulations

To demonstrate that the proposed inverted pendulummodel
in this paper can give quantitative results, we carry out
numerical simulations for Equation (6) with damping:

€θ+β1€x +(ϵ cos(t) + δ)θ � 0, €x + β2€θ + β3x + c _x � 0, (45)

where c � C/(M + m), in which C is the damping co-
efficient, and β1,2,3 is defined in Equation (6). We adopt the

parameters of the M-bridge in Japan [3], and the following
three cases will be considered in this section:

(i) Case of T-1 (symmetric first): lateral natural fre-
quency is 0.9Hz M � 2.14e5, m � 1.4969e4, k �

7.307361e6, and C � 2.8262e4
(ii) Case of M-1 (symmetric fourth): lateral natural

frequency is 1.025Hz M � 9.72e4, m � 3.35e3, k �

4.031566e6, and C � 3.387e3
(iii) Case of M-4 (asymmetric third): lateral natural

frequency is 0.879Hz M � 9.72e4, m � 2.469e3,

k � 2.964857e6, and C � 2.905e3

According to theoretical analysis in previous two sec-
tions, resonance occurs when the lateral vertical frequency
is close to the twice lateral natural frequency of the bridge.
For the case of T-1, we choose A � 0.576,ω � 2π × 1.6,
and A � 0.57163,ω � 2π × 1.89, respectively. +e time-
history curves of x and θ are given in Figure 7. +e natural
frequency of the bridge is 0.9Hz, and resonance occurs
near ω � 2π × 0.9. +en, the maximum response should be
close to 15mm. +e maximum measured response for the
case of T-1 is 13.3mm. In addition, comparing Figures 7(a)
with 7(b), it is clear that the swing angle of pedestrians
increases from 0.01 rad to 0.06 rad, and the vibration
amplitude of the bridge increases from 1.5mm to 15mm
when the vertical step frequency increases from 1.6 Hz to
1.89Hz. +ere is a dramatic increase when the vertical step
frequency approaches to twice the natural frequency of the
bridge.

For the case of M-1, we separately choose A � 0.559,

ω � 2π × 1.75, and A � 0.505,ω � 2π × 2.01 to calculate the
time-history curves of system (45), which are shown in
Figure 8. When the vertical step frequency approaches to
twice the natural frequency of the bridge 1.025Hz, the vi-
bration amplitude of the bridge increases rapidly, while the
swing angle of the pedestrians is not very large and increases
slowly. According to [3], the measured response for the case
of M-1 is 40.1mm. Finally, we take A � 0.549,ω � 2π × 1.7,
and A � 0.51,ω � 2π × 2.04, respectively, to numerically
obtain the time-history curves of system (45) for case ofM-4.
+e results are presented in Figure 9, which are similar to
Figure 8. +e measured response for the case of M-4 is
34.8mm. +e numerical simulations presented in this sec-
tion verify that the presented inverted pendulum model can
predict effectively responses for the M-bridge. And excessive
lateral vibrations occur when the vertical step frequency of
pedestrians approach to the lateral natural frequency of
a bridge.

6. Conclusions

In this paper, we use the inverted pendulum on a cart to
study the lateral interaction between synchronization pe-
destrians and a footbridge. +e pivot point of the inverted
pendulum on the cart is considered to vertically vibrate to
model the synchronization pedestrians’ walking motion.+e
proposed model avoids the difficulty of the determination of
lateral force induced by synchronization pedestrians on the
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bridge, which always was treated semiempirically in pre-
vious researches. �e governing equation of the inverted
pendulum system reduces to the classical Mathieu equation
if the mass of the cart is su�ciently large, and thus it can be
analytically investigated by using the perturbation method
and energy method.

�e analysis of the inverted pendulum model shows that
the most probable resonance condition for the lateral vi-
brations of the bridge is that the lateral natural frequency of
the bridge is half the vertical step frequency of the syn-
chronization pedestrians. Unfortunately, pedestrians have
the walking habit of keeping the ratio of 1/2 between the

lateral and vertical step frequencies. For a given body height
and a vertical step frequency, a pedestrian needs to increase
the vertical vibration amplitude of the body as much as
possible to keep the ratio of 1/2 between the lateral and
vertical step frequencies under the conditions of body
balance. However, the larger the vertical vibration amplitude
of the body, the greater the risk of the resonance of the
bridge. Once the lateral natural frequency of the bridge is in
the range of 0.75–1.25Hz, the resonance occurs inevitable.
Our analysis shows that the walking habit keeping the ratio
of 1/2 between the lateral and vertical step frequencies is the
key cause of frequency-locking phenomenon. In addition,
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Figure 7: �e time-history curves of system (45) for the case of T-1: (a) A � 0.576,ω � 2π × 1.6; (b) A � 0.57163,ω � 2π × 1.89.
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the analysis results can be used to explain why excessive
lateral vibrations are often observed in many footbridges
with a lateral natural frequency of about 1Hz, such as T-
bridge, M-bridge in Japan, and the London Millennium
Bridge.

�e analysis results also can be used to explain the fa-
mous “jump phenomenon” in the Millennium Bridge. �e
bridge began to laterally vibrate with a large amplitude once
the number of pedestrians is greater than the critical one.

However, it was found that the lateral amplitude of the
bridge rapidly decreased while the pedestrians did not
signi�cantly reduce their walking speed. In our opinion,
excessive lateral vibrations of the bridge make the pedes-
trians feel uncomfortable, and the pedestrians did not
change their walking speed but instinctively adjusted their
vertical step frequencies. �en, the ratio between the lateral
natural frequency of the bridge and the vertical step fre-
quency was far away from the value of 1/2. On the other
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Figure 8: �e time-history curves of system (45) for the case of M-1: (a) A � 0.559,ω � 2π × 1.75; (b) A � 0.505,ω � 2π × 2.01.
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hand, the ratio of 1/2 between the lateral and vertical step
frequencies still remained the same, and then the frequency
of the lateral force induced by pedestrians deviated from the
range of 0.75–1.25Hz, which destroyed the resonance
conditions and eventually resulted in the dramatic reduction
of the lateral amplitude sof the bridge.
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