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A graph theory-based methodology is proposed for the sewer system optimization problem in this study. Sewer system
optimization includes two subproblems: layout optimization and hydraulic design optimization, which can be solved in-
dependently or solved simultaneously. No matter which method is chosen for the solution of the optimization problem, a
feasible layout that satisfies the restrictions of the sewer system must be obtained in any step of the solution. *ere are two
different layout options encountered: the layouts containing all sewer links and the layouts not containing all sewer links. *e
method proposed in this study generates a feasible sewer layout that contains all sewer links and satisfies all restrictions of a
sanitary sewer system by using graph theory without any additional strategies unlike other studies. *e method is applied to
two different case studies. *e results of the case studies have shown that graph theory is well applicable to sewer system
optimization and the methodology proposed based on it is capable of generating a feasible layout. *is study is expected to
stimulate the use of graph theory on similar studies.

1. Introduction

A sewer system, one of the most important structures in
urban areas, is built to protect human and environment from
the harmful effects of wastewater. Sewer systems consist of
pipes, manholes, pumping stations, and other comple-
mentary units in general. *ey can be divided into three
types according to the water carried: combined sewer sys-
tem, storm sewer system, and sanitary sewer system [1].
While storm sewers drain stormwater, sanitary sewers carry
sewage and combined sewers carry both.

Sewer system design can be divided into two sub-
problems. *e first is the generation of sewer layout, and the
second is the hydraulic design of the predefined layout. *e
generation of sewer layout problem is to determine the
location of the manholes, select the pipes involved, and
determine the direction of the flows, whereas the hydraulic
design problem is to assess the diameters and slopes of the
pipes (e.g., the depth of excavation) and the location of the
pump stations [2]. It is tried to avoid using pumping stations

and pressurized sewers as much as possible to design
according to the gravity flow.

When a suitable sewer network design is made, project
cost cannot be ignored. *e cost of a project is one of the
important criteria for the feasibility of each engineering
structure. For this reason, projects with low cost come into
prominence within the alternative projects. *e cost of a
sewer system includes pipe, manhole, excavation, pumping
station, wastewater treatment plant, and operating and
maintenance costs. Engineering experiences are often used
to obtain a low-cost project in the sewer system projects
although it is subjective and time-consuming and does not
guarantee the optimal cost value. Optimization methods are
used to remove this disadvantage and able to introduce more
efficiency.

Previous studies on the sewer network optimization
problem can be divided into three groups by considering
different combinations of the two subproblems mentioned:
(1) to find the optimum layout (the first subproblem), (2)
simultaneous layout optimization and hydraulic design
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optimization (the first and the second subproblems), and (3)
to find the optimum hydraulic design (the second sub-
problem) [3]. As the independent optimization of two
subproblems of the sewer system designmay not reach to the
global optimum [4] two subproblems must be solved si-
multaneously to find the global optimum. Despite this, there
are more studies on the optimization of the two sub-
problems. Since the determination of the optimal general
layout is a combinatorial optimization problem that is
nondeterministic polynomial time complete, it is quite
difficult to solve the simultaneous optimization problem
[2, 5].

Hydraulic design optimization subproblem for the
predefined layout is solved by using deterministic methods
[6–9] and metaheuristic methods [10–14]. Moreover, dif-
ferent methods are used including both the layout and the
hydraulic optimization problems [2, 15] as follows. (1) Full
enumeration method: having generated all feasible layouts
from a base layout, hydraulic design of the layouts obtained
is optimized. Finally, a layout with minimum cost is se-
lected as optimum sewer network. In such methods, more
than one feasible layout should be generated [6, 16]. (2)
Simplified optimization method: two subproblems are
solved independently. At first, the feasible layout is gen-
erated and then hydraulic design of obtained layout is
optimized [11, 17, 18]. (3) Simultaneous design (or cou-
pled) method: two subproblems are solved simultaneously
by using iterative methods [7] or metaheuristic methods
[3, 4, 19, 20].

*e methods previously mentioned require a feasible
layout at any stage of the procedure. *erefore, feasible
layout generating methods are needed. A feasible layout of
the sewer network must satisfy some restrictions as follows.
Since the sewer network system has gravity flow, a sewer
system is not allowed to contain loops and a manhole has
only one outlet while it can have more than one inlet. Sewer
network system layout must be compatible with street
layout. All possible manholes should be included in the
sewer system layout. Furthermore, all possible sewer links
should also be included in a sanitary sewer layout. Finally,
the layout must have at least an outlet [2, 4].

*e methods that generate feasible layouts considering
the restrictions above have been developed by different
researchers [2, 6, 20]. *ese methods can be grouped as
follows: (1) the methods that generate layouts not including
all possible sewer links, which usually generate storm sewer
system layouts which include all possible manholes but not
all possible sewer links. *erefore, by deleting some of the
sewer links, loop-free restrictions can be provided easily. (2)
*e methods that generate layouts including all possible
sewer links, which usually generate sanitary sewer system
layouts which include all possible manholes and all possible
sewer links. In these methods, the restriction of not to
contain loops can be provided by cutting the sewer links
from the manholes which constitute loops in the layout. For
this purpose, different strategies have been developed.

All possible layouts are obtained by using the connection
alternatives of sewer links in the enumeration model in the
study of Diogo and Graveto [6]. In this method, there are

four connection alternatives for a sewer link between two
manholes, say a and b, such that the flow direction can be
from a to b or from b to a, the link can be cut from the
manhole a or from the manhole b.

*e method called loop-by-loop cutting algorithm is
developed by Haghighi [2]. *is method needs two pa-
rameters in order to determine which sewer link to be cut in
each loop and from which manhole they are to be cut.
Different layouts are obtained according to the parameter
values. It is stated that this can be done by trial and error or
by an optimization algorithm for which a genetic algorithm
is used.

Moeini and Afshar [20] introduce more than one
strategy for the purpose of obtaining a layout containing all
the sewer links without loops. In the first strategy, the pipes
are cut at the upstream end of the manholes. In the second
strategy, the pipes are cut at the manholes with the highest
rank where the rank is the minimum number of the pipes
between themanhole and the outlet. In the third strategy, the
location of the cut end is determined as the pipe with the
steeper slope and the cut end with a minimum allowable
cover depth.

In the studies mentioned above, an initial layout called
base layout and including all possible manholes and sewer
links according to the street layout is obtained. *is network
does not satisfy the restrictions since the base layout ob-
tained contains loops. *erefore, the sewer links are de-
termined to cut in each loop and cut from any end according
to the chosen strategy in order to obtain a feasible layout that
satisfies the restrictions. *e strategies proposed differ from
researcher to researcher. In addition, these strategies may
require the use of several methods together.

Graph theory is one of the most preferred methods by
the researchers when considering the used methods in the
sewer system optimization problem [2, 4, 5, 7, 17, 20–25].
*e use of graph theory in sewer optimization provides
several advantages. Graph representation of sewer networks
is computationally very efficient [5] enabling the application
of graph theory concepts and theorems on graphs. In some
studies, the layout is modelled by using a graph only for
representation and the methods developed according to this
representation are applied [2, 5]. In most applications,
shortest-path and minimum spanning tree algorithms are
used. *e purpose of such studies is to obtain the shortest
path and/or the lowest cost network in one step
[7, 16, 17, 26].

In this study, a method is proposed that generates a
feasible sanitary sewer layout which satisfies all the re-
strictions above completely by using graph theory concepts
and methods without any additional strategies. In most of
the methods, the researchers used more than one strategy
to obtain the sewer layout that includes all the sewer links.
*e proposed method is more understandable, easy to
apply, and efficient because it contains the known concepts
of graph theory. In this study, to show the applicability of
the method, two different applications are given including
previous studies in the literature, generating shortest-path
spanning tree layout and generating more than one feasible
layout.
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2. Graph Theory and Sewer
Network Representation

Graph theory is a branch of mathematics which helps
solving problems encountered in daily life more easily by
modelling graphs. A graph is a structure in which a situation
or an object is represented by a node and the related situ-
ations or objects are connected by a line. Structures called
networks usually correspond to a graph.

A graph can be represented by G� (V, E) where V(G) is
the set of vertices (nodes) and E(G) is the set of edges (links).
An edge can be denoted by the ordered pair (u, v) where u

and v are the end vertices of the edge. Adjacency matrix and
incidence matrix are the matrix forms for the representation
of graphs. *e adjacency matrix has the rows and columns
labeled by the labels of the vertices. If an entry is different
from zero, the labeled vertices corresponding to that row and
that column have an edge connecting them. *e incidence
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Figure 1: (a) Undirected graph. (b) Directed graph.
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Figure 2: (a) Graph G. (b) Line graph L(G) of G [27].
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Figure 3: (a) Weighted base graph. (b) Weighted line graph.
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matrix has the rows and columns labeled by the vertices and
edges, respectively. If an entry is di�erent from zero, the
labeled vertex corresponding to that row is an end vertex of
the labeled edge corresponding to that column. �e graphs
are called directed graphs if the edges are directed, i.e., a

directed (u, v) edge has an arrow from vertex u to vertex v
given in Figure 1(b), otherwise called undirected graphs
given in Figure 1(a). If the edges of a graph are associated
with some numerical values, the graph is called a weighted
graph. A graph is called a connected graph when there is a

[60] [70] [56] [58]

[59]

[55]

[54][72][69]

[57][71]

51

[61]

[62]

[63]

[64] [66] [49]37 [52]

38 39 40 41 42 43 44

30 31 32 33 34 35 36

18 19 20 21 22 23

7 8 9 10 11 12

24

25 26 27 28 29

13 14 15 16 17

575

1 2 3 4

6

[67] [65] [74]

[75]

[45]

[44][43][28][27]

[23] [29] [33] [42] [46]

[24] [30] [34] [41] [39]

[22] [26] [32] [21] [38]

[2]

[3]

[5]

[1]

[14]

[13]

[11] [10] [9]

[12]

[15]

[16]

[6] [8] [19] [18]

[4] [7] [20] [17]

[48] [51]

[47] [50]

[40][35][31][25] [37] [36]

[77] [79]

[53][78][76][73][68]

45 46 47 48 49 50

5554535251

56

Figure 4: Base graph [7].
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path between every pair of vertices, otherwise called a
disconnected graph. A loop (cycle) is a path that begins and
ends at the same vertex. Graphs without loops are called
trees. A spanning tree of a graph is a subgraph that is a tree

containing all the vertices of the graph. Minimum spanning
tree has the minimum total edge weight among the spanning
trees of a graph. A shortest-path tree for a graph G from a
vertex v (root) is a rooted tree containing all the vertices of G
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Figure 5: Line graph of the base graph.
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such that the unique path in the tree from v to each vertex w
in G is a shortest path in G from v to w [27].

�e line graph L(G) given in Figure 2(b) of a graph G
given in Figure 2(a) has a vertex for each edge of G, and two
vertices in L(G) are adjacent if and only if the corresponding
edges in G have a vertex in common [27].

A sewer network can be modelled by a graph repre-
senting manholes and sewer links by vertices and edges,
respectively. A graph that consists of all possible vertices
(manholes) and edges (sewer links) called a base graph as it is
called a base layout previously. In this form, a base graph
contains loops and undirected edges. �e restrictions given
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for a sanitary sewer system previously are explained below
corresponding to the graph theory terminology:

(1) A sewer system is not allowed to contain loops. In
graph theory, this corresponds that the graph is a
tree.

(2) A sanitary sewer system should contain all manholes
(vertices). In graph theory, this corresponds that the
tree is a spanning tree.

(3) A sanitary sewer system should contain all sewer
links. *e graph should contain all the edges.
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(4) A manhole can have more than one inlet but only
one outlet. In graph theory, this corresponds that the
outdegree of each vertex is one and the indegree can
be greater than one excluding target.

(5) Spanning tree of the sewer network should be di-
rected to a target [2].

3. The Method Proposed

�e proposed method generates a sewer system network
layout from a base layout in such a way that it contains all
possible sewer links and it satis�es all the restrictions of the
sewer systems mentioned previously. Unlike the methods
used for the same purpose, graph theory concepts and
methods are used only with no additional strategies to satisfy
the restrictions of sewer network layout.

A tree based on its de�nition is obtained containing all
the vertices but not containing all the edges in the algo-
rithms, such as theminimum spanning tree and the shortest-
path tree algorithms, as a result of which the spanning tree is
obtained. In the proposed method, the base graph is
transformed into its line graph to include all the edges before
applying the algorithms, while the additional strategies are
used to include all the edges in many studies.�e key point is
to obtain the line graph of the base graph by modelling each
edge in the base graph as a vertex in the line graph to
transform a base graph into a line graph. �us, a tree is
obtained with all the vertices corresponding to the all edges
of the base graph when an algorithm that produces a
spanning tree is applied to this line graph. As a result, when
the line graph is back transformed into the base graph, a tree
is obtained containing all the edges of the base graph. �e
proposed method consists of four steps as follows:
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Figure 8: Base graphs.

8 Advances in Civil Engineering



Step 1. Obtaining base graph.

In the first step, the base graph G that is a connected and
undirected graph containing all the possible edges (sewer
links), all the possible vertices (manholes), and the target
(outlet) is constructed according to the street layout. *e
incidence matrix M is used to represent the base graph
obtained since it is necessary in the next step.

Step 2. Obtaining line graph.

*e adjacency matrix of the line graph of the base graph
AL is obtained by using the incidence matrix of the base
graph G according to the following equation [28]:

AL � MM
T − 2I, (1)

where AL represents the adjacency matrix of the line graph,
M represents the incidence matrix of the base graph, MT

represents the transpose of the matrix M, and I represents
the identity matrix.

Step 3. Obtaining spanning tree.

In this step, a graph algorithm is applied to the line graph
to obtain a spanning tree. *ere are several graph algorithms
to generate a spanning tree for the weighted or unweighted
graphs. Determination of a suitable algorithm depends on
the purpose of the study to be performed.

If the algorithm used for generating spanning trees needs
weighted graphs, the line graph should be a weighted graph.
*is also requires the transfer of weights to the line graph
during the transformation of the base graph into the line graph.
When the base graph is transformed into the line graph, the
weights of the base graph will be assigned to the vertices of the
line graph since the edges of the base graph corresponds to the
vertices of the line graph. *erefore, the weights should be
assigned to the edges. *e corresponding edges to those
vertices have a common end vertex in the base graphwhen two
vertices are connected by an edge in the line graph. Hence, the
weight of an edge in the line graph is the sum of the weights of
the two edges in the base graph given in Figure 3(a) corre-
sponding to the end vertices of this edge and given in
Figure 3(b).

Step 4. Obtaining consequence graph.

Since the spanning tree obtained belongs to the line
graph, it should be back transformed into the base graph.
After the back transformation, the corresponding edges in
the base graphs to the vertices of the spanning trees in the
line graph constitute the spanning trees including all the
edges with their directions to the outlet. If two edges have a
common end vertex in the base graph but the corre-
sponding vertices in the spanning tree of the line graph are
not connected, one of the edges is cut according to their
directions and connections to the other edges. Hence, the
spanning trees including all the edges of the base graphs are
formed. As a result, a feasible layout that satisfies all the
restrictions of a sewer system is obtained.

4. Application and Results

In this section, in order to show the applicability of the
method proposed in the previous section, two different
applications: generating shortest-path spanning tree layout
and generating more than one feasible layout, are given
based on the previous studies in the literature.

4.1. Generating Shortest-Path Spanning Tree Layout.
Tekeli and Belkaya [17] obtained a sewer system layout by
using shortest-path spanning tree and minimum spanning
tree algorithms. In this method, a layout containing all the
edges is not obtained. Li and Matthew [7] suggested a
searching direction iterative method and obtained a shortest-
path spanning tree by using Dijkstra’s algorithm at the first
step. As for the above studies, when aminimum spanning tree
or shortest-path spanning tree algorithm is applied to the base
graph, a graph including all the edges cannot be obtained. On
the contrary, when the steps of the proposed method are
applied, a layout that includes all the edges is obtained using
the same algorithms. Turan et al., [26] made a preliminary
application of the proposed method on an unweighted graph.

*e sewer system layout introduced by Li and Matthew
[7] is used for the case study of this section. *e sewer
network has an outlet with 56 manholes and 79 sewer links
with the 56th manhole representing the outlet. Layout
specifications can be found in Li and Matthew [7]. *e
results of the case study are given in detail as follows:

Step 1. Obtaining base graph.

*e base graph considered is given in Figure 4, and the
corresponding incidence matrix of the base graph is given in
the following equation:

M �

v1

v2

v3

v4

v5

⋮

v53

v54

v55

v56

v57

e1 e2 e3 e4 e5 . . . e75 e76 e77 e78 e79

1 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 1 . . . 0 0 0 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 0 . . . 0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(2)

Step 2. Obtaining line graph.

*e line graph of the base graph is obtained by using
equation (1). *e adjacency matrix and the line graph are
given in the following equation and Figure 5, respectively:
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AL �

v1

v2

v3

v4

v5

⋮

v75

v76

v77

v78

v79

v1 v2 v3 v4 v5 . . . v75 v76 v77 v78 v79

0 1 1 0 0 . . . 0 0 0 0 0

1 0 1 0 0 . . . 0 0 0 0 0

1 1 0 1 1 . . . 0 0 0 0 0

0 0 1 0 1 . . . 0 0 0 0 0

0 0 1 1 0 . . . 0 0 0 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮

0 0 0 0 0 . . . 0 1 1 0 0

0 0 0 0 0 . . . 1 0 1 0 0

0 0 0 0 0 . . . 1 1 0 1 1

0 0 0 0 0 . . . 0 0 1 0 1

0 0 0 0 0 . . . 0 0 1 1 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(3)

Step 3. Obtaining spanning tree.

Dijkstra’s algorithm, which is one of the shortest-path
spanning tree algorithms, is used as in Li and Matthew [7] to
compare the results. *e details of this algorithm can be
found in the study of Dijkstra [29]. A weighted graph is
needed to run this algorithm. *e cost function introduced
in Li andMatthew [7] given in the following equation is used
to calculate the weights:

C � 
n

i�1
LiEi, (4)

where C is the cost, Li is the length of the pipe, and Ei is the
average ground elevation.

*e adjacency matrix of the weighted line graph is given
in the following equation, and the shortest-path spanning
tree of the line graph represented by red colored edges is
given in Figure 6:

AL �

v1

v2

v3

v4

v5

⋮

v75

v76

v77

v78

v79

v1 v2 v3 v4 v5 . . . v75 v76 v77 v78 v79

0 1660, 25 1560 0 0 . . . 0 0 0 0 0

1660, 25 0 1492, 25 0 0 . . . 0 0 0 0 0

1560 1492, 25 0 1357, 5 1359 . . . 0 0 0 0 0

0 0 1357, 5 0 1324, 5 . . . 0 0 0 0 0

0 0 1359 1324, 5 0 . . . 0 0 0 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮

0 0 0 0 0 . . . 0 937, 5 902 0 0

0 0 0 0 0 . . . 937, 5 0 1224, 5 0 0

0 0 0 0 0 . . . 902 1224, 5 0 1154, 5 1214, 5

0 0 0 0 0 . . . 0 0 1154, 5 0 1180

0 0 0 0 0 . . . 0 0 1214, 5 1180 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5)

Step 4. Obtaining consequence graph.

In this step, the consequence graph is obtained by back
transformation of the line graph into the base graph and
given in Figure 7.

*e graph obtained is a feasible layout that satisfies all
the requirements of a sewer system. *e results are com-
pared with those of Li and Matthew [7]. *e consequence
layout and the layout of the shortest-path spanning tree in
the study of Li and Matthew [7] are exactly the same. *ese
results show that the process steps and the assumptions
made are consistent.

4.2. Generating Multiple Layouts. It is envisaged that it is
sufficient for the sewer layout produced in some studies to
satisfy only the restrictions mentioned previously. Navin
et al. [16] produced all spanning trees by applying Kruskal’s
algorithm after removing one edge from the base graph at

each step. *en, they chose the optimum layout by sorting
them in the ascending order after the calculation of the sum
of the cumulative discharges for all the generated layouts.
Diogo et al. [5] generated feasible layouts by using the forest
algorithm used in the simulating and genetic algorithm
methods. Diogo and Graveto [6] obtained all feasible layouts
by the enumeration model, and then they obtained the
optimum sewer system by hydraulic design optimization of
all layouts. Walters and Smith [25] generated a random
feasible layout with the tree growing algorithm to genetic
algorithm. Similarly, in this study the layouts containing all
the edges have not been obtained. As in these studies, more
than one feasible layout is necessary to be produced. For this
purpose, in some studies removing an edge or adding an
edge in the base graphs are used to produce different layouts
[5, 16]. However, removing an edge is not possible in this
study since the purpose of the proposed method is to obtain
a feasible layout that includes all the edges. *erefore, as in
the previous case study, different layouts are obtained by
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reassigning the weights on the edges of the base graph at
random when a generating spanning tree algorithm that
runs on the weighted graphs is used. For example, a feasible
layout is required for each individual when the population-
based metaheuristic optimization methods are used. A
feasible layout can be generated for each individual by the
proposed method with an additional step. �e steps of this
version of the proposed method are given below:

(1) Obtain a base graph
(2) Assign a large value as a weight to any of the edges of

the base graph randomly
(3) Obtain a line graph
(4) Obtain a spanning tree
(5) Obtain a consequence graph

Except for the second step, the steps above are the same
with the steps of the method proposed. �e desired number

of feasible layouts can be generated by running this version
of the method repeatedly.

�e hypothetic sewer system that was introduced by
Moeini and Afshar [19] is used for the case study of this
section. �e sewer network has an outlet, 25 manholes, and
40 sewer links with the �rst manhole representing outlet.
Layout speci�cations can be found in the study of Moeini
and Afshar [19].

�e generation of four di�erent feasible layouts is
aimed for this application. For this purpose, the steps given
above have been repeated four times. For the �rst step, the
base graph is taken from the study of Moeini and Afshar
[19] as it is. In the second step, an edge is selected randomly
from the base graph and a large value is assigned to this
edge as weight. For the �rst repetition, the randomly se-
lected edge labeled as 34 in the base graph is marked red as
shown in Figure 8(a). For the remaining repetitions, the
randomly selected edges labeled 36, 7, and 26 in the base

40 39 38 37

3233343536

31 30 29 28

2324252627

22 21 20 19

1415161718

13 12 11 10

56789

4 3 2 1

(a)

40 39 38 37

32333435

31 30 29 28

2324252627

22 21 20 19

1415161718

13 12 11 10

56789

4 3 2 1

36

(b)

40 39 38 37

3233343536

31 30 29 28

2324252627

22 21 20 19

1415161718

13 12 11 10

56789

4 3 2 1

(c)

40 39 38 37

3233343536

30 29 28

2324252627

22 21 20 19

1415161718

13 12 11 10

56789

4 3 2 1

31

(d)

Figure 9: Line graphs.
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graph are marked red as shown in Figures 8(b)–8(d),
respectively.

�e line graphs obtained in the third step are given for
every repetition in Figure 9. Since the base graphs have
weighted edges, the corresponding vertices in the line graphs
have the corresponding weights. �e red edges labeled as 34,
36, 7, and 26 having large values as weights in the base
graphs in Figure 8 correspond to the vertices with the same
labels in Figure 9, respectively. �e edge weights in the line
graphs are equal to the sum of the weights of the end vertices
of the edges. �e weights of these vertices a�ect all the
incident edges. �e red colored edges with large weight
values are given for every repetition in Figure 9.

In the fourth step, a spanning tree for each line graph is
obtained by using Dijkstra’s algorithm as in the previous
case study. Some of the edges colored red are chosen by
using the algorithm to constitute the shortest paths between
all the vertices and the target given in Figure 10. �e red

colored edges are directed to the target constituting the
spanning trees given in Figure 11.

In the �nal step, the four di�erent consequence layouts
are obtained by back transformation of the above line graphs
into the base graphs.�e consequence layout obtained at the
end of the �rst repetition is given in Figure 12(a).
Figures 12(b)–12(d) represent the consequence layouts for
the remaining repetitions, respectively.

When the results are examined, it is possible to obtain
more than one layout that satis�es sewer network re-
strictions corresponding to the same base graph by this
version of the proposed method.

In this case study, it is explained how to generate
feasible layouts as the number of individuals in a
population-based optimization method. All feasible layouts
can be generated by assigning large values of weights to the
edges of the base graph in a certain order when all feasible
layouts are desired.

40 39 38 37

3233343536
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31 30 29 28

22 21 20 19

13 12 11 10

4 3 2 1

1415161718

56789

(a)
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31 30 29 28

22 21 20 19

13 12 11 10

4 3 2 1

1415161718
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(b)
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4 3 2 1
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(c)
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4 3 2 1
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(d)

Figure 10: Shortest paths of the line graphs.
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5. Conclusion

As one of the most important elements of an urban in-
frastructure, sewer system optimization has been discussed
in this study. �e optimization problem is divided into two
subproblems: layout optimization and hydraulic design
optimization. While most of the studies in the literature
search for a solution to the hydraulic design optimization
problem, the layout optimization seems to take less attention
as an optimization problem. However, it is very important to
generate a feasible layout prior to performing hydraulic
design. Two di�erent types of sewer system layouts can be
generated for di�erent purposes. One of them is to obtain a
layout that contains all possible manholes, and the other is to
obtain a layout with all possible manholes together with all
sewer links. Di�erent methods have been developed by
di�erent researchers to obtain a layout that contains all

sewer links. �ese methods often involve more than one
strategy/method.

In this study, unlike the previously proposed methods, a
method which does not require an additional strategy based
on graph theory concepts and methods has been proposed.
�erefore, the proposed method is more understandable,
easy to apply, and e¡cient because it contains the known
concepts of graph theory. �e simplest form of the method
proposed consists of four steps. In the �rst step, a base graph
is obtained according to the street layout. �e second step,
which is themost important step of the study, is to obtain the
line graph from the base graph. In the third step, a spanning
tree algorithm is applied to the line graph. In the last step, a
consequence layout satisfying all the restrictions and con-
taining all sewer links is obtained by back transformation.
�e method proposed in this study can be used in the
process of obtaining a feasible layout in the methods
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4 3 2 1
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Figure 11: Spanning trees of the line graphs.
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proposed in the previous studies. �is is shown in two case
studies undertaken. In the �rst case study, the feasible layout
is obtained by using Dijkstra's shortest-path algorithm in the
third step of the proposed method. �e results have been
found to be consistent with the shortest-path solution
available for the same sewer network in literature. In the
second case study, the method was developed for the studies
that require more than one layout.

Based on the results of the case studies undertaken, the
graph theory-based method proposed in this study has
proved to be successful to �nd the global optimum in the
sewer system optimization process. Moreover, the method
proposed obtains a feasible sewer system layout that contains
all sewer links and satis�es all restrictions. �e hydraulic
design that will be performed based on the optimal layout
developed using the graph theory-based methodology will
no doubt bemore e�ective and economical.�is study is also

expected to stimulate the use of graph theory on similar
studies.
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Figure 12: �e four di�erent consequence graphs.
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