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To investigate the tensile properties of brittle rock with microdamage, an indirect tensile test was conducted. High-speed image
acquisition and acoustic emission (AE) were applied to record the process. After the tests, the images were analysed using the
digital image correlation (DIC) method to obtain the stress and strain development of the rock under tension. (e damage
constitutive model was also developed in this study. Based on known and assumed statistical distributions for microcracks and the
theory of fracture and statistical damage, the mechanical properties and failure mechanisms of brittle rock under tension were
analysed. (e basic statistical parameters of the main cracks in the elements were described, and the damage variable was defined
to develop the effective modulus. A constitutive model for microdamage brittle rock-like materials was established based on the
effective modulus. Additionally, to describe the crack propagation, a random-direction crack under tension was analysed to
calculate the crack-tip stress intensity factor. After applying the basic parameters of the sandstone to the analytical model, the
results showed that the analytical model agreed with the experimental results.

1. Introduction

As a natural solid material, generally composed of various
mineral grains, cement, and pores, rock contains natural
defects such as cracks and joints that are discontinuous,
nonuniform, nonlinear, and anisotropic. Rock deformation
and destruction occurs via defect initiation, expansion, in-
teraction, and penetration [1–3]. Variousmethods have been
applied to research rock properties, such as digital methods
[4, 5], model developing [6–9], and experiments [10–17].
Current research on rock damage mechanics focuses on how
to use a simple model to describe complex rock mechanics
properties and then captures the influence of various dif-
ferent-scale crack interactions on the macroscopic me-
chanical behaviour of rocks [18–21].

(e introduction of the damage mechanics theory to
constitutive modelling of rock is a significant research di-
rection. (ere are two research methods for the damage
mechanics of rock: macroscopic analysis and mesoscopic
analysis. Macroscopic analysis is based on continuum me-
chanics and aims to study the macroscopic behaviours of

rock. (e mesoscopic method is used to study the macro-
scopic mechanical behaviour caused by the generation and
development of microcracks in rock. For materials with
natural defects, such as rock, damage and its generation and
development are microscopic phenomena, but the influence
will result in macroscopic mechanical behaviours [22–25].
Mesoanalysis studies single defects on the mesoscale, and a
statistical method is applied to describe the mesodefects and
induce the larger damage field and damage evolution law of
materials [26]. (e range of crack length is 0.01 to 1.0mm.
(ese microcracks are numerous, and the distribution is
uneven. (ey can be described with statistical distributions
[27]. In addition to the geometry and distribution of
microcracks, the distribution of the element strength was
also described by statistics, which uses statistical strength
theory. Various element strength distributions have been
considered, such as the random distribution [28], Weibull
distribution [29, 30], power distribution, normal distribu-
tion [31], and lognormal distribution [32]. For element
strength criterion, Drucker–Prager (D–P) criterion [33, 34],
Mohr–Coulomb (M–C) criterion [27, 35], Hoek–Brown
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criterion [36, 37], and Lade–Duncan failure criterion [38]
have been applied to predict mechanical characteristics of
the rock element. When the load on the rock increases,
microcracks grow and coalesce into visible macrocracks.

A great sum of damage models in different conditions
have been proposed on the basis of damage mechanics and
statistical principle. Yang et al. [39] explored a damage
constitutive model of uniaxial load on Marble and discussed
the physical and mechanical interpretation, which offered
some important reference and insights into the damage
model development. Krajcinovic and Fonseka [40] clearly
defined the physical interpretation of the damage and
proposed a rigorousmathematical description of the damage
growth. (e analytical model was applied to uniaxial ten-
sion, compression, and plane problems. (is research made
an important contribution, and a damage constitutive model
was developed based on Weibull distribution, and the effect
of model parameters on deformation characteristic after
stress-temperature cycling was also discussed [41]. Fang
et al. [42] established a model to predict deformation
characteristics under freeze-thaw and loading cycles, which
shows great achievement at predicting the deformation
characteristics and peak strength of rock engineering ma-
terials. In statistical constitutive modelling [43], the maxi-
mum entropy distribution, instead of the conventional
distribution law, was applied to describe the element
strength, which is more suitable and flexible than Weibull
distribution-based models. A previous study also reported a
method to estimate the sizes of damage zones based on the
thermal distribution, which provides an important direction
for future model analytical work [44].

(is paper has been divided into three parts. (e first
part establishes the experimental system containing both a
loading section and a variety of testing equipment for the
high-speed image acquisition section and acoustic emission
signal acquisition section. (e DIC method was applied to
analyse these images and obtain stress and strain fields. (e
cooperation of these sections can provide sufficient proof to
show the deformation and fracture of brittle rock. (en, a
constitutive model was proposed. Based on the simplified
characteristics of microcracks in sandstone, we present a
microcrack damage model, proposing a constitutive model
for brittle rock-like materials under tension that uses the
Griffith strength criterion. After applying the basic pa-
rameters of the sandstone into the model, the verification of
theoretical damage constitutive model by comparing the
results of Brazilian disk tensile test should be added to fully
introduce the work in this paper, and the results are dis-
cussed in the end.

2. Indirect Tensile Test

2.1. Sample Preparation and Mineralogy. Sandstone blocks
were collected from an open pit mine in Inner Mongolia,
China, at an altitude of 1600MASL. Brazilian tensile samples
without any through-cracks or weak planes were shaped into
Φ50× 25mm disks [45] (Figure 1, top and back views). A
grinding machine was used to further grind the surfaces to
keep the parallelism error below 0.02mm. On the surface of

each sample, evenly distributed spots were drawn on one flat
surface (Figure 1, front view). Four samples (B-2, B-3, B-4
and B-5) were tested.

Uniaxial and triaxial experiments were conducted with a
servo-controlled triaxial loading system to acquire the basic
mechanical parameters, and Table 1 lists the mechanical
properties of the rock sample. Table 2 lists the micromineral
content measured by X-ray diffraction analysis.

2.2. Apparatus andProcedure. Testing was conducted using
a servo-controlled loading apparatus comprising an axial
loading device, electrohydraulic servo loading system,
measurement control system, and computer control and
data collection system (Figure 2). In the loading process,
the load as well as deformation was simultaneously
recorded by loading control and data collection system.
(e top surface of the upper plate is spherical with the
same curvature as the nut (Figure 2). (us, at the be-
ginning of the test, a few seconds were required to centre
and balance the upper plates and nut to avoid test devi-
ation due to eccentric loading.

A high-speed (1000 frames/sec) camera (Figure 2) was
placed in front of the sample’s speckled surface, and it
collected images showing the development of the defor-
mation and fracture of the specimens with speckled surfaces,
which could subsequently be analysed by means of DIC to
show the deformation and strain field. To obtain clear spot
images, daylight lamps were used on both sides of the
specimens to obtain higher contrast images. Since the
loading device and the high-speed camera were operated
synchronously, the strain field of the sample and the stress-
strain curve at every location could be output at the end of
the test. Acoustic emission signal acquisition equipment has
also been applied to detect the generation and development
of cracks.

From the analysis results, it can be seen that the de-
formation of the disc was axially symmetrical.(erefore, one
location on the x-axis (point A) was selected for analysis. On
point A, the stress parallel to the x-axis (σx) and the strain
parallel to the x-axis (εx) were calculated.

3. Construction of the Damage Model

3.1. Microcrack Distribution Assumptions. To construct a
damage model, the distribution parameters and fracture
mechanical properties of a single microcrack must be de-
fined. As noted above, the numerous microcracks in rocks
follow statistical distribution, such as the uniform
(Figure 3(a)) and Weibull distributions (Figure 3(b)).

To estimate the mechanical properties, all microcracks
are composited using integral principle, assuming no ex-
ternal disturbance in the two-dimensional plane. (e initial
microcracks are the main cracks and wing cracks (Figure 4).

(e statistical parameters of main cracks are density,
length, and angle in the horizontal direction.

(e main crack distribution function is [27]

∅(l, β) � ρ0g(l)f(β), (1)
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where ρ0 refers to the density of microcracks (m-2), which is
a fixed parameter; l is the half-length (m), which is assumed
to be micron-sized and follows theWeibull distribution; f (β)
is the density distribution of the crack angle β, shown in
equation (2); and g(l) is the density distribution function of
the main crack length (equation (3)).

f(β) � δ β − β0( , (2)

where δ is the distribution factor and β0 is the angle from a
known range of values for β.

g(l) �
m

l

l

l0
 

m−1

exp −
l

l0
 

m

 . (3)

(e scale parameter l0 is set according to the original
half-length of the microcrack. When the shape parameter m
is 2, it is also called the Rayleigh distribution:

g(l) �
2
l0
exp −

l

l0
 

2
⎡⎣ ⎤⎦. (4)

3.2.DamageConstitutiveEquation. (e damage variable (D)
is defined as

D �
Nd

N
, (5)

where Nd is the number of microelements containing cracks
originally andN refers to the total amount of microelements.

(e microelement stress level σ follows the probability
distributions, and the strength density of the

microelement is described by the probability function p.
(e number of failures in the arbitrary interval of the
stress level, [σ, σ + dσ], is

dNd � Np(σ)dσ. (6)

When the stress increases to a certain level σ0, the
destroyed microelement number is

Nd �  NP(x)dx � NP σ0( , (7)

where P is the function of the microelement strength dis-
tribution. Equating (5) and (7) gives the general equation for
the statistical damage evolution:

D � P σ0( . (8)

For any kind of probability distribution, the distribution
values vary from 0 to 1, consistent with the change law of D.
Different strength criteria can be applied to rule the stress
level σ.

For a general element with a microcrack and an applied
tensile load, the Griffith criterion in a planar state is

σ1 + 3σ3 < 0, σ3 � −σt,

σ1 + 3σ3 < 0,
σ1 − σ3( 

2

σ1 + σ3
� 8σt,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(9)

where, σ1,3 are the stresses on the element in the two main
orthogonal directions. σt is the tension strength.

Introducing the strain equivalence principle [46], the
main strain εi of the element can be obtained on the
foundation of Hooke’s law:

εi �
1
E

(1 + v)σ∗i − v  σ∗i , (i � 1, 3), (10)

where E is the elastic modulus, υ is Poisson’s ratio, and σ∗i is
effective stress defined as follows:

σ∗i �
σi

1 − D
. (11)

(erefore, the statistical damage variable D can be
written as

D � P σ0(  � 1 −
1

Eεi

(1 + v)σi − v  σi  , (i � 1, 3).

(12)

(e effective elastic modulus can be defined as

Table 2: Microcomponents of the samples by X-ray diffraction
analysis.

Quartz
Mineral components and contents (%) Clay

mineral
content (%)

K-
feldspar Plagioclase Calcspar Dolomite

24.0 6.3 43.1 5.7 2.2 18.7

Front view

h = 25mm

Top view

d = 50mm

Back view

Figure 1: Specimens with nonvisible cracks and weak planes for Brazilian disks.

Table 1: Mechanical parameters of the rock samples.

Rock samples ρ (g/cm3) E (GPa) fc (MPa) ] φ (°)
2.90 13.44 123.9 0.25 60.80

ρ refers to the density, E refers to the modulus of elasticity, fc refers to the
uniaxial compressive strength, ] refers to the Poisson ratio, and φ refers to
the internal friction angle.
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E
∗

� 1 − P σ0(  E. (13)

Based on Bernard’s calculation method for the effective
elastic parameters of a cracked solid [22], the elastic modulus
is modified as follows:

E
∗

E
� 1 −

16 1 − v
∗2

 

45
3 + T f, ]∗(  ξ, (14)

where ]∗ is effective Poisson’s ratio. We assume that
Poisson’s ratio with microcracks does not change during
deformation and failure, that is, ]∗ � ]. T is a parameter
related to the crack size and effective Poisson’s ratio, and ξ is
a parameter related to the number of cracks.

According to Budiansky and O’Connell [22], for long,
narrow elliptic cracks,

T �
2 − ]∗

1 − ]∗
,

ξ �
π
2

 n,

(15)

where n is the number of microcracks per unit volume. (e
parameters T, ξ, and D are substituted into equations (18a
and 18b):

E
∗

� 1 −
8π
45

1 + v
∗

(  5 − 2v
∗

( n E. (16)

Combining equation (16) with equations (9) and
(10), the damage statistical constitutive equation can
be obtained.
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Figure 2: Schematic of (a) the Brazilian disk test experimental apparatus and the setup and (b) principle of DIC.
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3.3. Propagation of Cracks. It is assumed that the upper and
lower sides of the rock sample are subjected to a uniform
tension q. A penetration crack in the centre of the sample has
a length of 2l, and the angle between the crack and the
horizontal is β. During the calculation, the Cartesian system
xoy uses the crack centre as the origin of the coordinate, and
the polar coordinate system considers the crack tip as the
origin. r and θ are the variables in the polar coordinate
system.(e initial tension problem with cracks (Figure 5(a))
is converted into the sum of two parts: a 2-D plane element
with a mode-I (open) crack in the centre that is stretched
uniaxially in the y-direction (Figure 5(b)) and x-direction
(Figure 5(c)); and an element containing a mode-II (slit)
crack subjected to uniform shear (Figure 5(d)).

(e equivalent boundary stresses are as follows:

σx � q cos2 β,

σy � q sin2 β,

τxy � q sin β cos β.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(17)

It has been verified [47] that for the mode-I crack issue,
only the uniaxial tension in the y-direction (Figure 5(b))
needs to be considered, and the results of the uniform stress

field on the effect of the force in the x-direction (Figure 5(c))
can be superimposed.

Based on the Westergaard function, ZI(z) (i� I, II), the
general forms of the formula for the stress field at the tips of
mode-I and mode-II cracks [47] are given as function
equations (18a) and (18b), respectively.

σxx � ReZI(z) − yImZI′(z),

σyy � ReZI(z) + yImZI′(z),

τxy � −yReZI′(z),

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(18a)

σxx � yReZII′ (z) + 2ImZII(z),

σyy � −yReZII′ (z),

τxy � ReZII(z) − yImZII′(z).

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(18b)

(e Westergaard function for the crack tip under uni-
axial tension is

ZI(z) �
σz

������
z
2

− l
2

 −
σ
2

. (19)

Substituting equation (18a) into the calculation, the
stress field of mode-I crack-tip under uniaxial tension can be
obtained:

σxx �
q sin2 β

2

��

l

2r



cos
θ
2

(1 + cos θ + r sin θ) − 1⎡⎢⎢⎣ ⎤⎥⎥⎦,

σxx �
q sin2 β

2

��

l

2r



cos
θ
2

(3 − cos θ − r sin θ) − 1⎡⎢⎢⎣ ⎤⎥⎥⎦,

σxx �
q sin2 β

2

��

l

2r



sin θ cos
θ
2

+ r sin
θ
2

 .

(20)

Main crack

Wing crack

2l

β

Figure 4: Statistical parameters of the main and wing microcracks
in rocks. l: the half-length; β: angle between the direction of crack
and horizontal direction.
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Figure 3: Two-dimensional diagrams of the (a) uniform and (b) Weibull distributions of microcracks inside a rock.
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For mode-II cracks under a uniform shear force, the
Westergaard function is:

ZII(z) �
τz

������
z
2

− l
2

 . (21)

By substituting equation (18b), the stress field of mode-II
crack-tip under uniform shear force can be obtained:

σxx � −q sin β cos β

��

2l

r



sin
θ
2

−
1
4
sin θ cos

3θ
2

 ,

σyy � q sin β cos β

��

l

2r



sin θ
2

cos
3θ
2

,

σxx � q sin β cos β

��

l

2r



cos
θ
2

−
sin θ
2

sin
3θ
2

 .

(22)

(us, the modes I and II stress intensity factors under
static loading are:

KI � lim
r⟶0

σyy(θ�0)  ·
���
2πr

√
� q

��
πl

√
,

KII � lim
r⟶0

σxy(θ�0)  ·
���
2πr

√
� τ

��
πl

√
.

(23)

When the load increases, the stress intensity factor meets
the propagation criterion KI≥KI C (i� I, II), and the crack
begins to expand.

4. Results and Discussion

According to the analytical solution for the problem of elastic
mechanics on the plane stress, the stress state at pointT (x, y) in
the disk specimen (Figure 6) is as follows:
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Figure 5: Calculation model of the crack propagation criterion: (a) initial tension problem with cracks; (b) a 2-D plane element with a
mode-I (open) crack in the centre with uniaxial tension in the y-direction; (c) a 2-D plane element with mode-I crack in the centre with
uniaxial tension in the x-direction; and (d) a 2-D plane element containing a mode-II (slit) crack subjected to uniform shear.
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σx �
2P

πh

sin2 α1 cos α1
R1

+
sin2 α2 cos α2

R2
  −

2P

πdh
,

σy �
2P

πh

cos3 α1
R1

+
cos3 α2

R2
  −

2P

πdh
,

τxy �
2P

πh

sin α1cos
2 α1

R1
−
sin α2cos

2 α2
R2

 .

(24)

(e stress of point A, located on the centre line of the
specimen perpendicular to the loading direction, is

σx �
2P

πdh

16d
2
x
2

4x
2

+ d
2

 
2 − 1⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦. (25)

By combining the stress with the full-field strain from the
DIC analysis, stress-strain curves for the Brazilian tensile test
were obtained (Figure 7). (e Brazilian tensile test results at
point A (Figure 6) on samples B-2 to B-5 showed that the
maximum tensile stress (σxmax) was approximately 13MPa
and the maximum strain (εxmax) was nearly 5×10−4.
Meanwhile, by applying the mechanical and assumed pa-
rameters in Table 1 to the statistical damage constitutive
equation shown in Section 2.2, the expected model results
for these sandstone samples were exported (shown in
Figure 7). (e stress-strain curve for the analytical model
agreed well with the experimental data (Figure 7). (erefore,
the model can describe the basic tensile properties of
sandstone under tensile loading, namely, the tensile strength
(maximum value in the stress-strain curves) and the
modulus (slope in stress-strain curves).
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Before the main fracture occurred, there was no visible
crack on the surface, and the specimens did not show ob-
vious deformation. (e results from the acoustic emission
events were applied to detect the development of damage in
the rock. As shown in Figure 8, before the main fracture,
there were AE events with different degrees of amplitude,
which indicated that cracks were generated and developed.
Although there were several peaks of acoustic emissions
during the loading process, the energy released was

negligibly small. For most specimens, the frequency of the
acoustic emission increases near the main rupture. (e
energy rate and value of the amplitude reached the peak at
the moment of the main fracture.

(e DIC method was applied to analyse images captured
by a high-speed image acquisition system, and full-field
displacements and the strain of the samples were extracted
from those recording images containing measurement data.
Taking specimen B-3 as an example, the evolution of the
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Figure 8: Acoustic emission characteristics and strain field of AI before the samples were broken and analysed by DIC. (a) B-2. (b) B-3. (c)
B-4. (d) B-5.
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Figure 9: (e evolution of the tensile strain εxx fracture mode (taking sample B-3 as an example) at different loading stages (4.5MPa,
10MPa, and 15MPa).
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tensile strain field and typical fracture mode is shown in
Figure 9.

In the loading stage, the macroscopic crack on the
surface of the specimen will be accompanied by the fracture
failure of the specimens. Due to the performance of the
camera, it is difficult to capture the propagation process of
the large crack and the damage surface. For most specimens,
the horizontal strain εxx, which is also considered a tensile
strain, is symmetric along the axis of the loading centre line.
(e maximum deformation region and the fracture surface
are also on the loading centre line.

5. Conclusions

To investigate the deformation internal damage of brittle
rock, this study applied Brazilian tensile laboratory tests
carried out by a servo-controlled loading apparatus on
sandstone. (e acoustic emission signal acquisition system
and the high-speed image acquisition system are applied in
the process of the Brazilian tensile test. (e results from this
work highlight the relationships among the damage devel-
opment, acoustic emission, and DIC analysis results.

(e general statistical damage constitutive model for
brittle rock under tension is deduced. (e microcrack dis-
tribution obeyed the statistical law: the crack distribution
function was represented by the distribution function of the
inclination angle and the half-length. According to Griffith
strength criterion, the microstress level defines the statistical
damage variable and then derives the effective elastic con-
stant and the constitutive equation in the tensile state.

(e Brazilian tensile test results were in good agreement
with the theoretical stress-strain curve. (e established
microcrack damage constitutive model can predict the
mechanical properties of brittle rock-like materials under
tension with reasonable parameters and assumptions.
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