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-e determination of liquid limit is of great significance in the engineering classification of soil and the selection of the control
standard of highway subgrade packing and compactness. Based on the research achievements of many scholars on the relationship
between the shear strength and the depth of cone penetration in fall cone tests in the liquid limit tests, the process of penetration was
analyzed according to the Law of Conservation of Energy, and the expression of K was derived. -en, the expression was verified by
the experimental data of different scholars and the existing data of various countries and institutions. And, the results were also
compared with those obtained by the previous scholars using limit equilibrium theory.-e results indicate that the new expression is
in good agreement with the experimental results. K can be predicted well. And so, the shear strength can be calculated based on the
depth of cone penetration, and then, the experimental value of the shear strength can be compared with the calculated value through
laboratory tests. -e influence of cone weight and cone angle on the shear strength calculation was analyzed. In addition, the liquid
limit index of different standards was discussed based on the expression ofK, and suggestions on how to achieve relative combination
of different codes and standards were raised, which was very helpful for international communication.

1. Introduction

Liquid limit is an extremely important physical index of
cohesive soil. It is one of the main parameters for soil en-
gineering characteristics evaluation and engineering clas-
sification of cohesive soil [1–3]. As soil mechanics have
advanced, more accurate methods of testing soils (both in
the laboratory and in the field) have been developed and less
reliance has been placed on the results of index tests.
Nevertheless, they still played a major role in the assessment
of any soil [4]. In addition, the determination of the liquid-
plastic limit is of great significance for the selection of
subgrade fillers and the compaction control in highway
construction [5–7].

In terms of definition, the liquid limit is the demarcation
of the soil strength from “nothing” to “something.” In other
words, the liquid limit is the water content of remoulded soil

at minimum measurable shear strength [8]. -e water
content of the loess determined the shear strength and the
type of failure of the loess, and the mechanical strength and
stress-strain characteristics of the loess were very different
with different water content [9]. Some scholars studied the
compaction and strength characteristics of high liquid limit
subgrade fill, and the results showed that the cohesive force c
decreases with increasing water content when the water
content is greater than the optimal water content under the
same compaction degree. -erefore, the liquid limit test of
soil could also be regarded as an indirect shear test [10].

-e main methods for determining the liquid limit are
the fall cone test and percussion test. Among them, the fall
cone test is very convenient and easy due to its small human
error and good reproducibility, and the fall cone test is
essentially a test of the shear strength of soil samples, which
is also more widely used [11–13]. Many studies have been
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conducted on the fall cone test, and lots of experimental
studies had been conducted on the relationship among water
content w, shear strength τ, and cone penetration depth h in
the test of liquid limit [14–24]. Hansbo proposed the un-
drained shear strength τ was proportional to the product of
cone weight P and the reciprocal of the square of cone
penetration depth h that is as follows [14]:

τ � K ·
Q

h
2, (1)

where Q is the cone weight, h is the cone depth, and K is a
proportional parameter.

Hansbo also studied the selection of K, and he stated that
the parameter depended not only on the cone angle but was
also influenced by the rate of shear and the sensitivity of the
clay [14]. A large number of experiments were conducted by
a number of scholars to verify equation (1), and the influ-
encing factors of K of remolded soil were discussed too
[4, 15, 18]. It was found that in addition to the cone angle α,
the specific type of soil was also an influencing factor, which
could be represented as the friction coefficient μ between the
cone and the soil. Wood made up some experiments based
on the experiments of Karlsson, and the test results also
verified the above viewpoints [15, 25]. However, no studies
have been conducted on how the cone angle α and the
friction coefficient μ affect the K.

According to the static equilibrium analysis of the final
state of the fall cone, the shear strength of the soil corre-
sponding to the cone penetration depth of 20.6mm was
2.6 kPa [26]. -is result is consistent with the undrained
strength of soil in the liquid limit state obtained by Casa-
grande [27], and the cone penetration depth of 20.6mm is
very close to 20mm specified in the current Chinese stan-
dard. However, the cone drop is a dynamic process, and the
final equilibrium state may be not in the limit equilibrium
state, so it is not appropriate to use static equilibrium to
determine the shear strength in the final state. -e Law of
Conservation of Energy was used to analyze the whole
process of cone drop for the first time in this paper, the
specific expression of K was derived, and then its accuracy
and rationality were discussed.

2. The Derivation of the Expression for K

-e force analysis of the cone shows that, in the initial state,
the cone is in a static state. At the moment of release, the
cone is in a free-falling state, the value of maximum ac-
celeration is one g and its direction is downward, the ve-
locity increases from zero, and the cone is undergoing the
uniformly acceleratedmotion. As the cone tip just penetrates
into the soil, the cone begins to suffer the resistance of the
soil to the cone [28]. With the increase of the cone pene-
tration depth h, the cone is in accelerated motion with a
decreasing acceleration. -en, when the cone head pene-
trates to a certain critical depth H, the resistance of soil is
equal to the weight of the cone and the cone is in the limited
equilibrium state at this moment. -en, the cone continues
to penetrate downwards under the action of inertia. In this
process, the cone makes a decelerated motion with an

increasing acceleration. When the final velocity reduces to
zero, the cone changes from the moving state to the static
state. Also, the resistance of cone changes from dynamic
friction resistance to static friction resistance, which is ex-
actly equal to its own weight to achieve a new balance
[14, 15, 18, 25]. -e specific equation of acceleration and
speed in this process are as follows:

v �

�������������

2gh 1 −
h

Z
 

2
⎡⎣ ⎤⎦




, (2)

a � g 1 − 3
Z

h
 

2
 . (3)

-e critical depth H is as follows:

H �
Z
�
3

√ , (4)

where v is the velocity of cone, g is the gravitational ac-
celeration, a is the acceleration of cone, h is the depth of cone
penetration, Z is the final depth of cone penetration, andH is
the critical depth of cone penetration (the resistance of soil is
equal to the weight of cone).

According to equations (2)–(4), the acceleration a and
velocity v with the depth h of cone penetration can be drawn,
as shown in Figure 1.

In the process of cone drop, the cone was analyzed
according to the Law of Conservation of Energy, and it can be
seen that the gravitational potential energy of the cone is
converted into the work done by the soil. -erefore, the re-
lationship between the shear strength τ and the depth h of cone
penetration can be derived from this relationship. -e me-
chanical analysis diagram of the cone is shown in Figure 2 [14].

According to the Law of Conservation of Energy, the
gravitational potential energy released by the cone into the
soil should be equal to the sum of the work done by the cone
shear stress and the work done by the cone normal stress on
the soil, which is as follows:

PZ � 
Z

0
τA · dl + 

Z

0
σA · ds, (5)

where Z is the final depth of cone penetration and A is the
contact area between the cone and the soil, and their cal-
culation is as follows:

A �
1
2

· L · R � πrl �
πh

2 tan(α/2)

cos(α/2)
, (6)

dl �
dh

cos(α/2)
, (7)

ds � sin
α
2

· dh. (8)

Assuming that the shear strength of the soil is constant
during the cone penetration process, as the resultant force of
the soil on the cone is always in the vertical direction, the
analysis of the force on the cone shows the following:
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σ � τ · tan
α
2

. (9)

By substituting equations (6)–(9) into equation (5), it is
obtained that

PZ � 
Z

0
τ ·

πh
2 tan(α/2)

cos(α/2)
·

dh

cos(α/2)

+ 
Z

0
τ · tan

α
2

·
πh

2 tan(α/2)

cos(α/2)
· sin

α
2

· dh.

(10)

From the integral of equation (10), it is obtained that

τ �
cos2(α/2)

π tan(α/2) 1 + sin2(α/2) 
·

P

(Z/
�
3

√
)
2. (11)

If the cone was allowed to fall freely into the soil, it would
be expected to penetrate further, and a simple dynamic

analysis shows that a cone which would be in equilibrium at
a penetration H when slowly lowered would penetrate Z if
allowed to fall under its own weight P (starting at rest with
the cone tip touching the soil surface) [14, 18, 29]. -e
geometric relationship between Z and H is as follows:

Z � H ·
�
3

√
. (12)

So,

K �
cos2(α/2)

π tan(α/2) 1 + sin2(α/2) 
. (13)

-e expression of K is obtained, as shown in equation
(13). By applying H to equation (11), the shear strength
under liquid limit can be obtained, but all the results cal-
culated are far higher than the experimental values. It is
therefore questionable whether dynamic analysis is effective
or whether static analysis should be used. Quasi-static
conditions may apply if the viscous effect is sufficient to slow
the falling cone velocity [18].-erefore, for the calculation of
shear strength τ, take the depth h�Z and put K together into
equation (1) to obtain the following equation:

τ �
cos2(α/2)

π tan(α/2) 1 + sin2(α/2) 
·

P

h
2. (14)

Assuming the final state is the limit equilibrium state and
the expression of the relationship between shear strength τ
and depth h of fall cone is derived based on the static
equilibrium relationship as follows [26]:

τ �
cos2(α/2)

π tan(α/2)
·

P

h
2.

(15)

-us,

K �
cos2(α/2)

π tan(α/2)
. (16)

-e result is different from that derived in this paper.

3. Comparison of Calculated and Experimental
Values of K

For the specific value of K, Hansbo conducted the fall cone
test for 60° cone and obtained K60 � 0.30 [14].-en, Karlsson
did the cone test and shear test for cone angle ɑ� 30° and
ɑ� 60° with the six soils, respectively, and the corresponding
values of K were calculated by the known cone weight P, the
shear strength τ, and the depth h of cone penetration ob-
tained from the tests [15]. -e average values of K were
obtained at the last. Wood made some additional experi-
ments that three soils were tested for four cone angles (30°,
45°, 60°, and 75°) based on the experiments of Karlsson, and
the corresponding values of K were calculated accordingly
[25]. All these experimental results are shown in Table 1.

In order to verify the validity of equation (13), four cone
angles α (30°, 45°, 60°, and 75°) were substituted into
equations (13) and (16), respectively. -e values of K cal-
culated are shown in Table 1, too.

Here the
acceleration

breaks to zero

h

hZ0

0

–2g
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Z/√3
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Figure 1: Diagram of acceleration a and velocity v varying with
depth h of fall cone.
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Figure 2: Mechanical analysis of cone.
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Figure 3 gives the comparison between the experimental
results and calculated results. As shown in Figure 3, the results
given in equation (13) which was derived by the Law of
Conservation of Energy are highly consistent with the ex-
perimental results of most soil, while the results given in
equation (16) which was derived by the static equilibrium are
generally higher than the experimental results. -us, the
validity of equation (13) is verified. -e comparison also
shows that the cone angle a is an important factor which
could affect the values ofK.-e values ofK gradually decrease
as the cone angle α gradually increases. For the friction co-
efficient μ, equation (13) cannot directly explain its influence
on the values of K. In addition, it can also be seen from
Figure 3 that when the cone angle α is small, the calculated
values are higher than the experimental values, and then, the
values of K are gradually close to the average of the exper-
imental values as the cone angle α gradually increases.

4. Comparison of Calculated and Tested
Values of Shear Strength in the Specification

Referring to different regulations and standards of the
geotechnical testing method, a comparison between the
calculated shear strength by test standards and the experi-
mental strength results [4, 15, 30–33] was conducted based
on equation (14) (see Table 2 for details).

It can be seen from Table 2 that the calculated results of
the shear strength τ obtained by equation (14) are highly
consistent with the experimental results obtained by dif-
ferent scholars, and almost all calculated values are within
the range of the experimental values. But, the results cal-
culated by equation (15) are generally higher than the ex-
perimental values, which further verifies the accuracy of K
given by equation (13).

5. Comparison of Calculated and Tested
Values of Shear Strength in Laboratory Tests

-ree kinds of soils (Guizhou red clay, Shaoxing sandy soil,
and Shaoxing undisturbed silt soil) were selected for labo-
ratory tests to verify the relationship between cone

penetration depth and shear strength. Firstly, the liquid and
plastic limit test was carried out on three kinds of soil to
obtain the relationship between coning depth and water
content. -en, the vane shear tests were used to measure the
shear strength of three kinds of soil under different water
content. -rough two kinds of tests, cone penetration depth
h was associated with shear strength τ and compared with
deduced equation (13), and the results are shown in Figure 4:

As shown in Figure 4, the results of the experiment on
different types of soil were consistent with the theory of cone
penetration depth h and shear strength τ derived in this
study and had nothing to do with the specific type of soil,
which further clarified the accuracy of equation (13). In
addition, it is also found that with the increase of the cone
penetration depth h, the experimental values are more
consistent with the theoretical values, indicating that, when
the cone penetration depth h is low, namely, the water
content w is low, the difference in the test error may occur
due to the inconsistency in the porosity ratio and the degree
of compaction caused by artificial sample installation.

Table 1: Comparison of calculated and experimental values of K.

K(experimental mean values)

Calculated
values of K

(equation (13))

Calculated
values of K

(equation (16))

Class 1 Class 2 Class 3 Class 4 Class 5 Class 6

Soil
classification

Sample
no. 78

bentonite

Sample no. 81
postglacial clay

Sample
no. 79
kaolin

Sample
no. 90
kaolin

Sample no. 80
coarse silt with
some organic

matter

Sample
no. 84
mud

α (°)

30 0.89 0.76 0.79 0.83 0.70 0.74 1.04 1.11
— — 0.86 0.79 0.89 — — — —
45 — 0.46 0.43 0.57 — — 0.57 0.66
60 0.28 0.27 0.28 0.33 0.33 0.26 0.33 0.41
— — 0.27 0.26 0.34 — — — —
75 — 0.16 0.17 0.23 — — 0.19 0.26

Note. -e experimental mean values of K are collected by Karlsson and Wood [15, 25].
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Figure 3: -e function graph of K compared with experimental
values of K.
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6. Error Analysis of Fall Cone Test

In the experimental process, there are two main sources of
error, namely, the error of cone weight and the error of cone
angle due to factors such as production process error and
wear during use. -e effects of these two factors on shear
strength are discussed below.

6.1. Error Analysis of Shear Strength Test Caused by Cone
Weight. -e cone weight error may occur due to production
accuracy, experimental wear, unclean cone, and improper
storage. In order to determine the influence of cone weight
error on liquid limit test results, the standard for the soil test
method in China [32] was taken as an example: the standard
cone weight was 76 g, the range of cone weight error ΔP was
±5 g, and then, the error of shear strength value corre-
sponding to liquid limit standard could be calculated
according to the derived equations (13) and (14).

As shown in Figure 5, there is a good linear relationship
between the cone weight error ΔP and the error of shear
strength, and the error generated by the increase or decrease
of cone weight is nearly the same: the shear strength error
corresponding to ΔP �±5 g is 6.58%. -erefore, whether the

cone weight P is accurate or not has some impacts on the
experimental results. For the cone weight P � (76± 1) g, the
error to the results is about 1.3%, with a relatively small
impact.

6.2. Error Analysis of Shear Strength Test Caused by Cone
Angle. -e cone is prone to wear during use, resulting in
inaccurate cone angles. In order to determine the influence
of cone angle error on liquid limit test results, the shear
strength error caused by cone angle wear in the tests was
analyzed below. -e specific results are shown in Figure 6.
-e reference cone angle α is selected as 30° based on the
standard of the soil test method in China [32], and the
changes of the cone angle are Δα�±5°.

As shown in Figure 6, the degree of error caused by the
increase or decrease of the cone angle is different. -e errors
tend to be flat as the cone angle increases, and the error
heavily increases as the cone angle decreases. -erefore, the
cone angle α has a great influence on the experimental
results. For the cone angle α� (30± 1)°, the error caused by
the result is about 4.3%, which is much larger than the
influence of the cone weight. -is result is very close to the
conclusion obtained by Houlsby’s experiment [18], in which
he used BS (80 g, 20mm, 30°).-is also verifies the validity of
the equations (13) and (14) derived above.

7. Discussion on Liquid Limit Indicators of
Different Standards Based on the
Expression of K

In order to more intuitively observe the influence of the cone
angle α on the shear strength τ, the variation curves of shear
strength τ with P/h2 under four cone angles α (30°, 45°, 60°,
and 75°) are calculated according to equation (1) and the
derived expression of K (equation (13)) (see Figure 7for
details).

-e values of K are the same for the same cone angle.
-erefore, as shown in Figure 7, the shear strength τ has a
linear relationship with P/h2 at the same cone angle, and its
slope is the value of K corresponding to the cone angle α.
According to Figure 7, the liquid limit of different stan-
dards from the shear strength can be compared and unified.
Firstly, the shear strength τ corresponding to the liquid
limit standard of a certain specification is selected, and
then, the values of P/h2 corresponding to other different
angles are determined according to the shear strength

Table 2: Fall-cone instrument liquid limit strength.

Standards category Experimental value of τ
(kPa)

Calculated value of τ (equation (14))
(kPa)

Calculated value of τ (equation (15))
(kPa)

Sweden (60 g, 60°, 10mm) 1.5–2.1 [15] 1.94 2.41

BS (80 g, 30°, 20mm) 1.6 [30]
2.2 [4] 2.04 2.18

ΓOCT (76 g, 30°, 10mm) 8.5 [31] 7.75 8.27
GB/T 50123-2019 (76 g, 30°,
17mm) 1.3–2.8 [32] 2.68 2.86

JTG E40-2007 (100 g, 30°,
20mm) 1.2–2.7 [33] 2.55 2.72
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Figure 4: Comparison of experimental and calculated values of
shear strength τ.
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value, so as to determine the corresponding cone pene-
tration depth h. According to the cone penetration depth
corresponding to the liquid limit in the fall cone test in the
standards of geotechnical test methods in China [32], the
shear strength corresponding to the liquid limit can be
calculated as τ � 2.6 kPa. -en, the values of P/h2 corre-
sponding to the other angles are calculated (the dashed line
shown in Figure 7). Also, according to the standard cone
weight used in each standard, the corresponding cone
penetration depth can be obtained.-e results are shown in
Table 3.

As shown in Table 3, the standard for the soil test method
in China [32] is highly consistent with that of the test
methods of soils for highway engineering of the Ministry of
Transport [33]. However, there are still some differences

between the calculated values and the standard values in the
other specifications mentioned above, especially the stan-
dard of ΓOCT whose calculated value is almost twice the
standard value. In this way, in the international commu-
nication, the data of all parties cannot be compared quickly
and effectively. -erefore, in order to communicate inter-
nationally conveniently, the penetration depth calculated
based on the equations (13) and (14) deduced in this paper
can be selected as the standard.

8. Conclusion

-e influence of the cone angle α on the values of K was
explained very carefully and intuitively by the expression of
K, which was derived from the Law of Conservation of

–6 –5 –4 –3 –2 –1 0 1 2 3 4 5 6
0
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7

ΔP (g)

Errors (%) 6.58

Figure 5: Errors caused by variation of cone weight P.
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Figure 6: Errors caused by variation of cone angle α.
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Energy based on the dimensional analysis of the fall cone by
former scholars before. It was verified not only theoretically
but also in good agreement with the test results of different
scholars, the data of different geotechnical test standards,
and the laboratory test results.

-e errors of the cone weight P and cone angle α on the
experimental results were analyzed and compared. It was
found that the variation of the cone angle had a greater
influence on the experimental results. In general, the error
on the result was about 4.3% for the cone angle α� (30± 1)°;
the influences caused by the variations in cone weight were
relatively small, and the error on the result was about 1.3%
for the cone weight P � (76± 1) g. In addition, the liquid
limit index of different standards was discussed based on the
expression of K, and suggestions on how to achieve relative
unification of different codes and standards were put for-
ward, which was very helpful for the international
communication.

As for the influence of the friction coefficient μ, the
current geotechnical test method standards clearly stipulate
that a thin layer of Vaseline should be applied to the surface
of the cone before testing. -is treatment can reduce the
effect of the cone surface roughness effectively.
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