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The prominent performance of wave elimination and energy absorption makes calcareous sand important and useful in infrastructure construction and protection engineering. Due to the high compressibility induced by remarkable intragranular void
and irregular shape, calcareous sand presents diﬀerent mechanical behaviors from common terrestrial sands. Considerable eﬀorts
have been made to explore the static and dynamic mechanical properties of calcareous sand. In this paper, a series of monotonous
experiments have been performed on calcareous sand utilizing the electrohydraulic servo-controlled test apparatus designed by
the Global Digital Systems Ltd (GDS). The eﬀects of conﬁning pressure and relative density on the mechanical properties of dry,
drained, and undrained saturated sand were studied, and the underlying micromechanism of deformation and failure was
discussed. It can be found that the residual stress of dry calcareous sand is independent of the relative density, while the peak stress
and residual stress of drainage saturated sand have a positive correlation with the relative density. The increase of conﬁning
pressure makes the strain softening more remarkable and heightens the peak stress and residual stress. The stress-strain curve of
calcareous sand can be divided into two portions: prepeak portion and postpeak softening portion. For the dry sand and drainage
saturated sand, the softened part can be partitioned into three phases, i.e., accelerated phase, steady phase, and degradation phase,
while the undrained saturated sand tends to hyperbolic softening. A mathematical model composed of a hyperbolic function and
an inverted S-shaped function was formulated to describe the multiphase characteristic, in which the setting of parameter p
expands its applicability. The experimental result validated the model, showing that the model can better describe the monotonic
stress-strain relationship of calcareous sand. Besides, the physical meanings of model parameters were discussed.

1. Introduction
In the past few decades, sea-sand as a building material has
been getting more attention. Many countries, such as the UK
[1] and Japan [2, 3], regard sea-sand as an alternative material for river sand. The geological origin of sea-sand is
similar to that of river sand [4, 5], but the surface texture
aﬀecting the interlocking eﬀect is diﬀerent [6–8]. Besides,
there is more salt and debris of marine creature (like sea
shell) in sea-sand [9]. The debris of marine creature is even
deemed to the key diﬀerence between river sand and seasand [10]. Therefore, the mechanical performance of seasand is quite diﬀerent from that of river sand.

Calcareous sand is a special kind of sea-sand, mainly
distributed in the marine area between N30° and S30°. It has
been widely used in the construction on islands and reefs.
On the one hand, calcareous sand is the main material for
marine reclamation land and protective engineering
[11–18]. On the other hand, calcareous sand is also an
important raw material for ﬁne concrete aggregate [19, 20].
It should be noted that calcareous sand has diﬀerent mechanical properties from terrestrial sands such as silica sand.
The main reason is that the skeleton of calcareous sand is
formed by the fragments of marine life (such as corals, shells,
and mollusks), and its particles have signiﬁcant internal void
spaces and various irregular shapes [21, 22]. The diﬀerence
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in mechanical properties leads to the foundation stability,
strength, and durability of calcareous sand concrete buildings diﬀerent from those of general concrete buildings.
Furthermore, as a typical loose granular material, calcareous
sand is widely used in protective engineering, which often
involves the dynamic loading scenarios. Based on the impact
test by the split Hopkinson pressure bar (SHPB) device, the
law of stress wave attenuation in calcareous sand has been
revealed. By measuring variables such as stress wave
propagation speed and peak stress, it is found that the wave
attenuation eﬀect and the energy absorption properties of
calcareous sand was better than those of terrestrial sand
[14–17]. Hence, calcareous sand is of great importance in
infrastructure construction and protection engineering. The
mechanical properties of calcareous sand under monotonic
loading are the basis for investigating its dynamic mechanical response, which can provide a beneﬁcial reference
for impact load experiment, explosion eﬀect research, and
protection engineering design. Meanwhile, it is signiﬁcant to
establish an eﬀective and simple model that can accurately
describe the mechanical characteristics of calcareous-sand
under monotonic loading.
There are considerable constitutive models for sand at
monotonic loadings in the available literatures. These models
have been proposed under the premise of simpliﬁcation and
assumption with limitation of application scope in essence.
Therefore, the advantages and disadvantages of the models
should be clariﬁed when applying these theoretical models.
Among them, the hyperbolic elastic model of Duncan and
Chang [23] is widely used for granular materials due to its
simplicity and convenience. Nevertheless, it cannot reﬂect the
strain-softening behavior. It appears that the models are more
and more satisfactory in describing the essential behavior
features of sand, but the theoretical framework and the application still need to be further investigated.
(i) Nonlinear elastic model [23–25]: this kind of model
can be consistent with the experimental results as
long as the model parameters are enough. The
nonlinear nature of the soil can be reﬂected, and the
model parameters with distinct physical signiﬁcance
can be determined by conventional tests. The
models have been widely used in practical engineering and are generally suitable for strain hardening materials such as footings on sand and clay.
However, they cannot be applied to geotechnical
materials with strain softening characteristics due to
relatively large deviation of calculation results. In
addition, the models cannot reﬂect the inﬂuence of
intermediate principal stress and the dilatancy of
soil, so their scope of application are limited.
(ii) Elastic-plastic model [26–31]: this kind of model has
a more rigorous theory framework, which can
predict the soil properties under various load
conditions, thus have a wider application ﬁeld. The
results of research on cohesionless soils such as river
sand show that the model can be used to predict the
soil performance of drained and undrained conditions from typical dense sand to typical loose

sand. The postpeak behaviors of strain hardening
and strain softening are also modeled correctly. But,
there are some diﬃculties in determining up to
fourteen model parameters. In addition, these
models are sometimes not practical in practice
because the theoretical description is too complex.
(iii) Hypoplastic model [32–35]: in these models, the relationship between stress rate and strain rate is directly
constructed at the framework of thermodynamic
theory. The constitutive relations established can be
expressed by simple mathematical expression, and the
inﬂuence of stress path can be considered. Since the
concepts such as double yield surface and anisotropic
hardening criterion are introduced, the practical
ability of the models is strengthened, and the complex
constitutive characteristics of soil are described. Although the theoretical complexity is decreased, the
model parameters are not easy to be obtained.
(iv) Critical state model [36–40]: in this type of model, a
state parameter is achieved based on the critical state
theory. The introduction of the state parameter enables
these constitutive models to take into account the
mechanical behavior related to the change of material
state during loading. Therefore, the deﬁciency of
treating loose and dense sandy soil as diﬀerent media
has been overcome. Some of these models even ﬁt for
both sand and clay. However, there are more model
parameters such as conﬁning pressure and load path,
and the parameter determination is also complex.
In fact, it is very diﬃcult to completely and accurately describe
the complex deformation characteristics of the sand under any
conditions. The various kinds of models aforementioned demonstrate that there is a contradiction between the accurate description and application complexity. Therefore, a balance between
accuracy and complexity should be reached in a model based on
the user demands. In this paper, a series of monotonous experiments have been performed on calcareous sand, and the corresponding stress-strain curves are obtained and analyzed. A
mathematical model describing the complete stress-strain curves is
proposed, and its feasibility is veriﬁed by the test results. Moreover,
the physical meanings of model parameters are discussed.

2. Monotonic Behavior of Calcareous Sand
2.1. Sand Samples Tested. The calcareous sand used in this
study was obtained from the South China Sea between N4° and
N16°. It was mainly medium-ﬁne sand and consists of coral
fragments. The energy-dispersive X-ray spectroscopy was used
for elemental analysis of sand sample, showing that the mineral
composition is composed of as high as 97% calcium carbonate
with speciﬁc gravities of 2.7∼2.85 and is mainly composed of
33%∼47% aragonite and 53%∼67% high magnesian calcite
[41]. The surface texture was observed by scanning electron
microscopy (SEM), as shown in Figure 1. The SEM images
indicate that there are many pores distributed around the
particle surface. The porous characteristic leads to more
interlocking parts between angular grains in calcareous sand
than those in ordinary terrestrial sands.
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Figure 1: SEM image of calcareous sand.

In this study, the grains coarser than 2 mm were removed and the corresponding grain size distribution curve is
shown in Figure 2. Considering the eﬀect of relative density,
the speciﬁc gravity and the maximum and minimum dry
densities were measured according to ASTM standard
D5550 and D5253, respectively [42, 43]. The results are
summarized in Table 1.
2.2. Test Equipment and Methods. The electrohydraulic servocontrolled dynamic triaxial test system (DYNTTS) developed
by GDS has been used in this study, as shown in Figure 3. It
integrates the triaxial cell and the axial pressure driver. Axial
load and axial deformation are controlled by the bottom of the
triaxial cell. The standard pressure/volume controllers are used
for conﬁning pressure and back pressure, respectively. By
means of high accuracy transducers and a powerful data
collector, the axial force, vertical displacement, and pore
pressure are measured and recorded. The built-in software of
the computer control system is utilized to precisely control the
test conditions and receive data in real time.
The samples were all cylindrical with a diameter of 50 mm
and a height of 100 mm. According to the relative density
designed by the test scheme, the samples were arranged by the
layered packing method. For saturated calcareous sand, the
conﬁning pressure and back pressure were increased every 20
minutes while maintaining an eﬀective conﬁning pressure of
5 kPa. Each increase was 100 kPa until the pore pressure parameter B exceeded 0.98, where B is the ratio of the increment
of internal pore water pressure to the increment of back
pressure. In the experiment, the sand samples were fully saturated after the back pressure reached 500 kPa. After that, the
specimens were isotropic consolidated under certain values of
eﬀective conﬁning pressure. For dry sand, the conﬁning
pressure directly increased to the preset value and remained
constant. The consolidation was completed when the deformation of the sand sample stabilized. Finally, monotonic triaxial tests were performed on calcareous dry sand and
calcareous saturated sand under undrained/drainage condition. All the tests were controlled by axial displacement. For dry
sand and saturated sand under undrained condition, the
loading rate was 0.5 mm/min. For saturated sand under
drainage condition, the loading rate was 0.01 mm/min.

For the calcareous sand with the relative density of 30%,
45%, and 60%, respectively, the monotonic triaxial tests were
carried out under the initial eﬀective conﬁning pressure of
100 kPa, 200 kPa, and 300 kPa, respectively. The speciﬁc test
scheme is shown in Table 2.

2.3. Typical Stress-Strain Curves. Figure 4 shows the test
result of dry calcareous sand with the relative densities of
Dr � 30%, 45%, and 60%. The conﬁning pressures were all
200 kPa. From Figure 4, it can be found that the loose
calcareous sand presents a similar complete stress-strain
curve with the denser calcareous sand. The stress-strain
curves can be divided into two portions: the prepeak
portion (OA section) and the postpeak portion (AD
section). After the axial stress reaches the peak point,
calcareous sand presents a state of strain-softening, which
is a process of progressive failure. The negative tangent
slope of stress-strain curve can be used to characterize the
softening rate. The larger the tangent slop is, the smaller
the softening rate is. Based on the change of softening rate,
the postpeak strain-softening portion can be further divided into three phases:
(i) Accelerated phase (section AB): in this phase, the
tangent slope gradually decreases from zero, which
means that the corresponding softening rate continuously increases. Therefore, the ﬁrst phase can be
called accelerated phase. The starting point A (peak
stress) is related to the relative density.
(ii) Steady phase (section BC): when the tangent slop
decreases to the minimum, the stress-strain curve
develops into the secondary phase. In this phase, the
softening rate is the largest and maintained constant. Thus, the secondary phase BC can be called
steady phase.
(iii) Degradation phase (section CD): in this phase, the
tangent slope begins to increase until to zero. It
means that the corresponding softening rate continuously decreases. Based on this, section CD is the
degradation phase. The ending point D (residual
stress) is independent of relative density.
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Figure 2: Grain size distribution curve of sand samples tested.
Table 1: Physical properties of test calcareous sand.
Property
Calcareous sand

Gs
2.807

D10 (mm)
0.055

ρdmin (g·cm−3)
1.14

Cu/(D60/D10)
7.3

ρdmax (g·cm−3)
1.48

Sensors for load, displacement, pore pressure
Back pressure controller
Triaxial cell
Data collector
Confining pressure controller

Axial pressure driver

Control flow

Data flow

Computer control system

Figure 3: GDS dynamic triaxial test system.

The stress-strain curves of dry calcareous sand with a
relative density of 30% under diﬀerent conﬁning pressure
are shown in Figure 5. It is found that both of the stressstrain curves at low and high conﬁning pressure can be
divided into two portions: prepeak portion and postpeak
portion of three phases. Especially, the larger the conﬁning
pressure is, the more obvious the strain-softening of three
phases is. The starting and terminal points of postpeak
portion are both related to the conﬁning pressure. Speciﬁcally, the larger conﬁning pressure corresponds to the higher
starting and terminal points.
The stress-strain curves of saturated calcareous sand at
drained triaxial compression are shown in Figure 6. The test

results indicate that the stress-strain curves of saturated calcareous sand at drained compression can also be divided into
prepeak portion and postpeak portion of three phases. The
starting and terminal points of strain-softening are both related
to the relative density and the initial eﬀective conﬁning pressure.
The accelerated phase occupies a higher proportion in the total
deformation process, exceeding the steady phase in this test
condition, while the deformation during the accelerated phase is
less than that during the steady phase for dry sand.
Saturated Nevada sand and saturated Toyoura sand (data
from [44]) have been compared, of which some physical
properties are presented in Table 3. Compared with the two
sands, calcareous sand presents a larger strain-softening, as

Advances in Civil Engineering

5
1400

Table 2: Scheme of the monotonic triaxial tests.
Condition
—
—
—
—
—
Undrained
Undrained
Undrained
Undrained
Undrained
Drainage
Drainage
Drainage
Drainage
Drainage

Relative density
(%)
30
30
30
45
60
30
30
30
45
60
30
30
30
45
60

Peak point

Conﬁning pressure
(kPa)
100
200
300
200
200
100
200
300
200
200
100
200
300
200
200

In the column of the test number, D represents dry sand and S represents
saturated sand. For each case, the experiment was repeated two times. The
average value was taken as the ﬁnal result under the premise of good
repeatability.
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Figure 5: Stress-strain curves of dry calcareous sand at diﬀerent
conﬁning pressures.

pressure is relatively low, the stress-strain curve of calcareous sand presents hyperbolic relationship without strainsoftening phase under undrained compression. The stressstrain curve at a high initial eﬀective conﬁning pressure is
composed of two portions: prepeak portion and postpeak
portion. However, the postpeak portion is not three-phased
but behaves as a hyperbolic softening like Toyoura sand.
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Figure 4: Stress-strain curves of dry calcareous sand with diﬀerent
relative densities.

shown in Figure 7. The postpeak portion of calcareous sand
is three-phased, while that of Nevada sand is two-phased.
For Toyoura sand, the strain-softening portion is even approximately linear. The larger strain-softening is due to the
higher compressibility of calcareous sand. Besides, the
multiphase characteristic is closely related to the contact
between particles. Considering the porous property, the
more interlocking parts in calcareous sand may be the main
cause of the three-phase softening.
The stress-strain curve of saturated calcareous sand at
undrained triaxial compression is diﬀerent from that of dry
calcareous sand, but it is similar to that of other sands, as
shown in Figure 8. When the initial eﬀective conﬁning

2.4. Micromechanism of Deformation and Failure. The deformation of calcareous sand is mainly a process of coupled
development between particle slip and breakage [45], as
shown in Figure 9. During the slip process, particles mainly
resist deformation by friction, while the crushing process is
accompanied by interlocking eﬀect. When the stress reaches
the strength of the particles, the crushing occurs and causes
deformation. At the initial stage of loading, the contact
between particles is not close, so the slippage is relatively
easy. At this time, the pressure bearing mainly depends on
the interlocking between particles. With the increase of axial
pressure, the particles are gradually broken and the occlusal
structure is increased. However, the breakage and abrasion
of the sharp corners reduce the roughness of the particle
surface, which weakens the interlocking eﬀect. Meanwhile,
the overall contact between particles becomes tighter as the
test progresses, resulting in a more prominent friction eﬀect.
Moreover, particle crushing releases internal pores, increases
the friction area, and further enhances the friction eﬀect. In
general, under the cooperation of interlocking and friction,
monotonic experiments of calcareous sand show the phenomenon of strain hardening and multiphase strain softening, which is more complicated than the samples with
better roundness and less breakage, such as the Nevada sand
and the Toyoura sand. Under undrained conditions, pore
water changes the relative motion of particles and weakens
the softening degree of calcareous sand.
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Figure 6: Stress-strain curve of saturated calcareous sand at drained compression. Tests on specimens (a) with diﬀerent relative densities
and (b) at diﬀerent conﬁning pressures.

Table 3: Physical properties of Nevada sand and Toyoura sand.
Property
Nevada sand
Toyoura sand

Gs
2.67
2.65

D50/mm
0.15
0.17

From the perspective of force chain evolution, the
mechanism of deformation and failure can be further
explained. When pressure is applied to calcareous sand, the
relative positions of the particles are adjusted. The particles
aggregate to form the initial load-bearing structure, and a
series of force chains are formed in the direction of the
principal stress. The form of the force chain network is

Cu/(D60/D10)
—
1.7

ρdmin (g·cm−3)
1.387
1.340

ρdmax (g·cm−3)
1.733
1.659

determined by the contact and interaction between particles,
which aﬀects the deformation. Through microscopic observation [46], it can be found that there are mainly three
ways of contact between particles, namely, point-like contact, extended contact, and contact L-S (a large grain in
contact with many small grains). The schematic diagram is
shown in Figure 10. Point-like contacted particles are prone
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Figure 7: Stress-strain curves of sand at drained compression (data from [44]). (a) Nevada sand. (b) Toyoura sand.
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Figure 8: Stress-strain curves of sand at undrained compression. (a) Calcareous sand. (b) Toyoura sand (data from [44]).

to wear and damage under the eﬀect of stress concentration,
causing preliminary strain softening; meanwhile, the sharp
corners with higher strength cause the particles in contact
with them to split, and the slippage of the new ﬁne particles
accelerate the strain softening; particle fragmentation promotes the development from point-like contacts to extended
contact. At this time, the contact area between the particles is
larger, and the particles are hard to be destroyed. In addition,
the breakage of particles makes the grading better, then
contact L-S is easily formed when large particles are surrounded by small particles. Small particles support large

particles well and produce a conﬁning pressure-like eﬀect,
reducing the degree of particle fragmentation and suppressing softening.

3. Formulation of Constitutive Model
Based on the monotonic test results of calcareous sand, it can
be realized that the prepeak portion of stress-strain curve is
hyperbolic shaped. The postpeak portion of dry calcareous
sand and drained saturated calcareous sand is both threephased, while that of undrained saturated calcareous sand is
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Figure 9: Sketch of deformation mechanism of calcareous sand.
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Figure 10: Typical contact patterns of calcareous sand particles. (a) Point-like contact. (b) Extended contact. (c) Contact L-S.

hyperbolic. Therefore, the model for calcareous sand should
reﬂect the hyperbolic prepeak portion and the three-phase
postpeak portion or the hyperbolic postpeak portion.
For the prepeak portion, the stress-strain relationship
can be regarded as hyperbolic. Based on the hyperbolic
elastic model of Ducan and Chang [23], the stress-strain
relationship can be written as
ε1
σ�
,
(1)
a + bε1
where ε1 is the axial strain, (%), σ is the principal stress
diﬀerence, σ � σ 1 − σ 3, (kPa), and a and b are the experimental parameters.
For the postpeak portion, the three-phase stress-strain
curve is inverted S-shaped. It can be expressed with the
following function:
⎢
⎢
⎣1 −
σ � σ p − A⎡

1
1 +  ε1 /m − εp /m

⎤⎥⎥

p ⎦,

(2)

where ε1 is the axial strain, (%), σ is the principal stress
diﬀerence, σ � σ 1 − σ 3, (kPa), and the parameters εp and σ p
correspond the abscissa and ordinate values of the starting
point of equation (2), respectively. The parameter A decides
the ordinate value of terminal point of equation (2).
Combined with the characteristic of postpeak stress-strain
curve, it can be deduced that σ p is the peak stress (kPa), εp is
the critical strain (%), and A is the diﬀerence between peak
stress and residual stress (kPa).
The value of the peak stress is related to the conﬁning
pressure and can be determined conveniently by
Mohr–Coulomb failure criterion as
2c · cos φ + 2σ 3 · sin φ
σP �
,
(3)
1 − sin φ
which has been described by Ducan and Chang [23], where c
is the cohesion and φ is the angle of internal friction.
Substituting the result into equation (1), the critical strain
can be expressed by
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Figure 11: The inﬂuence of model parameters on the postpeak curve. Inﬂuence of (a) parameter m and (b) parameter p.

εP �

2a c · cos φ + σ 3 · sin φ
.
1 − sin φ − 2b c · cos φ + σ 3 · sin φ

(4)

In equation (2), the parameter m is the softening rate
factor. As shown in Figure 11(a), m aﬀects the softening rate
of the accelerated phase and steady phase. The value of m
ranges eﬀectively from 0 to positive inﬁnity. The larger the
m, the lower the softening rate on the accelerated phase and
steady phase.
As shown in Figure 11(b), the parameter p is a phase
factor, which aﬀects the amount of deformation required for
the acceleration phase. The greater the p, the more the strain
experienced during the acceleration phase. Especially, when
the parameter p is equal to 1, there would be no acceleration
phase. In this case, equation (2) reduces to
m
σ � σ p − A + A
.
(5)
m +  ε1 − ε p 
Meanwhile, the curve for the postpeak portion transforms from an inverted S-shaped curve to a hyperbolic one.
This means that equation (2) not only ﬁts for the dry calcareous sand and drained saturated calcareous sand but also
ﬁts for the undrained saturated calcareous sand by adjusting
the value of parameter p. The p value is valid when it is not
less than 1. The curve described by the model is more similar

to the hyperbolic softening when p is closer to 1. As p increases, the three-phase softening characteristic becomes
more obvious.
Therefore, the mathematical model for the monotonic
stress-strain relationship of calcareous sand can be expressed as
ε1
⎪
⎧
⎪
,
σ < σ p ,
⎪
⎪
a + bε1
⎪
⎪
⎪
⎨
σ �⎪
⎪
⎪
1
⎪
⎤⎥⎥
⎪
⎪
σ − A⎡⎢⎢⎣1 −
σ > σ p .
⎪
p ⎦,
⎩ p
1 +  ε1 /m − εp /m
(6)
Furthermore, in order to extend the above mathematical
model to three dimensions, the generalized Hooke’s law is
introduced:
1
1
ε1 � σ 1 − ]t σ 2 + σ 3  �
σ − 2]t σ 3 ,
(7)
Et
Et 1
where Et and ]t are the elastic modulus and Poisson’s ratio,
respectively. Equation (7) is substituted into equation (6),
and a three-dimensional mathematical model can be obtained by combining the Duncan-Chang E-] model:

1
⎪
⎧
⎪
,
⎪
⎪
⎪
a/
σ
−
2]t σ 3  + b
E
t
1
⎪
⎪
⎪
⎨
σ1 − σ3 � ⎪
⎪
⎪
⎪
1
⎪
⎥⎥⎤
⎡1 −
⎪
⎢
⎣
⎪
σ − A⎢
p ⎦,
⎪
⎩ p
1 +  σ 1 − 2]t σ 3 /Et m − εp /m
where Et and ]t are represented as:

σ < σ p ,
(8)
σ > σ p ,
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(σ1 – σ3)u

Ei

Et

lg(Ei/Pa)

σ1 – σ3

n

lg K

ε1

0

0

(a)

lg(σ3/Pa)
(b)

υi

F

–ε3/ε1

G
D

υi

0

lg(σ3/Pa)
(c)

–ε3

0
(d)

Figure 12: Determination of model parameters. Relation curve of (a) (σ1 − σ 3) − ε1, (b) lg (Ei/Pa) − lg (σ 3/Pa), (c) vi − lg (σ 3/Pa), and (d) (−ε3/
ε1) − (−ε3).

n
2
⎪
⎧
(1 − sin φ) σ 1 − σ 3 
σ3
⎪
⎪
E
�
1
−
R
KP
,




⎪
t
f
a
⎪
Pa
⎪
2c cos φ + 2σ 3 sin φ
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
G − Flg σ 3 /Pa 
,
⎪ ]t �
⎪
(1 − X)2
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
D σ1 − σ3
⎪
⎪
,
⎪X �
n
⎩
KPa σ 3 /Pa  1 − Rf (1 − sin φ) σ 1 − σ 3 / 2c cos φ + 2σ 3 sin φ

where Rf is the failure ratio, which is the ratio between the
deviatoric stress value at failure and the ultimate deviatoric
stress value, and its calculation formula and schematic diagram are followed as equation (10) and Figure 12(a); c is the
cohesion; φ is the angle of internal friction; Pa is the atmospheric pressure; K and n are the experimental constants,
respectively, representing the intercept and slope of the lg
(Ei/Pa) − lg (σ 3/Pa) curve, in which Ei is the initial elastic
modulus (Figure 12(b)); G and F are material constants
respectively, representing the intercept and slope of the
vi − lg (σ 3/Pa) curve, in which vi is the initial Poisson’s ratio

(9)

(Figure 12(c)); and D is the experimental constant, which is
the reciprocal of the slope of the (−ε3/ε1) − (−ε3) curve
(Figure 12(d)):
σ 1 − σ 3 f
(10)
Rf �
.
σ 1 − σ 3 u

4. Model Validation
To validate the feasibility of the mathematical model, the
calculated and measured results are compared. fd1Equations
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Figure 13: Comparison between test data and calculated results. (a) Dry calcareous sand. Saturated calcareous sand at (b) drained
compression and (c) undrained compression.

(1) and (2)fd2 were used to ﬁt with the prepeak portion and
the postpeak portion of stress-strain curve, respectively. The
value of parameters a and b in equation (1) were obtained
through ﬁtting with the test data of prepeak portion. To
ensure the continuity of the piecewise function, the parameters εp and σ p were approximated as the terminal points
of the prepeak ﬁtting result, and A was determined to be the
diﬀerence value between the substituted σ p and residual
stress. Then, the value of parameters m and p in equation (2)
were obtained through ﬁtting with the test data of postpeak
portion. The calculated results are shown in Figure 13. The
values of the corresponding model parameters are shown in
Table 4.
From Figure 13, it can be obviously seen that the model
can well describe the monotonic stress-strain relationship of

calcareous sand. Furthermore, the model parameters can be
easily determined and their physical meanings are clear.
Therefore, the mathematical model can be easily applied in
the engineering practice.
In Section 2, the postpeak stress-strain curve of undrained saturated calcareous sand is regarded as hyperbolic.
Whereas, the value of parameter p is not equal to 1, indicating that the ﬁtting result with the hyperbolic function is
not as good as that with the inverted S-shaped model. For the
Toyoura sand, when the parameter p is equal to 1, the
hyperbolic postpeak softening curve can be well described by
the mathematical model. Compared with the uniﬁed model
put forward by Jin et al. [44], the mathematical model has a
better description, as shown in Figure 14. The uniﬁed model
can be applied for both sand and clay, but the model has

12

Advances in Civil Engineering
Table 4: Values of model parameters.

Parameter

Dry calcareous sand

Drained saturated calcareous sand

q (kPa)

Undrained saturated calcareous sand

Dr (%)
30
30
30
45
60
30
30
30
45
60
30
30
30
45
60

σ′3 (kPa)
100
200
300
200
200
100
200
300
200
200
100
200
300
200
200

a (10−3)
5.54
4.29
2.73
2.67
3.16
5.77
3.59
3.6
3.38
2.61
14.54
7.68
5.04
6.7
5.43

b (10−3)
1.20
0.85
0.49
0.88
0.75
1.4
0.78
0.57
0.62
0.69
1.75
1.24
0.90
0.64
0.61

εp (%)
8.66
12.40
10.50
8.81
9.11
9.51
10.40
12.93
8.98
10.39
—
18.44
17.07
18.91
18.97

σ p (kPa)
542.55
836.06
1336.31
841.81
915.34
480.58
866.54
1166.31
1003.88
1061.89
—
604.49
834.28
1006.29
1114.28

A (kPa)
221.11
341.28
495.01
343.71
423.81
167.02
333.22
278.99
322.64
248.52
—
138.79
356.21
239.41
250.82

m
3.06
4.41
3.12
2.78
3.25
3.24
2.26
2.49
1.77
2.42
—
5.24
7.03
3.69
6.70

p
2.18
3.84
3.44
3.83
2.59
4.56
4.58
3.81
2.47
3.39
—
2.66
2.59
1.72
3.32

800

pressure as well as the mechanism of deformation and failure
can be better understood.
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400
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Figure 14: Comparison between test data and calculated result for
undrained Toyoura sand.

thirteen parameters and their determination is also relatively
complicated. In contrast, there are only seven parameters in
the mathematical model in this paper. And, the parameters
can be determined quickly based on the triaxial compression
test result. Therefore, the mathematical model here is easier
to be applied in engineering.
The prepeak stress-strain curves are almost all hyperbolic
for various sands, so the hyperbolic function seems to be
universal for sands. But, the postpeak softening of sand is
diﬀerent. For the sand with a characteristic of high compressibility, like calcareous sand, its postpeak softening
presents an obvious three-phase shape. For the less compressible sand like Toyoura sand, the postpeak softening is
hyperbolic, or even approximately linear. The obvious advantage of the mathematical model here is that it can well
describe the stress-strain relationship, especially the postpeak multiphase softening characteristic. With the aid of this
model, the eﬀects of variables such as density and conﬁning

According to the results of the triaxial compression test,
the monotonic stress-strain curve of calcareous sand can
be divided into two portions: prepeak portion and
postpeak portion. For the dry sand and saturated calcareous sand under drainage condition, the postpeak
softening portion can be further divided into three phases
from the perspective of softening rate, i.e., accelerated
phase, steady phase, and degradation phase. For the
undrained saturated calcareous sand, the postpeak
softening tendency appears as a two-phase hyperbolic
shape. Moreover, it can be found that the residual stress is
independent of the relative density for dry sand. The
increase of conﬁning pressure makes the strain softening
more obvious and heightens the peak stress and residual
stress; the starting and terminal points of strain softening
under drainage compression are related to relative
density and initial eﬀective conﬁning pressure. In addition, the amount of deformation required for the acceleration phase to total deformation is greater than that
of dry sand; under undrained triaxial compression, increased initial conﬁning pressure can enhance strainsoftening.
Based on the monotonic characteristic of calcareous
sand, a mathematical model has been proposed, in which a
hyperbolic function and an inverted S-shaped function
were used to describe the prepeak portion and the
postpeak portion, respectively. It is worth noting that the
application of parameter p enables the model to describe
not only inverted S-shaped softening but also hyperbolic
softening. The established model was validated with experiment results, showing that it can better describe the
monotonic stress-strain relationship of calcareous sand.
Besides, the physical meanings of the model parameters
are clear and not hard to determine, making the model
convenient to apply.
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