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Generally, the damage of the structure will lead to the discontinuity of the local mode shape, which can be well reflected by the
modal curvature of the structure, and the local information entropy of the beam structure will also change with the discontinuity
of the mode. In this paper, based on the information entropy theory and combining the advantages of modal curvature index in
damage identification of beam structure, the modal curvature utility information entropy index is proposed..e modal curvature
curves of nondestructive structures were obtained by fitting the modal curvature curves of damage structures with the gapped
smoothing technique to avoid dependence on the baseline data of nondestructive structures. .e index comprehensively reflects
the damage state of the structure by calculating mutual weight change matrix and the weight-probability coefficient. .e
performance of the new index was verified by the finite element simulation andmodel test of simply supported beam, respectively.
.e results show that themodal curvature utility information entropy index takes advantage of themodal curvature index which is
sensitive to damage and can overcome its shortcomings effectively. .e index proposed can identify the damage location and
damage degree accurately and has certain noise immunity, which provides an effective damage identification indicator for
beam structures.

1. Introduction

In recent years, high requirements on the integrity and
performance of civil engineering structures is increasingly
needed, which is reflected in the increasing complexity of
civil structures, bridge structures, large stadiums, and tun-
nels, as well as the increasing service performance and
construction scale. .e safety of the beam structure is in-
evitably reduced due to the natural environment, material
deterioration, construction defects, overload, and other
factors, which may cause serious consequences. .erefore, it
is of great practical significance to study the structural health
monitoring (SHM) technology [1, 2].

With the use of an advanced and reliable sensor, the
SHM technology has been rapid developed [3–5]. .e most
fashionable approaches in SHM are based on the structure
vibration characteristics. .ese methods depend on the

stiffness change on the influence of the dynamic charac-
teristics of structure [6], which get the extensive attention of
scholars because it is simple and easy. Common indicators
include modal frequency [7], modal displacement [8], and
the modal strain energy [9]. In view of the insufficient
sensitivity of early damage identification indexes such as
natural frequency and modal displacement, Pandey [10]
firstly proposed a damage identification method for beam
structure based onmodal curvature (MC) in 1991, which has
been widely applied and extended. Cao et al. [11] expounded
the effectiveness of MC index and pointed out that MC is
sensitive to measurement noise in waveform. In order to
solve this problem, the Teager energy operator together with
wavelet transform is tactically utilized to treat modal cur-
vature; thus, a new modal curvature is put up, termed the
Teager energy operator-wavelet transform (TEO-WT)
modal curvature. It has been found that the combination of
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continuous wavelet transform and MC can effectively filter
out the modal data containing noise and reduce the impact
of noise on the damage identification accuracy [2, 12]. Xu
et al. [13] improved the two-dimensional modal curvature by
real wavelet transform and complex wavelet transform, and
wavelet 2D modal curvature is obtained. Dessi and Cam-
erlengo [14] compared several damage identification
methods based onMC and modal strain energy analysis; this
analysis intends to point out comparatively the capability of
locating and estimating damage of each method along with
some critical issues already present with noiseless data.
Zhang et al. [15] pointed out the shortcomings of MC index:
(1) MC is not sensitive enough to the damage of modal
nodes; (2) for the structure with multiple damages, the index
of modal curvature difference cannot effectively reflect the
damage degree of the structure. In order to improve the
damage identification ability of MC index, some scholars
obtained the analytical expression of the modal curvature
change of the beam damage state by using the perturbation
solution of the Euler beammotion equation, and introduced
the filtering technology of the modal curvature change to
establish the inverse problem of damage positioning based
on the modal curvature only [16, 17]. MC index has also
been popularized and applied to damage identification of
plate structures based on two-dimensional mode curvature
[18]. Yang et al. [19] proposed a curvature correction
method incorporating bending and torsion effects into
damage assessment.

Combining with the advantages of MC index to identify
structural damage, entropy theory is introduced into the
damage identification of beam structures. Entropy is an
important concept to describe system chaos proposed by
Clausius in thermodynamics. .e physical meaning of en-
tropy has different meanings in different fields, so the ap-
plication of entropy presents different forms [20–23], and
different forms of entropy show a promising prospect in the
field of structural damage identification, such as, the transfer
entropy, the approximate entropy, the fuzzy entropy and the
wavelet entropy. Information entropy was first proposed by

Shannon [24], which is used to characterize the disorder
degree of the system signal state. Information entropy theory
has been applied in the study on surrounding rock stability
[25] and material damage [26]. However, relatively few
studies have been conducted in the field of beam structure
damage. Liu and Wu [27] introduced the theory of infor-
mation entropy into the dynamic identification of damage to
concrete structures, providing a new way of thinking for
solving such problems as insufficient sensitivity and diffi-
culty in nonlinear analysis in damage identification. Yang
et al. [28] proposed generalized-local information entropy
algorithm.

In this paper, on the basis of previous researches, based
on the theory of Utility Information Entropy in Information
theory, the advantages of MC in structural damage identi-
fication is make fully used and the Modal Curvature Utility
Information Entropy (MCUIE) index is put forward. .e
effectiveness of the index is verified by using the finite el-
ement model of simply supported beam, and the practica-
bility of the index is verified by the test of simply supported
steel beam.

2. Theoretical Background

2.1. Basic &eory of Modal Curvature. In structural me-
chanics, the differential equation of transverse vibration of
Euler beam is [29]
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where ] (x, t) is the vertical vibration displacement at the
beam section x at time t and EI(x) is the bending stiffness of
the section.

In order to better describe the vibration state of the
structure, the relationship between variables is expressed in
the form of function. After the structure is discretized, the
vibration equation of Euler beam in the form of matrix in the
elastic range can be obtained:
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(2)

where, x1, x2,. . ., xn is the longitudinal coordinate of node 1,
2, . . ., n; m(xn) is the discrete mass of node n; ]n and ]n

″ are
the vertical displacement and vertical acceleration of node n,
respectively; kij(E(xi)I(xj)) is the stiffness coefficient com-
ponent of the structure, which means the vertical force on
node i when element deformation of node j occurs. p(xn, t) is
the external excitation received by node n at time t.

From equation (2), it can be seen that the stiffness change
at the node of the structure not only affects the displacement

and curvature change of itself, but also affects the dis-
placement and curvature of other nodes. As reflected in the
practical problem, the modal curvature difference (MCD) at
the structural damage will change greatly, but the undam-
aged part, especially near the damage location, the MCDwill
often be large, which leads to the misjudgment of damage
identification.

.e solution of equation (1) can be expressed as the
superposition form of each mode:
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where j is the number of mode order; φj(x) and qj(t) are the
jth mode displacement and mode coordinates of the beam,
respectively.

According to the relevant theories of beam bending
deformation [15]:
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whereM (x, t) is the bending moment of the beam section; K
(x, t) ias the curvature of beam vibration curve; and φj

″(x) is
the jth MC.

It is assumed that in the eigenvalue problem, the damage
of the beam structure only affects the stiffness matrix, but not
the inertia matrix [14]. According to damage mechanics, the
constitutive relation of concrete damage is [16]

σ � E(1 − D)ε, (5)

where D is the local damage factor of the structure and E(1-
D) is the local stiffness of the structure after damage.

According to equations (4) and (5), with the aggra-
vation of the damage degree of the structure, the damage
factor D increases while the local stiffness of the structure
decreases, which finally leads to the increase of the MC at
the damage.

.e simply supported planar beam has negligible shear
deformability. As shown in Figure 1, damage is modelled
as a localized and uniform reduction of the bending
stiffness distribution K(x) along the dimensional coor-
dinate x. .us, the damaged beam of length L is con-
sidered as the union of three beam portions as shown in
Figure 2, where the shortest one, with a reduced cross
section with respect to the others, represents the damaged
portion. For each beam portion, Li, Ai, and Ki denote the
length, cross section area, and bending stiffness, respec-
tively. For generality, it is convenient to formulate
identification methods using nondimensional coordinates
ξ, η, with ξ � x/L and η� y/L, and nondimensional vari-
ables. For each beam portion of nondimensional length
li � Li/L (i � 1, 2, 3), conditions at the edges are defined in
terms of the boundary conditions whereas at the interfaces
between the beam portions, continuity of displacement v,
slope θ, bending momentM, and shear force V is imposed
(all nondimensional). .e generic expression of mode
shapes in nondimensional form is [30, 31]

φ xi(  � A sin aixi + B cos aixi + C sin h aixi

+ D cos h aixi i � 1, 2, 3,
(6)

where A, B, C, and D are the coefficients, a4
i � ω2

i mi/EIi is
frequency equations.

.e beam boundary conditions in terms of nondi-
mensional mode shapes are expressed as
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Substituting the generic expression of mode shapes into
the set of boundary conditions equation (7), the expressions
of natural frequencies and mode shapes can be calculated
[30]:
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(i � 1, 2, 3; n � 1, 2, . . . ,∞), (8)
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where An is constant and depends on the initial conditions,
whereas at the interfaces, the continuity of displacement,
slope, bending moment, and shear force is applied [14]:
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It is worth underlying that the sudden variation of
stiffness implies that curvatures lose continuity as well. .e
discontinuity in the bending stiffness is reflected sharply on
the curvature of the mode shapes as a result of equation (10).
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y

x

¦ Í

L

Figure 1: Simply supported beamwith the damaged portion in red.
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.e final expression for the mode-shape curvatures is
quite complicate. In practical engineering, the MC of
structural modes is generally approximated by the central
difference method [10]:

φji
″ ≈

2
hi− 1 + hi

φj(i+1) − φji

hi

−
φji − φj(i− 1)

hi− 1
 , (11)

where φji represents the mode displacement of the ith

measurement point in the jth modal and hi is the distance
between the ith measuring point and the (i-1)th measuring
point.

2.2.Basic&eoryof InformationEntropy. Let the information
space of information source X be

[X · P]:
X: a1a2 · · · an,

p(X): p1 p2 . . . pn,
 (12)

where X: a1 a2 . . . an is the information source symbol, p(X):
p1 p2 . . . pn is the probability of the information source
symbol, and 0≤ pi≤ 1.

.e total information contained in the information
source symbol ai (i� 1, 2, . . ., n) is called the self-information
I(ai) of the information source symbol ai, and its mathe-
matical meaning refers to the logarithm of the reciprocal of
the prior probability p(ai) of the information source symbol
ai, that is [32],

I ai(  � log
1

p ai( 
� − logp ai(  (i � 1, 2, . . . , n). (13)

.e self-information function determined by equation
(13) shows that the uncertainty of symbol ai (i� 1, 2, . . ., n)
emitted by information source X is a function of the prior
probability p(ai) of symbol ai, and is uniquely determined
by it.

Although the self-information function I(ai) (i� 1, 2, . . .,
n) can measure the information capacity well, the self-in-
formation function is random because of the uncertainty of
the source symbol, which means that the source emits a

certain symbol ai (i� 1, 2, . . ., n), the amount of information
provided, and it cannot represent the ability of the entire
source to provide information.

In order to represent the information measure of in-
formation source X, in 1948, Shannon put forward the
concept of information entropy [24]. .e information en-
tropy of the information source X is defined as statistical
average of self-information I(ai) (i� 1, 2, . . ., n), which is
used to represent the disorder degree and of the signal state
of the system, that is [32],

H(X) � p a1( I a1(  + p a2( I a2(  + · · · + p an( I an( 
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where H(X) is the information entropy of the system; Pi is
the probability of the ith information in the information
source; and log Pi is the amount of information provided by
the ith information.

3. Calculation Method of MCUIE Index

3.1. Establish of the Local Probability of MC. Information
entropy is a global parameter, which is capable of repre-
senting the overall characteristics of the structure. However,
the damage is a local feature of the structure. When the
global probability is used to describe the information of the
damage point, the information of the damage point will be
covered by the boundary effect. .erefore, this paper defines
a set composed of n locally adjacent measurement points;
P(x) adopts the local probability [28] to represent the
proportion of the information amount of the measurement
points in the sum of the information amount of the adjacent
measurement points and reflects the disorder degree of the
signal state of the measurement points:
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Figure 2: Geometrical nondimensional parameters of the notched beam.
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pi �
φi
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n

i�0φi
″
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where φi
″ is the MC of the ith node and n represents the

number of nodes.
When calculating the local probability Pi of the ith node,

the front and rear nodes adjacent to the i node are taken as
auxiliary calculation points, the calculation points, and
auxiliary points form a sliding window to calculate the local
probability of each point in turn, as shown in Figure 3.

For the calculation of the local probability of second-
orderMC, the negative and positive offset will occur near the
zero point of the MC, so that the denominator of equation
(15) will be reduced to close to zero, and the value of Pi will
jump greatly, i.e., “false peak” will appear, affecting the
accuracy of structural damage identification. .erefore, it is
necessary to process the second-order MC data to eliminate
the influence of “false peak”. .e specific operation step is as
follows:

(1) Take the absolute value of the data under a certain
damage case and normalize it.

(2) Return the normalized data to the positive and
negative states before the absolute value is taken, so
as to ensure the change trend of the data remains
unchanged.

(3) Add value “1” to the data processed in the previous
step to eliminate the offset between the positive and
negative data.

(4) Calculate the local probability of the data processed
above.

Taking the local probability of MC of damage cases
(5(40%), 20(20%), 30(10%), 50(60%); (5(40%) indicates that
40% damage occurred in element 5) as an example, the effect
of data processing is illustrated, as shown in Figure 4.

From Figure 4(a), it can be seen that the local probability
of the untreated data will show a large peak at the mode node
(element 30), which covers the real damage situation.
Figure 4(b) shows that the variation trend of the local
probability curve of the processed data conforms to the
actual situation of the damage.

3.2. Gapped Smoothing Technique. Most of the structural
damage identification indexes require the modal data before
and after the structural damage as input parameters, but the
modal parameters of the undamaged structure state are often
difficult to obtain. .e basic idea of gapped smoothing
technique (GST) is that modal characterization such as
mode shape and curvature mode shape of a healthy structure
has a smooth shape, which can be approximated by a
polynomial in two or three variables. For damaged struc-
tures, the modal characterization is no longer smooth in the
whole space and irregular mutation is induced where local
damages exist. With the modal curvature information of the
undamaged structure being unknown, the modal curvature

value of the damage point of the structure can be removed,
and the smooth curve can be fitted by using the gapped
smoothing technique to approximate replace the modal
curvature curve of the undamaged structure. .is technique
was originally developed by Ratcliffe [33]. A similar method
is the Chebyshev polynomial fitting technique [34]. .e
curve fitting function is a quartic polynomial described by
equation (16), where F(x) is the mode shape curvature of the
beam.

F(x) � c4x
4

+ c3x
3

+ c2x
2

+ c1x + c0. (16)

For example, the modal curvature before and after the
single point damage of simply supported beam structure is
shown in Figure 5. It can be seen that the MC curve at the
damage location has a significant mutation. .e MC curve
equation of the structure in the undamaged state and the
approximate modal curvature curve equation of the struc-
ture in the undamaged state fitted by gapped smoothing
technique are as follows:

F1(x) � (− 5.642e − 8)x
4

+(6.996e − 6)x
3

− (5.009e − 5)x
2

− 0.01034x + 0.0102,
(17)

F2(x) � (− 5.601e − 8)x
4

+(6.945e − 6)x
3

+(4.984e − 5)x
2

− 0.01026x + 0.0101.
(18)

.eMC curve fitted by the undamaged beam and GSTas
indicated by equations (17) and (18) is shown in Figure 6. It
can be seen that the two curves almost coincide. By using the
corrcoef (X, Y) function in MATLAB, the Pearson corre-
lation coefficient of the two curves can be calculated to be
equal to 1, i.e., the two curves are completely correlated,
indicating that it is feasible to replace the modal curvature
curve in the undamaged state of the structure with the MC
curve obtained by GST fitting.

3.3. Calculation of MCUIE Index. Let the utility space of
information source X be

[X · W]:
X: a1a2 · · · an,

W(X): w11wij · · · wnn,

⎧⎨

⎩ (19)

where wij ≥ 0(i � 1, 2, . . . , n ; j � 1, 2, . . . , n) is the utility
weight coefficient and represents the relative importance of
the source symbol ai(i � 1, 2, . . . , n) to the source symbol
aj(j � 1, 2, . . . , n).

In this paper, we take the value of pairwise division of the
elements in the source symbol as its relative importance;
then a mutual weight matrix H(w) of order n×n can be
obtained. In theory, when the structure is damaged, the MC
of the damaged node will be changed in the corresponding
rows and columns in the mutual weight matrix, while the
corresponding rows and columns of the undamaged node
will remain unchanged, which indicates that when the
damage occurs, the disorder degree of the relative
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information of the damage node increases..is makes use of
the subjective utility value and objective probability infor-
mation of node modal information.

.e expression of mutual weight matrix H(w) is

…
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where aij � (ai/aj)(i � 1, 2, . . . , n; j � 1, 2, . . . , n), n is the
number of nodes.

Suppose the mutual weight change matrix Δ before and
after structural damage is

Δ � H(w)u − H(w)d

�

Δ11 Δ12 · · · Δ1n
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where H(w)u and H(w)d are the mutual weight matrix
before and after structural damage, respectively; and the
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Figure 3: Description of local probability calculation.
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Figure 4: Local probability of modal curvature. (a) Original local probability. (b) Modified local probability.
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Figure 5: MC curves of structure before and after.
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subscripts “u” and “d” represent the undamaged and
damaged states of the structure, respectively.

.e MC of the damaged nodes also mutates in the
corresponding rows and columns in the mutual weight
change matrix, and the degree of mutation is proportional to
the mutation value of the MC. When the modal curvature
changes at the damage before and after the damage, the MC
trend curve of the whole beam will shrink slightly, which
indicates that the damage elements affect the stability of the
surrounding undamaged elements to some degree, as shown
in Figure 7.

To facilitate the explanation of the new index, two
functions are defined: sum(Δ) represents the sum of the
elements of the mutual weight change matrix Δ by rows and
mul (Δ · p) is expressed as the product of the sum of the
utility weight coefficients of the source symbol
ai (i � 1, 2, . . . , n) and the local probability
pi (i � 1, 2, . . . , n) of the source symbol, i.e., the weighted-
probability coefficient.

.e weighted sum of mul(Δ · p) and the self-informa-
tion I(ai) � − logpi (i � 1, 2, . . . , n) of the source symbol
is defined as the modal curvature utility information entropy
of the system

MCUIE � HW mul1,mul2, . . . ,muln; I1, I2, . . . , In( 

� − mul1logp1 − mul2logp2 − · · · − mulnlogpn

� − mul1logp1 + mul2logp2 + · · · + mulnlogpn 

� − 
n

i�1
mulilogpi,

(22)

that is,

MCUIE � − 
n

i�1
mulilogpi. (23)

To some degree, the weight-probability coefficient
muli(i � 1, 2, . . . , n) reflects the influence of the change of

the structure’s overall stress characteristics on the defor-
mation of the structure points. .e self-information I(ai) �

− logpi(i � 1, 2, . . . , n) of the source symbol reflects the
amount of information that the changes of structural nodes
can provide to identify the overall deformation of the
structure.

.e specific steps of MCUIE index calculation are as
follows in Figure 8:

3.4. Damage Degree Identification Method Based on MCUIE
Index. .e MC of element D(x) without damage is ϕE;
theoretically, the MC of element D(x) after damage should
be mutation from ϕNA to ϕNB, and the actual result ϕNE is
the average value of ϕNA and ϕNB, as shown in Figure 9 [15].

In this paper, by considering the relationship between
element damage and “node damage,” the MATLAB poly-
nomial fitting method is adopted to obtain the relationship
curve between MCUIE peak at the damaged node and el-
ement damage degree, so as to judge the damage degree of
the structure.

.e sum of squared errors (SSE) is used as the index to
evaluate the effect of curve fitting:

SSE � 
r

i�1


ni

j�1
xij − xi 

2
, (24)

where r, ni, xij, and xi are the total number of observed data,
the number of observed data, the fitting data of the jth data in
the ith population, and the average value of the ith obser-
vation data.

.e closer SSE is to 0, the closer the linear correlation
between the fitting data and the fitting function is, and the
better the fitting effect is.

4. Finite Element Numerical Analysis of
MCUIE Index

4.1. Establishment of Simply Supported Beam Model. .e
simply supported beam model was established in MIDAS/
Civil, and the beam structure was divided into 60 equally
spaced elements, as shown in Figure 10. .e span of simply
supported beam is L� 6m with a section size 0.6m× 0.4m.
C40 concrete is applied with a elastic modulus
E� 3.25×107 kN/m2 and Poisson ratio μ� 0.2. .e bulk
density is c� 25 kN/m3 and mass density is 2.549 kN/m3/g.
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Figure 6: Gapped smoothing technique fitting.
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Figure 7: Change of modal curvature cure.
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Here the damage of the structure is simulated by the re-
duction of the element elastic modulus.

4.2. Setting ofDamageCases of Simply SupportedBeamModel.
.e damage cases of single point, multiple points with the
same damage degree, and different damage degrees were set
to verify the effectiveness of MCUIE index, and the damage
cases of simply supported beam are shown in Table 1.

.e calculation results of the first-two order frequencies
and periods of the simply supported beam model are shown
in Table 2.

By comparison, with the aggravation of the beam
structure damage (the degradation of the element stiffness),
the natural frequency of the beam structure gradually de-
creases and the period gradually increases.

4.3. Damage Identification Results Analysis of MCUIE.

.e first-two modal damage identification results are given
in this section. Figures 11–13 show the damage identification
comparison result of the first-two orders of MCUIE index
and MCD index [18] in the above damage cases. When the
structure is damaged, the MCUIE curve andMCD curve will
undergo saltation at the corresponding damage location.

.e identification results of damage cases 1–3 under the
MCD are shown in Figures 11(a) and 11(b); the value of
MCD index shows an obvious peak at the set damage po-
sition, so the damage position of the structure can be located.
However, there are anomalies near the supports at both ends
of the beam structure, and in the identification results of the
second-order modes, the value of MCD index at the damage
of the modal nodes is 0. Because the modal curvature at the
second-order modal nodes is positive and negative offset,
which negatively influences the identification of the relative
damage degree of the structure.

In contrast, the MCUIE index is modified by local
probability to measure the structural damage from the

6m

1 5 10 15 45 50

0.4m

0.6m

...... 55 60

Figure 10: Simply supported beam Finite element model.

MC curve of the
damage structure 

MC curve of the
undamaged structure 

GST fitting

Calculate local 
probability P (x) of MC

Eliminating the “false 
peak”of the local probability

Mutual weight matrix H (w) and 
mutual weight change matrix Δ

Modal curvature utility 
information entropy (MCUIE)

Sum (Δ) mul (Δ · p)

Figure 8: Calculation process of MCUIE index.

A B

D (x)

¦ÕE
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Figure 9: Relationship between element damage and node damage.

Table 1: Damage case studies in simply supported beam.

Damage case Damage element Damage degree (%)
1 5 20 30 50 5 60 30 20
2 5 20 30 50 20 40 60 10
3 5 20 30 50 40 20 10 60
4 1 20 35 10 20 30 40 50
5 30 5 10 20 30 40 60

8 Advances in Civil Engineering



perspective of probability, it can also accurately locate the
damage position in Figures 11(c) and 11(d), and the iden-
tification results of the first-two modes can truly reflect the
damage situation of the structure without any abnormal.
With the increase of the damage degree, the MCUIE index
value at the damage location also increases and increases
synchronously in accordance with the proportion of the
damage degree.

.e identification results of case 4 are shown in Fig-
ure 12. When the same damage degree occurs at different
positions of the structure, the peak value of MCUIE index of
each damage position is very close, while the value of MCD
index identification results varies greatly.

By comparing Figure 13, it can be seen that in the case of
single point damage, the damage identification result of
MCUIE index is also better than MCD index. In MCUIE
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Figure 11: Damage identification results of MCD and MCIUE index of case studies 1–3. (a) First-order MCD. (b) Second-order MCD. (c)
First-order MCUIE. (d) Second-order MCUIE.

Table 2: Modal information of simply supported beam.

Damage case First-order frequency (rad/sec) First-order period (sec) Second-order frequency
(rad/sec) Second-order period (sec)

Undamaged 167.568 0.0375 648.129 0.00969
Single damage 166.412 0.0377 647.713 0.00971
Multiple damage 165.611 0.0379 643.143 0.00977
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index identification, the index has a promising sensitivity to
damage when a single point of structure is damaged to a
different degree, and with the aggravation of damage, the
MCUIE value at the damage position increases in proportion
to the damage degree of the structure, which can qualita-
tively reflect the damage degree of the structure.

4.4. Calculation of Structural Damage Degree. Regarding the
calculation of damage degree, MATLAB is used in this paper
to obtain the relationship curve between the peak value of
MCUIE at damage node and damage degree by polynomial
fitting method to judge the damage degree of the structure.

When a single damage with different degrees occurs in
the structure (Case 5), the peak value of MCUIE at damage

node is shown in Table 3 (first-order value). .e relation
curve of MCUIE peak value and damage degree is fitted, and
the polynomial degree is 3; the damage degree function
equation of structure when damage occurs in element 30 is
obtained:

y � 151.2x
3

− 32.68x
2

+ 38.88x − 0.2222, SSE

� 4.5853e − 30.
(25)

.e validity of equation (25) was verified by taking the
index peak values of 15% and 55% as damage degree in Case
5, respectively. .e results are shown in Table 4.

It can be seen from Table 4 that, for the functional
equation of damage degree of a single point, the fitting error
of both small damage and large damage is less than 10%,

D = 0.1
D = 0.2
D = 0.3

D = 0.4
D = 0.5

0.00

0.02

0.04

0.06

0.08

0.10

0.12
M

CD

10 20 30 40 50 600
Node number

(a)

D = 0.1
D = 0.2
D = 0.3

D = 0.4
D = 0.5

10 20 30 40 50 600
Node number

–0.8

–0.6

–0.4

–0.2

0.0

0.2

0.4

0.6

M
CD

(b)

D = 0.1
D = 0.2
D = 0.3

D = 0.4
D = 0.5

0

5

10

15

20

25

30

35

M
CU

IE

10 20 30 40 50 600
Node number

(c)

D = 0.1
D = 0.2
D = 0.3

D = 0.4
D = 0.5

0

5

10

15

20

25

30
M

CU
IE

10 20 30 40 50 600
Node number

(d)

Figure 12: Damage identification results of MCD and MCUIE index of case studies 4. (a) First-order MCD. (b) Second-order MCD. (c)
First-order MCUIE. (d) Second-order MCUIE.
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indicating that equation (25) of damage degree fitting is
effective and feasible.

Structural damage relationship fitting curve is shown
in Figure 14; as can be seen from the graph, with the
increase of damage degree, MCUIE value of damage node
increases gradually, when damage degree is greater than
40%, the damage growth curve is nonlinear. Considering
the cumulative effect of structure damage, the relation-
ship of damage can be qualitatively verified the rationality
of the fitted curve growth trend.
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Figure 13: Damage identification results of MDC and MCUIE index of case studies 5. (a) First-order MCD. (b) Second-order MCD. (c)
First-order MCUIE. (d) Second-order MCUIE.

Table 3: MCUIE value of Single damage with different damage
degrees.

Damage element Damage degree (%) MCUIE value

30

5 1.6591
10 3.4902
20 7.4562
30 12.5832
40 19.7782
60 44.0021
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.e damage degree of structure with multiple points
and different damage degrees is calculated by taking case
4 as an example. MCUIE peak value of the damaged node
is shown in Table 5 (first-order value). .e relationship
curve between the peak value of MCUIE at damaged node
and the damage degree can be obtained by fitting the data
in Table 5:

y1 � − 42.45x
3

+ 130.5x
2

− 0.243x + 1.162, SSE1 � 0.0341,

(26)

y2 � − 33.11x
3

+ 128.3x
2

+ 5.166x + 1.213, SSE2 � 0.0219,

(27)

y3 � 14.74x
3

+ 91.73x
2

+ 7.677x + 0.918, SSE3 � 0.0422.

(28)

.e damage degree fitting equations (26) and (27) of
multipoint damage case were verified by taking the index
peak values when the damage degrees of element 1 and 20 in
case 4 were 15% and 45%, respectively. .e results shown in
Table 6.

.e damage degree fitting curve is shown in Figure 15,
comparing the damage degree fitting curves of element 1, 20,
and 35, it can be seen that the damage degree fitting curves
vary at different positions. Under the same damage degree,
the fitting curve of element 35 near the span is above element
1 near the support, indicating that under the same damage
degree, the closer the damage node is to the span, the larger
the MCUIE is. Besides, with the aggravation of damage, the
difference between the two curves becomes larger. Under the
same damage degree, the damage degree fitting curve of
element 20 is above elements 1 and 35, indicating that the
damage of element on both sides of the damage location

Table 4: Validation of single damage degree function equation.

Damage element Damage degree (%) Calculated value Fitted value Identification error

30 15 5.982 5.385 9.9
55 37.855 36.432 3.8
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Figure 14: Damage degree fitting curve of single damage.

Table 5: MCUIE value of multidamage with different damage degrees.

Damage element
MCUIE value of element with different damage degrees

Damage degree (%) 10 20 30 40 50
1 2.3745 6.0944 11.533 19.3256 28.3274
20 2.9621 7.1848 13.311 21.7613 31.7177
35 2.5933 6.3385 11.727 19.7066 29.5062

Table 6: Validation of multidamage degree function equation.

Damage element Damage degree (%) Calculated value Fitted value Identification error (%)
1 15 4.484 3.918 12.6
20 45 27.514 26.501 3.75

12 Advances in Civil Engineering



plays an aggravating role.When the damage degree reaches a
certain threshold, the damage degree fitting curve of element
20 is between elements 1 and 35.

4.5. MCUIE Index Antinoise Performance Verification. To
verify the antinoise performance of MCUIE index, Gaussian
white noise with signal to noise ratio (SNR) of 70 dB, 80 dB,
and 90 dB was added to the mode shape to simulate the noise
interference.

SNR � 10log10
Ps

Pn

 , (29)

where Ps is the effective power of the original signal, Pn is the
effective power of the noise signal, and the length of the
original signal and the noise signal are consistent.

.e damage identification results after adding Gaussian
white noise to the mode shape of Case 2 are shown in
Figure 16.

It can be seen from Figure 16 that MCUIE index has
promising antinoise performance, but when the SNR of first-
order index is equal 70 dB, the damage identification effect
with a small damage degree is unsatisfactory. By comparing
the results of antinoise analysis of the first-two orderMCUIE
indexes, it can be seen that the second-order indexes have

Element 1
Element 20
Element 35

0

20

40

60

80

100

120

M
CU

IE

0.2 0.4 0.6 0.8 1.00.0
Damage factor

Figure 15: Damage degree fitting curve of multidamage.
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Figure 16: Antinoise verification of MCUIE index. (a) Antinoise verification of first-order. (b) Antinoise verification of second-order.
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better antinoise performance, and the minor damage can be
effectively identified, and the variation trend of MCUIE peak
at the damage node is basically consistent with the variation
trend of damage degree.

5. Test Verification of Simply Supported Beam

5.1. Design of Experimental Model. .e model of simply
supported steel beam with uniform section is taken as the
research object to verify the effectiveness of the MCUIE
index..e cross section size of the model is 100mm× 8mm,
the model span is 175 cm, and 35 elements, 36 nodes are
divided. .e elastic modulus of the experimental model
material E� 2.0795×108 kN/m2, the bulk density
c� 76.98 kN/m3, and Poisson ratio μ� 0.3. .e two ends of
the steel beam are fixed on the prefabricated hinge support
and rolling fabrication by high-strength bolts, and the

acceleration sensor is installed at the element node to obtain
the modal data of the structure. .e single point hammer
excitation force multipoint acceleration collected for simply
supported steel beam, as shown in Figure 17.

With six acceleration sensors available, in order to obtain
the first-two modes information of the structure more ac-
curately, the reference point is set at the “reference point 1” in
the midspan position to obtain the first-order mode infor-
mation of the structure, and the “reference point 2” along the
3/4 of the span direction to obtain the second-order mode
information of the structure, as shown in Figure 18.

5.2. StructuralDamage Simulation andDamageCases Setting.
.e section of the beam is symmetrically cut to simulate the
damage; the damage form of the simulated steel beam is
shown in Figure 19.

Table 7: Test simulation damage cases.

Damage cases Cutting cases (incision width of 1 cm) Damage degree (%)
6 Incision depth was 2.5 cm at 30 cm 50
7 Incision depth was 2.0 cm and 2.5 cm at 50 cm and 125 cm 40, 50
8 Incision depth was 2.0 cm at 45 cm, 87.5 cm and 130 cm 40
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For any small segment of a simply supported beam of
equal section, assuming that the bending moment M is the
same everywhere in the section, the maximum total bending
deformation of this segment is the sum of the maximum
bending deformation of each segment, as shown in the
following equation:

L

E I
�

L 1

E I1
+

L 2

E I2
, (30)

where EI is the equivalent stiffness of any small segment, EI1
and EI2 are stiffness of L1 and L2 segments, respectively.
According to equation (30), the damage degree of each
damage case can be calculated, and then the damage cases of
the simulated steel beam can be obtained, as shown in
Table 7.

5.3. Analysis of MCUIE Method Test Verification. .e ran-
dom subspace method is used to calculate the modal fre-
quency and mode data of the structure, the acceleration
time-history curve is processed by fast Fourier transform,
and the corresponding spectrum curve is obtained. .e

spectrum curve of the undamaged and damaged structure is
shown in Figures 20–23.

According to equation (12), the first-two MC of the
structure under each damage case can be obtained
according to the modal information obtained from the
test, as shown in Figure 24 (take the second-order
identification result as an example). According to the
calculation results of MC of damaged structures, there is
an obvious abrupt peak point at the damage location,
which can well show the damage location of structures,
but the defects of MC index are prominent as well. For
example, the linear relationship between the MC value
and the damage degree of the damage point is poor, and it
is not sensitive to the damage at the mode shape node.

.e measured MC of the structure is abnormal near
the support, which may be caused by the disturbance of
the support link, the field noise, the defect of the test
member, and the error of the test instrument, but it has
little effect on the effectiveness of the proposed method.

According to the calculation method above, the
MCUIE relation curve under each damage case is ob-
tained by processing the measured modal data of the
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structure, as shown in the following figure (take the
second-order identification result as an example).

Although it is inevitable to be affected by external noise,
defects of the specimens. and measurement errors in the
process of testing, which may resulting in errors in the test
data, the MCUIE index calculated by using the first-two
modes information of the test structure can still better identify
the damage of the structure. It can be seen from Figure 25 that
MCUIE increases with the aggravation of damage degree, and
the MCUIE values at different damage locations with the
same damage degree have little difference, which can pre-
liminarily reflect the damage degree of the structure.

.e first-order damage index peak value was extracted
from damage Case 7, and the relationship curve between the
index peak value and the damage degree was fitted. Since the
damage was two points with different damage degrees, the
fitting polynomial degree was 2, and the damage degree
fitting equation was as follows:

y � 33.14x
2

+ 3.574x + 1.02, SSE � 4.437e − 31. (31)
Damage degree fitting curve of Case 7 is shown in

Figure 26. Because the measured modal curvature is ab-
normal near the support, the MCUIE value does not start

from 0. Considering the cumulative effect of structural
damage, the correctness of the growth trend of the damage
assessment function curve can be qualitatively verified.

6. Conclusion

Based on the sensitivity of modal curvature to damage, the
information entropy index describing the degree of system
uncertainty is introduced into the damage identification of
beam structure. Combining with the concept of utility in-
formation entropy, the MCUIE index is proposed, and the
damage identification ability of the new index and MCD is
compared and analyzed by using the finite element simu-
lation of simply supported beam.

With gapped smoothing technique adopted, the MC
curve of the damaged structure is used to fit a smooth
curve to replace the MC curve of the undamaged
structure, which avoids the dependence on the baseline
data of the undamaged structure. .rough polynomial
fitting of the relationship between MCUIE peak and
damage degree at the damage site, the damage degree
fitting equation can be obtained, which can effectively
determine the damage degree qualitatively, but needs to
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Figure 22: Spectrum curve of case 7.
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be further optimized in the direct quantification of
damage degree.

.e antinoise performance of MCUIE index is ana-
lyzed by adding Gaussian white noise to the modal
shapes. .e results show that the index has certain noise
immunity and the higher-order index has better noise
immunity.

.e effectiveness of MCUIE index in practical
structure is verified by the damage simulation of simply
supported beam model and it shows promising damage
identification ability. However, due to the nonlinearity,
complexity, and uncertainty of the actual structure,
MCUIE index needs to be further verified in practical
engineering.
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Figure 23: Spectrum curve of case 8.
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Figure 24: Damage identification result of MC. (a) Case 6. (b) Case 7. (c) Case 8.
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