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The static allowable stress ﬁeld of foundation under strip foundation is constructed by means of stress columns, and the calculation method of the lower bound foundation bearing capacity based on the two-parameter parabolic Mohr yield criterion is
proposed. Moreover, the inﬂuence of the amount of stress columns and material mechanical parameters on the lower bound
bearing capacity is analyzed. The results show that a better solution can be obtained by optimizing the static allowable stress ﬁeld.
However, the improvement of lower bound solution might be ineﬃcient if the stress column amount is large enough. The stresses
of the superimposition area show a reduction with the improvement of stress ﬁeld; on the other hand, the superposed stresses are
enhanced ever faster as the involved stress column increases. The tensile-compressive strength ratio has a moderate eﬀect on the
lower bound solution. Finally, the reliability of the proposed method is veriﬁed by some rock foundation loading tests.

1. Introduction
In the mid-20th century, Drucker and Prager combined the
static ﬁeld and the kinematical ﬁeld and put forward the
limit analysis theory including upper and lower bound
analysis, which provided a new tool for solving bearing
capacity of foundations. In comparison, the lower limit
method is not so widely used because it is more diﬃcult to
establish a static allowable stress ﬁeld. Up to now, the lower
bound limit method is mainly composed of two implementation means. Firstly, the construction of static permissible stress ﬁeld is carried out by superposing stress ﬁelds
or specifying stress discontinuities [1]. Secondly, the ﬁnite
element method and mathematical programming tools are
employed to acquire the limit state of engineering structures
in discrete stress ﬁeld [2]. In order to get the lower bound
solution of bearing capacity for strip footings, Chen adopted
the ﬁrst method and presented the analytical solution subject
to linear Mohr-Coulomb criterion [1]. Subsequently, Andrei
obtained the lower bound of bearing capacity of weightless
foundation beneath strip footing by using limit analysis

ﬁnite element method [3] and compared the solving eﬃciency of linear and nonlinear programming. By means of
ﬁnite element method and linear programming, Li and Liu
[4] constructed a static allowable stress ﬁeld to calculate the
slope bearing capacity. Theoretically, the lower bound
bearing capacity of the strip footing can be obtained by
considering the slope angle to be zero. Zhang et al. derived
the lower bound solution of the bearing capacity of the strip
footing under compound loading mode [5]. However, the
linear yield criterion used in the above literature is quite
distant from the actual behaviors of geotechnical materials.
How to perform the lower bound analysis accompanied by
the nonlinear failure criterion to explore the ultimate
bearing capacity of strip footing remains an important
subject to be solved.
In 1965, Murrell pointed out that there was a power
function relationship between the large and small principal
stresses of rocks [6]. Mello also suggested a power function
relationship between the shear strength and normal stress of
rockﬁll in 1977 [7], and Perry analyzed slope stability by
adopting power function shear strength envelope in 1994

2
[8]. Besides, Duncan et al. proposed the logarithmic relationship between the friction angle, atmospheric pressure,
and small principal stress in coarse-grained soil, which was
adopted by “design speciﬁcation for rolled earth-rock ﬁll
dams (SL274-2001)” of China [9, 10]. In 1987, the generalized nonlinear strength criterion was employed in the
ﬁnite element calculation of safety factor of geotechnical
structures [11, 12]. Additionally, some researchers compared
the characteristics and applicability of linear criterion,
parabolic criterion, hyperbolic criterion, and exponential
strength criterion [13–16]. The research shows that each
nonlinear strength criterion has advantages and disadvantages in variant application ﬁelds, but all of them are more
practical than the linear strength criterion.
In this paper, the parabolic yield criterion with two
parameters is investigated based on the nonlinear strength
theory and the principle pf “simple expression form, explicit
physical meaning, and easy parameter obtainment.” Subsequently, the static allowable stress ﬁeld conforming to the
lower bound theory is constructed by using multiple stress
columns in the spatial foundation beneath strip footing.
Finally, the lower bound solution of bearing capacity is
obtained with the consideration of the nonlinear parabolic
strength criterion.
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corresponding to the static allowable stress ﬁeld, the ultimate
load is the largest.
In general, the lower bound theorem can be cooperated
with the upper bound theorem to deﬁne the actual interval of
the ultimate load. If the upper limit is equivalent to the lower
limit, then the ultimate load is a complete solution.
2.2. Two-Parameter Parabolic Mohr Strength Criterion. In
1979, the two-parameter parabolic Mohr strength criterion
(as shown in Figure 2) was carried out based on tensile/
compressive strength of materials [20]: where σ and τ
represent the normal and shear stress, respectively; λ is the
intermediate parameter, while σ c and σ t are the uniaxial
compressive and tensile strength. The proposed criterion is
of concise form, clear meaning, and easy accession of parameters. Furthermore, it owns the following properties: (1)
the σ∼τ curve is orthogonal to the σ-axis, which ensures that
the curve also has physical signiﬁcance in the vicinity area of
τ � 0; (2) the dip angle of the σ∼τ curve decreases inﬁnitely
with the increasing of σ, conforming with nonlinear MohrCoulomb criterion; (3) the two-parameter parabolic Mohr
strength criterion is applicable to self-consistently describe
compression-shear failure and tension-shear failure, as well
as pure tension yielding [21].
2
⎧
⎪
⎨ τ � λ σ + σ t ,
��������
⎪
⎩ λ � σ + 2σ − 2 σ σ + σ 2 .
c
t
c t
t

2. Theoretical Background
2.1. The Lower Bound Theorem. Foundation bearing capacity, Earth pressure, and slope stability are regarded as
three classical problems of soil mechanics [17–19].
Figure 1(a) displays a typical load-deformation curve of
loading tests on surﬁcial footings. The curve contains four
sections, which successively represent elastic, elastoplastic,
and plastic deformation and strain hardening stage. In order
to determine the ultimate bearing capacity (Pc) of the
foundation as an elastoplastic material, two methods are
usually adopted: one is to investigate the whole evolution
process of the foundation, from elastic deformation state to
plastic limit state, which is based on the theory of plastoelasticity mechanics (Figure 1(b)). Due to the complexity
of practical engineering problems, it is usually only suitable
for simple working conditions. The second is to ignore the
process of elastic deformation, regard the material as a rigidplastic body, and focus on the behavior of the structure in the
plastic limit state, namely, the limit analysis method
(Figure 1(c)). It can eﬀectively simplify the analysis process
and reﬂect the most essential content in the plastic deformation, so it is widely used in the engineering ﬁeld.
If there exists a static allowable stress ﬁeld throughout
the whole object without any yield, which can balance with
the load acting on the stress boundary, the object will never
fail. When the deformation of the object reaches the limit
state, the power of the real surface force in the given velocity
ﬁeld is always greater than (or equal to) the power of the
corresponding surface force in the same velocity ﬁeld of any
other static allowable ﬁeld. The lower bound theorem indicates that (1) the ideal object can adjust itself to take on the
potential external load; (2) among all the loads

(1)

Another form of parabolic Mohr criterion was
researched which could be stated as [22, 23]
σ � aτ 2 + b,
where
a�

��������
σ c + 2σ 2t + 2 σ c σ t + σ t 2
σc2

(2)

,

b � −σ t .

(3)

(4)

From equations (1) and (3),
λ · a � 1.

(5)

Conclusively, the above two models are completely
equivalent to each other. The two-parameter parabolic Mohr
criterion is not only the development of the classic MohrCoulomb criterion but also the extension of the Griﬃth
criterion, and it has good application prospects. However,
there exists an implicit constraint; that is, σ c /σ t > 3 [24].

3. The Stress Field and the Lower Bound
Solution of Bearing Capacity
In this research, the following assumptions are adopted: (1)
the foundation locates beneath a strip footing with a frictionless bottom; (2) the foundation is weightless; (3) the
foundation is a rigid-plastic body, subject to the parabolic
Mohr yield criterion.
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Figure 1: Deformation curves: (a) common material; (b) ideal elastoplasticity; (c) rigid plasticity.
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Figure 2: Parabolic Mohr strength criterion in diﬀerent coordinate systems: (a) σ∼τ; (b) σ 1∼σ 3.

3.1. The Case of a Single Stress Column. For the simplest case,
only one stress column beneath strip footing is taken into
consideration (Figure 3), which could be regarded as uniaxial compression.
Therefore, the lower bound solution of bearing capacity
of the foundation (σ z) could be given by
σz � R � σc,

(6)

in which R is the yield strength. However, all experiences
show that the stress in the foundation is transmitted by
diﬀusion. Obviously, in the case of one stress column, the
material strength on both sides of the stress column is not
considered at all.
3.2. The Case of Three Stress Columns. Subsequently, a static
allowable spatial stress ﬁeld is shown in Figure 4, which is
constructed by three stress columns: a vertical stress column
under strip footing and two lateral stress columns symmetrically arranged on the left and right sides. In Figure 4, Q
and α are unknown parameters. In order to ensure that the
stress state of any point in the foundation does not violate
the yield criterion after the superposition of stress ﬁelds, a
horizontal stress column is added in the foundation with an
axial compression of R � σ c.
According to [20], the two-parameter parabolic Mohr
criterion could be expressed by principal stresses as



σ1 − σ3 2
σ + σ3
λ2
 � λ 1
 + λσ t − .
2
2
4

(7)

Rewrite with the spherical stress P and the deviatoric
stress S:
S2 � λP + λσ t −

λ2
.
4

(8)

While transforming the yield criterion from (P, S) coordinate system to (σ, τ) coordinate system, we get
dτ
⎪
⎧
⎪
tan φ � ,
⎪
⎪
dσ
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩ csc φ � dP.
dS

(9)

Consequently, the increment of deviator stress ΔS in the
overlapping area can be denoted as
ΔS �

λ
ΔP.
2S

(10)

According to the principle of stress superposition, the
synthetic hydrostatic stress component is the algebraic sum
of the hydrostatic stress of each stress column, and the
synthetic deviatoric stress component is the vector sum of
the deviatoric stress of each stress column. By combining

4
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Figure 5: The stress superposition diagram of 3 stress columns.

����������������
(λ + R) · −4λ3 R + 4λ2 R2 + R4 − R3 + λR2 − 2λ2 R
,
4λR2

cos 2 α �

(16)

Figure 3: A single stress column.

Q�

����������������
λR3 + 2λ2 R2 − R4 + λR + R2  · −4λ3 R + 4λ2 R2 + R4
2λR2 − λ2 

.

(17)
4

R
1

The stress status of area ④ in Figure 4 could be presented
by

3

2
α

R

Q

Q

P4 �

R Q R Q
+ + + � Q + R,
2 2 2 2

(18)

S4 �

Q
R Q
R
cos 2 α + + cos 2 α − � Q cos 2 α.
2
2 2
2

(19)

Consequently, the lower bound solution of bearing capacity of foundation beneath strip footing with 3 stress
columns should be
Figure 4: The stress ﬁeld constructed by 3 stress columns.

with Figure 5, the hydrostatic stress and the deviatoric stress
of each stress superimposition area ①∼④ in Figure 4 could
be calculated as follows:
S1 �

R σc
� ,
2 2

(11)

S2 � S1 + ΔS �

R λQ
+ ,
2 2R

(12)

S3 � S2 + ΔS �

R λQ
λR2
+
+
.
2
2 2R 2R + λQ

(13)

Apply the cosine theorem in ΔOAB:
Q�

2R3 cos 2 α + 2λR2
.
R2 − λ 2

(14)

σ z � Q4 + S4 � Q + R + Q cos 2 α � R + Q(1 + cos 2 α),
(20)
in which R, Q, and cos2α were aforementioned.
3.3. The Case of Nine Stress Columns. A more sophisticated
static allowable stress ﬁeld composed of 9 stress columns is
shown in Figure 6, in which the plastic deformation zone
BAC is divided into 9 stress columns with equal angles (Δθ).
The stress columns suﬀer from axial compression Q1,
Q2. . .. . ., Q9, which are determined by parabolic Mohr
criterion. Also, a horizontal stress column is aﬃliated in
order not to violate the yield law. For the foundation to the
left of stress columns, σ 1 � R and σ 3 � 0; for the base area
under the strip footing, σ 1 � σ z and σ 3 � σ x > 0. According to
the nonlinear strength criterion, φ1>φ2. The superimposed
stress ﬁeld is shown in Figure 7, in which angles between
adjacent deviating stress components are 2Δθ.

In Figure 5,
Q
S3 � .
2
Combining equations (13), (14), and (15), we get

(15)

3.4. The Case of Numerous Stress Columns. It is clear that
n + 1 stress columns partition the plastic deformation area
into n sector regions with an equal angle Δθ; consequently,
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Pn+1 � Pn +

A
π/4 – φ1/2

π/4 + φ2/2
σx

It should be noted that when the material complies with the
nonlinear failure criterion, the angle between the velocity vector
and the deviatoric stress vector equals φ. When n increases
inﬁnitely, S1 and P1 will both approach R/2 [1]. Therefore, the
lower bound of the foundation bearing capacity should be

σx
σz

B

σ z � lim Qn+1 + Sn+1 .
n⟶∞
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Figure 7: Stress superposition diagram of 9 stress columns.

Δθ �

θ 90° + φ1 /2 − φ2 /2
�
.
n
n

(21)

And the deviatoric stresses are
S2 � S1 +

S1 · 2Δθ λ
2S1 λΔθ
�,
� S1 + �������
·
cos φ 2S1
4S 2 − λ2

(22)

S2 · 2Δθ λ
2S2 λΔθ
�,
� S2 + �������
·
cos φ 2S2
4S 2 − λ2

(23)

Sn · 2Δθ λ
2Sn λΔθ
�.
� Sn + �������
·
cos φ 2Sn
4S 2 − λ2

(24)

1

S3 � S2 +

2

Sn+1 � Sn +

(28)

The solving procedure is shown in Figure 8.

4. Parametric Analysis

Q8

Figure 6: Stress ﬁeld constructed by 9 stress columns.

R/2

(27)

n

σz

R

Qn+1
4Sn2 Δθ
� Pn + �������
.
2
4S 2 − λ2

4.1. Eﬀect of Stress Column Amount (n + 1) on the Lower
Bound Solution. Figure 9 shows the relation curve between
the number of stress columns and the lower bound solution
of bearing capacity with the hypothesis of σ c � 10 MPa and
σ t � 1 MPa. It can be seen that the lower bound solution of
bearing capacity gradually is enhanced and converges as the
stress column amount increases, which means a better lower
bound solution can be obtained by constructing a more
precise static allowable stress ﬁeld. However, the improvement of lower bound solution might be ineﬃcient and
meaningless if the stress column number is large enough.
For instance, the lower bound bearing capacities are
56.90 MPa and 57.03 MPa, corresponding to n � 100 and
n � 10000, respectively. The relative error between them is
only 0.24%.
Referring to Figure 4, the stress distribution in superposition areas with the number of stress columns varying
from 11 to 10001 is given in Figure 10, in which P101 denotes
the hydrostatic stresses of superposition areas within the
whole stress ﬁeld composed of 101 stress columns and S1001
represents the deviatoric stresses of superposition areas
within the whole stress ﬁeld composed of 1001 stress columns and so on. It shows that although the amount of stress
columns changes signiﬁcantly, the variation regularity of
both hydrostatic and deviatoric stress components is quite
similar. The stresses of the superimposition area show a
reduction with the improvement of stress ﬁeld; on the other
hand, the superposed stresses elevate ever faster with the
increase of the stress column amount it contains. Furthermore, the stress state of all superimposition areas does not
violate the aforementioned yield criterion.

n

The hydrostatic stresses could be given by
P2 � P 1 +

Q2
4S1 2 Δθ
�,
� P1 + �������
2
4S 2 − λ2

(25)

Q3
4S2 2 Δθ
�,
� P2 + �������
2
4S 2 − λ2

(26)

1

P 3 � P2 +

2

4.2. Eﬀect of λ and σ t/σ c on the Lower Bound Solution.
According to equation (1), the material performance parameter λ could be calculated by the compressive and tensile
strength. That is, λ is totally determined by σ t/σ c once the
compressive or tensile strength is speciﬁed. Figure 11 shows
the relationship between λ and the lower bound solution of
foundation bearing capacity (σ z) with σ t/σ c � 0.10. Intuitively, the lower bound solution is positively correlated with
λ. With the enhancement of compressive strength, the
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inﬂuence of λ on the lower bound bearing capacity will be
reduced to some extent. The σ z∼σ t/σ c curve is plotted in
Figure 12, which proves that when σ t/σ c grows up from 1 : 25
to 1 : 5, the lower bound bearing capacity decreases by about
30%. Therefore, σ t/σ c has a moderate inﬂuence on the lower
bound bearing capacity.

5. Verification
Comparative study on uniaxial compression and load test of
soft rock foundation in Changsha was performed by Peng
et al. [25, 26] and some experimental results are given in

σz (MPa)
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300
200
100
0

0

0.05
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0.15

0.2

0.25

σt/σc
σc = 10 MPa
σc = 50 MPa

Figure 12: Correlation between bearing capacity and σ t/σ c.

Table 1, as well as the lower bound solutions. PL represents
the test data of ultimate bearing capacity, fa is the characteristic value of foundation bearing capacity, and Pc stands
for the lower bound solution. Interval strengths are adopted
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Table 1: Veriﬁcation of rock foundation loading tests.

Site
International Finance Square
Provincial Electromechanical Warehouse
Provincial People’s Bank

σ c (MPa)
2.54
1.99
1.95

Table 2: Recommended values of the reduction factor ψr.
Integrity of rock foundation
ψr

Good
0.5

Moderate
0.2∼0.5

Bad
0.1∼0.2

since the tensile strength was not clariﬁed in original research, and σ t is supposed to vary in the range of
0.04σ c∼0.20σ c.
By adopting a reasonable stress ﬁeld, the upper or lower
bound solution would be very close to the exact result of the
problem. Moreover, the reliability of the proposed solution
was validated for the consistency of lower bound bearing
capacities and the load tests. The errors might be caused by
the following: (1) there exists a size eﬀect in the compressive
or tensile strength test, the rock sample cannot represent the
entire foundation, and the anisotropy of the rock mass, such
as joints, cracks, or weathering degree, could also aﬀect
loading test results; (2) during load tests, the failure often
occurs in the shallow layer with a depth of 1 ∼ 2 times the
side length or diameter of the bearing plate; thus, it is
diﬃcult to reﬂect the stress state of deep mass.
Limited by the loading capacity of test devices, it is
often diﬃcult to achieve the limit state in load test of rock
foundation. Instead, the loading process stops once the
load level is no less than 2 times the design requirement of
the foundation. Subsequently, 1/3 of the minor value
among the proportional limit load and the ultimate load is
taken as the characteristic bearing capacity of the rock
foundation. Since the theoretical solution is not restricted
by the practical working conditions, the characteristic
bearing capacity of foundations obtained by this method
will not be lower than the test result. Besides, the characteristic value of the bearing capacity of rock foundation
can be evaluated by the uniaxial compressive strength of
saturated samples in lab (frk) [27]:
fa � ψ r · frk ,

(29)

where ψ r is the reduction factor and the recommended
values are listed in Table 2. It indicates that the recommended characteristic bearing capacity would be always less
than half of the uniaxial compressive strength of natural
samples and also much smaller than the load test results in
Table 1 (1.03∼1.76).

6. Conclusion
(1) Stress columns were utilized to construct the static
allowable stress ﬁeld of the foundation beneath strip
footing, and the lower bound solution of the foundation bearing capacity based on the two-parameter
parabolic Mohr yield criterion is obtained.

PL (MPa)
13.59
10.70
11.05

fa (MPa)
2.63
3.50
3.00

fa/σ c
1.03
1.76
1.54

Pc (MPa)
12.25∼16.85
9.59∼13.20
9.40∼12.93

(2) The proposed solution is veriﬁed by comparison with
the load test, which enriches the research results of
lower bound analysis in the ﬁeld of foundation
bearing capacity. Moreover, it provides a reference
for the lower bound problems subject to nonlinear
failure criterion.
(3) The research shows that the characteristic foundation
bearing capacity adopted by practical engineering is
too conservative, and the bearing capacity of rock
foundations has not been fully considered and utilized.

Data Availability
Part of the raw data cannot be shared at this time as the data
also form part of an ongoing study.

Conflicts of Interest
The authors declare that there are no conﬂicts of interest
regarding the publication of this paper.

Acknowledgments
This work was funded by Natural Science Foundation,
China, Grant no. 51408059.

References
[1] W. F. Chen, Limit Analysis and Soil Plasticity, Elsevier Science, Amsterdam, Netherlands, 1975.
[2] S. W. Sloan, “Lower bound limit analysis using ﬁnite elements
and linear programming,” International Journal for Numerical and Analytical Methods in Geomechanics, vol. 12, no. 1,
pp. 61–77, 1988.
[3] V. L. Andrei, Three-dimensional Lower Bound Limit Analysis
Using Nonlinear Programming, University of Newcastle,
Callaghan, Australia, 1999.
[4] L. Li and B. C. Liu, “Lower bound limit analysis on bearing
capacity of slope and its reliability,” Chinese Journal of Rock
Mechanics and Engineering, vol. 20, no. 4, pp. 508–513, 2001.
[5] Q. Y. Zhang, M. T. Luan, and S. F. Zhao, “Lower bound limit
analysis of bearing capacity of strip footing due to combined
loading,” Journal of China University of Mining & Technology,
vol. 37, no. 3, pp. 364–368, 2008.
[6] S. A. F. Murrell, “The eﬀect of triaxial stress systems on the
strength of rocks at atmospheric temperatures,” Geophysical
Journal International, vol. 10, no. 3, pp. 231–281, 1965.
[7] D. Mello, “Reﬂections on design decisions of practical signiﬁcance to embankment dams: 17th Rankine lecture,”
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