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)e soil hydraulic conductivity of an embankment has strong spatial variability due to the spatiotemporal variation, both natural
and artificial. )e strong randomness of the hydraulic conductivity can be expressed by the coefficient of variation (COV) and the
fluctuation scale θ. Moreover, different coefficients of variation and fluctuation scales correspond to different random field
structures. To study the characteristics of the three-dimensional stochastic seepage field in an embankment under different COVs
and fluctuation scales, we generate a three-dimensional random field of the hydraulic conductivity of multimedia embankment
based on the local average subdivision technique. In particular, a calculationmethod for a three-dimensional random seepage field
based on the Monte Carlo method combined with a three-dimensional multimedia random field and a deterministic analysis is
proposed.)e results showed that after three thousand realizations and considering the randomness of the hydraulic conductivity,
the position of the free surface of each section in the embankment differed. )e mean value of the total head decreased when the
COV increased. Furthermore, when the COV was small, the change in the total head with anisotropy ratio was not evident, while
the COV was large. )emean value of the total head increased with the anisotropy ratio. When the anisotropy ratio increased, the
mean value of the standard deviation of the total head increased first and then decreased.

1. Introduction

Research problems related to geotechnical engineering
present uncertainties and randomness. For instance, due to
the spatiotemporal variation, both natural and artificial, the
soil hydraulic conductivity of an embankment has strong
spatial variability. In this regard, the study of random field
theory appeared earlier in the mathematics and physics
fields. From these fields, a particular fast Fourier transform
algorithm proposed by Cooley and Tukey has been used to
generate random fields [1]. Moreover, Matheron proposed
the Turning Bands Method (TBM) to generate a random
field [2], and the accuracy of the random field generated by
the TBM method was closely related to the number of lines.
Moreover, Mantoglou and Wilson developed the TBM
random field theory [3] and used this method to simulate
various random fields. Vanmarcke [4–6] proposed the local
average random field theory in which the local mean value

and standard deviation of random variables represented the
variation characteristics of the random field in this space.
Fenton proposed a random field generation method based
on the local average subdivision (LAS) technique [7, 8]. For
one-dimensional or two-dimensional random variables,
given the probability density function and statistical pa-
rameters, such as mean, standard deviation, and fluctuation
scale, the random field comprising regular quadrilateral
elements could be generated in a rectangular region in one-
dimensional or two-dimensional space. )is random field
generation technique has the advantages of fast convergence
and low theoretical error.

Fenton systematically introduces the basic theory of
random field and common random field generation
methods. It is found that most errors are related to the
accuracy of covariance [9–11]. Zhu et al. studied the reli-
ability of undrained slope by using the stochastic finite el-
ement method. )e research focuses on the spatial
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fluctuation scale in the worst case, that is, the fluctuation
scale when the slope failure probability reaches its maximum
value. )e results show that the worst case is most likely to
occur when the average safety factor is low or the coefficient
of variation is high [12]. Based on the random field of soil
hydraulic conductivity, taking the hydraulic conductivity as
a spatial random field variable subject to lognormal distri-
bution, the free surface seepage of a gravity dam is analyzed
by the Monte Carlo method [13]. )en, the mean and
variance of the total velocity in the gravity dam are obtained.
Ahmed [14, 15] considered that the probability density
function of hydraulic conductivity obeys lognormal distri-
bution, and the random method is used to analyze the free
surface seepage of the gravity dam.)e results show that the
flow rate in random analysis is smaller than that in deter-
ministic analysis, and the height of free surface in random
analysis is lower than that in deterministic analysis. )e flow
rate and hydraulic gradient have a certain correlation with
the COV and fluctuation scale [16, 17]. Literature [18–21]
also studied the stable seepage with a random method and
obtained similar conclusions. Soil cracking will affect
seepage and evaporation [22–25]; then, the stress field and
displacement field of other engineering such as pile foun-
dation and slope will be affected [26–31].

)e spatial variability of soil hydraulic conductivity
changes the distribution of streamline and equipotential line
of the seepage field. Compared with deterministic analysis,
the elevation of the overflow point, total head, seepage force,
and flow have changed significantly, which brings additional
risks. In order to improve the accuracy in predicting the risk
probability of seepage instability, we need to improve the
understanding of the random seepage field of the em-
bankment. In this study, considering the strong variability of
embankment soil hydraulic conductivity, a three-dimen-
sional multimedia random field is generated based on the
local average subdivision technique, and a calculation
method for a three-dimensional random seepage field of an
embankment based on the Monte Carlo method combined
with a three-dimensional multimedia random field and a
deterministic seepage field analysis method is proposed.

2. The Random Field Model of
Hydraulic Conductivity

When obtaining random seepage fields, the probability
density function of the soil hydraulic conductivity is often
considered that follows the lognormal distribution [32–36].
Assume that the mean value of a random field of hydraulic
conductivity is μk and the variance is σ2k; thus, ln k obeys the
normal distribution with a mean value of μln k and a variance
of σ2ln k, as shown in the following equation:

σ2ln k � ln 1 +
σ2k
μ2k

 

μln k � ln μk(  −
1
2
σ2ln k.

(1)

)e hydraulic conductivity of the saturated seepage unit
can be obtained using the following equation:

ki � exp μln k + σ ln kgi( , (2)

in which ki is the hydraulic conductivity assigned to the ith
unit in the random field and gi is the local average of a
standard Gaussian random field over the domain of the ith
unit.

Considering the characteristics of a Gauss–Markov
process, the exponential correlation function is selected,
which can be written as follows:

ρ(τ) � exp −
2
θ

|τ| , (3)

where τ is the distance between any points in the random
field and θ is the fluctuation scale of variables in the random
field. )e fluctuation scale is the distance over which points
in the random field are significantly correlated.

)e three-dimensional multimedia random field model
is generated based on the LAS technique. )e Monte Carlo
stochastic finite element analysis method was used com-
bined with the deterministic finite element analysis method
of the seepage field to analyze the seepage problem several
times. According to the statistics of the results, the distri-
bution law of the overflow point elevation and the mean and
variance of the total water head in the seepage field were
obtained. When the three-dimensional random field was
discretized, the value of the COV could be set to change from
small to large so that the variation law of each response of the
seepage field when the COV changes could be reflected in
the random analysis. At the same time, in order to reflect the
differences between the random field method and the
random variable method, different fluctuation scales can be
selected to analyze the variation law of response. )e dis-
tribution law of the overflow point elevation and the mean
and variance of the total water head in the seepage field is
obtained.

3. Numerical Calculation Model

)e simplified model of a section of Shijiu Lake embank-
ment, located in Nanjing City, Jiangsu Province, and its
section is shown in Figure 1. )e model is 36m along the
embankment axis. Moreover, the embankment foundation
is 144m wide in the X direction and 24m high in the Z
direction. )e foundation is divided into two layers. )e
upper layer is a relatively thin, heavy silty soil layer with a
thickness of 4m, and the lower layer is a muddy, silty fine
sand layer with a thickness of 20m. )e bottom of the
embankment is 54m wide, 8m high, and 6m wide at the top
of the embankment. )e slopes on both sides are graded
according to the slope of 1 : 3. During the mesh generation of
the model, considering the influence of calculation accuracy
and size effect, the mesh size of the embankment body is
determined to be 3m× 1m× 3m in the XYZ direction,
respectively, foundation 1 is determined to be
3m× 1m× 3m in the XYZ direction, respectively, and
foundation 2 is determined to be 3m× 3.33m× 3m in the
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XYZ direction, respectively. )ere are 7,488 units and 8,983
nodes in total. In the analysis, considering the randomness
of layered soil parameters, the hydraulic conductivity is
regarded as a random field variable of anisotropic hetero-
geneity. )e random field of hydraulic conductivity has
correlation only in a single soil layer, different soil layers are
independent of each other, and their hydraulic conductivity
values are independent in the XYZ direction.

)e boundary conditions are as follows: the upstream
water level elevation was 31m, the downstream water level
elevation was 24m, and the bottom of the model and the
boundaries on both sides are impervious.

When the water flows through the unit with large hy-
draulic conductivity, the water head decreases slightly. In
contrast, when it flows through the unit with small hydraulic
conductivity, the water head decreases greatly. When
mapping the hydraulic conductivity random field to the
embankment model with equation (2), the hydraulic con-
ductivity of each element in the model is uncertain. A re-
alization refers to a single generation of the hydraulic
conductivity random field and the subsequent finite element
analysis of the seepage field with ABAQUS. A Monte Carlo
process involves a large number of realizations that even-
tually enable statistical statements to be made about the
output quantities of the three-dimensional seepage. After
3,000 independent realizations, the results are statistically
analyzed, and the variation law of the three-dimensional
random seepage field of the embankment is obtained.

In this study, soil samples are obtained by in situ drilling,
and then indoor permeability test is conducted for samples
in the same soil layer. Table 1 lists the values of hydraulic
conductivity at different parts of the embankment. Based on
the three-dimensional multimedia random field model,
different COVs and fluctuation scales are selected. For the
two soil layers of the embankment foundation, the geometric
size as shown in Figure 1 is used to discrete the random field.
For the embankment body, a random field is generated in a
larger three-dimensional space and finally mapped to the
embankment body; then, a complete three-dimensional
multimedia random field model of the embankment is
established.

)e hydraulic conductivity of the random field is sta-
tistically analyzed. Figures 2 and 3 show the frequency
distribution of the hydraulic conductivity of the embank-
ment body and foundation, respectively. As seen in the
figures, both coefficients follow the normal distribution and

satisfy the spatial distribution characteristics of the hydraulic
conductivity. In Figure 2, the value range of the logarithmic
hydraulic conductivity is from −15.2 to −19.7. In Figure 3,
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Figure 1: Dimension of the embankment.

Table 1: Hydraulic conductivity of the embankment soil.

Soil
Mean hydraulic conductivity (cm/s)
X Y Z

Embankment body 3.32E− 06 3.32E− 06 6.64E− 07
Foundation 1 1.81E− 06 1.81E− 06 4.525E− 07
Foundation 2 2.26E− 05 2.26E− 05 1.13E− 05
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Figure 2: Probability density distribution of the hydraulic con-
ductivity in the embankment body.
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Figure 3: Probability density distribution of the hydraulic con-
ductivity in the foundation.
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the value range of the logarithmic hydraulic conductivity is
from −15.1 to −20.9. Obviously, compared with the statis-
tical value of the hydraulic conductivity in the embankment
body, the value in the embankment foundation has a wider
range. )e reason may be that when mapping the hydraulic
conductivity of the embankment body, the shape of the
embankment is trapezoidal. Elements outside the trape-
zoidal contour do not participate in random field mapping,
and because the upper unit of the embankment body is
small, the hydraulic conductivity of the two adjacent units
may be the same.

In this study, the hydraulic conductivity is regarded as a
random field variable, considering that the embankment has
the characteristics of long existence period and obvious
layered distribution. Soil parameters have strong variability,
so the value range of COV of hydraulic conductivity is large.
)e hydraulic conductivity is regarded as obeying lognormal
distribution, and the COV is taken as 0.1, 0.3, 0.5, 0.7, 1.0,
2.0, and 3.0, respectively. Due to the obvious layered dis-
tribution of the embankment in the vertical direction and
the long time interval between the formation ages of dif-
ferent soil layers, the correlation of soil parameters between
different soil layers is weak.

Generally speaking, the fluctuation scale of hydraulic
conductivity in the horizontal plane is much higher than that
in the vertical direction. In this study, the vertical fluctuation
scale is fixed to 3m, and the horizontal fluctuation scale is
fixed to 3m, 6m, 12m, 24m, 36m, and 48m.)e anisotropy
ratio ζ can be obtained using the following equation:

ζ �
θh

θv

, (4)

where θh is the scale of fluctuation in the horizontal plane
and θv is the scale of fluctuation in the vertical direction.

4. Results

4.1. Free Surface. )e main purpose of this section is to
obtain the variation law of random seepage field response
with COV and fluctuation scale. In order to reflect the
influence of COV and fluctuation scale better, it is often
changed gradually from small to large in the analysis, and
then the curve of random seepage field response with it is
obtained. In embankment engineering, the COV and fluc-
tuation scale of different soil layers in a section are certain
values, which can be determined by the combinationmethod
of experiment and numerical analysis. Based on the results of
stochastic finite element analysis of embankment, the mean
and standard deviation of free surface position and total
head are statistically analyzed, and their distribution laws
under different COVs and fluctuation scale combinations
are obtained.

Figure 4 shows the free surface calculated in a single time
when the COVwas 0.3, the vertical fluctuation scale was 3m,
and the horizontal fluctuation scale was 6m. Moreover, the
figure also shows that, due to the spatial variability of the
hydraulic conductivity, the overflow point is not a straight
line along the embankment axis. Instead, the overflow point

fluctuates up and down, similarly to the actual observation.
Furthermore, at different embankment sections, the distri-
bution of free surface and the elevation of the overflow point
are different. )erefore, when analyzing the seepage stability
of the embankment, considering the spatial variability of
hydraulic conductivity reflected the actual situation better.
)e results obtained are sounded. Moreover, they provide
novel insights for engineering practice purposes.

4.2. Random Characteristics of the Total Head. Figure 5
shows that the contour map of the standard deviation of
the total head is unevenly distributed, mainly due to the
small hydraulic conductivity of the embankment Founda-
tion 1 and the large change of the total head in this soil layer.
)e slope of the curve varies at the boundary of different soil
layers, which agree with the general law of seepage. From the
upstream slope to downstream slope, the contour map of the
head standard deviation has experienced a process from
small to large and then from large to small. )e minimum
value appears near the upstream slope and downstream
slope, and the maximum value appears in the middle of the
embankment. )e author believes that the reason for this
distribution law is that, at the beginning of the analysis, fixed
boundary conditions on both sides of the embankment
should be given, respectively, that is, at the upstream and
downstream boundaries, the standard deviation of the water
head is 0. Some studies have obtained similar results under
different COVs and fluctuation scales in the stochastic finite
element analysis of pressurized seepage [37, 38]. In con-
clusion, considering the influence of random factors, the
standard deviation of the water head reaches the maximum
value near the embankment center and gradually decreases
to both sides of the model. On the surface of the model, the
standard deviation is 0.

In practice, the distribution of the water head in the
embankment is the key point to solve other problems. )e
water head distribution directly affects the distribution of
hydraulic gradient and flow rate at each section. Due to the
importance of water head distribution, this section analyzes
the influence of different COVs and fluctuation scales on
water head.

Figure 6 shows the relationship between the mean value
of the total head and the COV of the hydraulic conductivity

Free Surface

Figure 4: Free surface of three-dimensional random seepage field.
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at each node in the model. )e results indicate that the
gradual increase in the COV reduces the mean value of node
total head shows. When cov ≤ 0.3, the curve slope is rela-
tively small, and the mean value of the total head decreases
slowly; when 0.3< cov ≤ 2, the slope of the curve is large, and
accordingly, the reduction rate of the mean head value is
large; when cov > 2, the slope of the curve decreases grad-
ually. Similarly, the rate of reduction of themean value of the
total head also decreases gradually. When the mean value of
the total head is large, the overall head distribution in the
model is at a high level, which means that when the average
value of the node head is high, the overflow point will also be
at a higher position and when the mean value of the node
head is small, the overflow point will also appear at the lower
position on downstream slope.

Figure 7 shows the relationship between the mean value
of the total head and the anisotropy ratio of the random field
at each node in the model. When the COV is small, the mean
value of the total head hardly changes with the increase in
the anisotropy ratio. When the COV is large, the value
increases notably with the increase in the anisotropy ratio.
Moreover, when 1≤ ζ ≤ 4, the mean value of the total head
increases rapidly, and when ζ > 4, the growth rate of H
decreases significantly. In general, the curve shape is similar
to the power function form of the exponent in the (0, 1)
interval, implying that when the anisotropy ratio reaches a
certain degree, obtaining the accurate value of the horizontal
fluctuation scale for calculation is not required, and the
approximate solution of the relevant problem can be ob-
tained for ζ �∞. Because the average head distribution can
reflect the distribution law of the overflow point elevation to

a certain extent, it can be concluded that when the COV is
small, the overflow point elevation changes little with the
increase in the anisotropy ratio of the random field and
when the COV is large, the elevation of the overflow point
changes obviously with the change in anisotropy ratio, and
the elevation increase rate appears first fast and then slow.

Figure 8 shows the mean value variation curve of the
standard deviation of the total head with the COV of the
hydraulic conductivity.)e figure shows that the mean value
of the standard deviation of the total head increases with an
increase in the COV of the hydraulic conductivity. Fur-
thermore, the curve slope decreases gradually, indicating
that when the COV is small, the mean value of standard
deviation is more sensitive to the COV, and the sensitivity
decreases with the gradual increase in the COV. Note that
the order of the horizontal fluctuation scale represented in
each curve is inconsistent with that shown in the legend,
indicating that the mean value of the standard deviation of
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Figure 6: Mean of the total head versus COV of the hydraulic
conductivity.
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Figure 5: Contour map of the standard deviation of the total head.
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the total head does not show a consistent law under a specific
fluctuation scale.

Figure 9 shows the variation curve of the mean value of
the standard deviation of the total head with the anisotropy
ratio. )e trend of each curve is evident. First, the curves
increase and then decrease. )e maximum mean value of the
standard deviation basically appears at ζ � 4. In particular,
when ζ ≤ 4, the mean value of the standard deviation of the
total head increases with the anisotropy ratio. In contrast, for
ζ > 4, the mean value of head standard deviation decreases
with an increase in the anisotropy ratio. Approximate results
are mentioned in some research studies [13, 39], but the
extreme points are different. Also, literature [17] shows that
approximate phenomena can be found in soil by observation.

5. Conclusion

In this research, the influence of strong randomness of
embankment soil hydraulic conductivity is studied, a three-
dimensional multimedia permeability random field is gen-
erated, and aMonte Carlo process involves 3,000 realizations
that are used to solve the three-dimensional random seepage
field of the embankment. Based on this study, the following
conclusions can be drawn:

(1) Considering the randomness of the hydraulic con-
ductivity, the position of the free surface of each
section in the embankment was different.

(2) )e maximum standard deviation of the total head
appears near the embankment center.When the total
head approaches the outer boundary, the standard
deviation decreases rapidly. When the COV in-
creases, the mean value of the total head decreases
significantly, and the standard deviation of the total
head increases significantly.

(3) When the anisotropy ratio was 1≤ ζ ≤ 4, the mean
value of the total head increases. In contrast, when the
anisotropy ratio was ζ > 4, the growth rate reduces.

(4) When the COV was small, the fluctuation scale less
affected the mean and standard deviation of the
water head. In contrast, when the COV increases, the
effect of the fluctuation scale increases significantly,
and the standard deviation of the total water head
increases first and then decreases with the increase in
the fluctuation scale.
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