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Steel bottom plates are applied as replacements for the concrete bottom plates in order to reduce the dead weight of the composite
box girders with corrugated steel webs and steel bottom plates (CSWSB). Due to the change in the material, the previous analytical
calculation methods of vertical deflection of composite box girders with corrugated steel webs (CSWs) cannot be directly applied
to the improved composite box girders. )e shear lag warpage displacement function was derived based on the shear deformation
laws of the upper flange and the bottom plates of the improved composite box girders. )e equations for the calculation of the
shear deformation and the additional deflection due to the shear lag of continuous and simply supported composite box girders
with CSWSB under concentrated and uniformly distribution loads were derived by considering the double effects of the shear lag
and the shear deformations of the top and the bottom plates with different elastic moduli. )e analytical solutions of the vertical
deflection of the improved composite box girders include the theory of the bending deflection of elementary beams, shear
deformation of CSWs, and the additional deflection caused by the shear lag. Based on the theoretical derivation, an analytical
solution method was established and the obtained vertical deflection analytical solutions were compared with the finite element
method (FEM) calculation results and the experimental values. )e analytical equations of vertical deflection under the two
supporting conditions and the two load cases have verified the analyses and the comparisons. Further, the additional deflections
due to the shear lag and the shear deformation are found to be less than 2% and 34% of the total deflection values, respectively.
Moreover, under uniform distributed load conditions, the deflection value was found to be higher than that of the under
concentrated load condition. It was also found that the ratio of the deflection caused by the shear lag or the shear deformation to
the total deflection decreased gradually with the increase in the span width ratio. When the value of the span width ratio of a single
box and single chamber composite box girder with CSWSB was equal to or greater than 8, the deflections caused by the shear lag
and the shear deformation could be ignored.

1. Introduction

)e steel bottom plates are used instead of the concrete
bottom plates in order to reduce the dead weight of the
traditional composite box girders with corrugated steel
webs. In this work, a type of improved composite box girders
was developed, which is referred to as composite box girders
with corrugated steel webs and steel bottom plates (CSWSB).
For the traditional composite box girder bridges with cor-
rugated steel webs (CSWs) that are exposed to bending
loads, the shear deformation caused by the shear force of

CSW significantly affects girder deflections [1, 2]. From the
literature, it is observed that many researchers had focused
on the shear buckling strengths of CSWs and the additional
lateral bending moments of flange plates under shear force
[3–5]. Jiang et al. [6] analyzed the influence of the shear
deformation of composite box girders with CSW on
structural deflections. Guo et al. [7, 8] introduced the web
shear deformation angle function and derived the analytical
solution of the simply supported beam under uniform load
and concentrated load in the midspan of the end restraint.
By considering the shear deformation and by introducing
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the angle function of web shear deformation, the defor-
mation calculation formula was derived for the composite
beam with CSWs under different boundary conditions and
loads. Further, according to the principle of deformation
equivalent, the important influence parameters were iden-
tified and the effective stiffness method for the composite
box girders with CSWs was proposed. Hong et al. [9] de-
veloped the calculation equations for the deflection curves of
the composite box girders with CSW by considering the
shear deformation using the initial parameter equation and
analyzed the deflections of the composite beams with CSW
under three typical loading modes, i.e., concentrated load at
middle span, symmetrical load at two points, and uniformly
distributed load. Qing et al. [10, 11] found that the shear lag
reduced the bending stiffness of the traditional composite
box girder sections and increased the deflections of the
composite bridge structures. Dong et al. [12] investigated the
deflection calculation equation of the composite box girders
with CSW under different loads and boundary conditions
using the energy variation method. )e influence of various
factors on the deflections of the box girders with CSW was
analyzed. Based on the experimental model of CSWS
composite box girder bridge, Wei et al. [13, 14] derived the
longitudinal displacement functions and the deflection
calculation equations of the composite box girders with
CSW and determined the main influential factors on de-
flections under different width span ratios and corrugated
steel web heights. Zhou et al. [15] analyzed the shear lag
effect of nonprismatic composite box girder with corrugated
steel webs in the elastic stage. Chen et al. [16–18] proposed a
new type of bridge composite box girder structure with
upper flange and lower flange of concrete-filled prestressed
pipe. )rough the scale model of concrete-filled steel tube,
the bending performance and shear lag effect of the simply
supported composite box girder with corrugated steel web
truss were studied, and its deflection, strain, and bending
capacity were studied. Zhou et al. [19] derived the general
formula of shear stress of nonuniform box girder with
corrugated steel webs in the elastic stage from the static
equilibrium condition and the equivalent law of shear stress
of infinitesimal section. From the literature, it is found that
the previous studies did not study the deflection of CSWSB
beam bridges, and there is no simple formula to estimate
their deflection under static load. Moreover, there are only a
few experimental research studies on the overall perfor-
mance of the CSWSB beam [20, 21]. A simple and accurate
formula for calculating the deflection of this kind of beam
bridge is very desirable.

Further, the existing literature has made some
achievements on the deflection calculation of traditional
composite box girders with CSWs, but the research on
improved composite box girders with corrugated steel webs
is relatively scarce. Due to the change in the material, the
previous analytical calculation methods of vertical deflection
of the composite box girders with CSWs cannot be directly
applied to the improved composite box girders. )erefore,
this work is focused on improving the analytical calculation

of deflection of the composite box girders with CSWSB.
Initially, a shear lag warpage displacement function was
derived based on the shear deformation laws of the upper
flange and the bottom plates of improved composite box
girders. )en, by considering the double effects of the shear
lag, the shear deformation, and the different moduli of the
upper flange and the bottom plates, the governing differ-
ential equation and the boundary conditions of the com-
posite box girders with CSWSB were derived. Further, the
deflection calculation equations due to the shear lag and the
shear deformation of the continuous and simply supported
composite box girders with CSWSB under different loads
were obtained. )e obtained results were compared with the
simulation analysis results that were obtained from the
ANSYS finite element analysis and the experimental data.
Finally, the variation trends of the contributions of the shear
lag and the shear deformation to total deflection with span
width ratio were analyzed.

2. Derivation of the Shear Lag Displacement
Function for the Composite Box
Girders with CSWSB

)e shear lag effect is essentially generated by the shear
deformation. )erefore, a reasonable shear lag longitudinal
displacement function for composite box girders with
CSWSB could be derived based on the shear deformation
laws of the concrete upper flange and the steel bottom plates.
For the composite box girder with CSWSB section shown in
Figure 1, the calculation equation of the bending shear flow
on the composite box girder section due to shear force [22]
was as shown in the following equation:

q(s) � −
Q(x)

Iy

Sy +

Q(x)/Iy   Sy/t ds

 (1/t)ds

� −
Q(x)

Iy

Sy −

 Sy/t ds

 (1/t)ds

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(1)

In equation (1), Iyis the sectional moment of the inertia
of composite box girder with CSWSB and Syis static area
moment defined as Sy � 

s

0 zt ds. Further, t is substituted by
t1 and t2 for the upper flange plate and the bottom flange
plate, respectively, where t1 and t2 are the thicknesses of the
upper flange and bottom plate, respectively. s refers to the
coordinate of the surrounding points where the origin and
the incision coincide.

)e concrete upper flange plate was divided into top and
cantilever plates. By considering the top plate as an example,
the cut was set at the center ⓪ of the top plate, and the
second term in equation (1) was taken as zero. )en, its
bending shear force flow was obtained as shown in the
following equation:
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q(s) � −
Q(x)

Iy

Sy �
Q(x)

Iy

htt1s. (2)

Further, the in-plane shear strain of the roof c(s) was
obtained as shown in the following equation:

c(s) �
zu
zs

+
zv

zs
≈

zu
zs

�
q(s)

Gct
�

Q(x)

GcIy

hts. (3)

In equation (3), uand v are the longitudinal and the
lateral displacements of the roof, respectively, andGc is the
shear modulus of the concrete. According to elasticity
mechanics, v is very small and can be ignored.

By integrating equation (3), the following equation was
obtained:

u(s, x) − u0(x) �
Q(x)ht

2GcIy

s
2
. (4)

Equation (4) gave the longitudinal displacement of the
concrete roof of the composite box girder, where u0(x) is the
longitudinal displacement of the incision.

Longitudinal displacement u1(x) at junction ① was
obtained as given in the following equation:

u1(x) �
Q(x)ht

2GcIy

b
2
1 + u0(x). (5)

)en, the maximum longitudinal displacement differ-
ence function ξ1(x) of the composite box girder roof was
obtained as follows:

ξ1(x) � u1(x) − u0(x) �
Q(x)ht

2GcIy

b
2
1. (6)

)e horizontal position of any point in the middle of the
roof was stated by y coordinate which was obtained from
equation (4) is shown in the following:

u(x, y) �
Q(x)ht

2GcIy

y
2

+ u0(x). (7)

By substituting equation (6) into equation (7), the
longitudinal displacement function of the roof was derived
as follows:

ut(x, y) �
Q(x)ht

2GcIy

y
2

+ u1(x) −
Q(x)ht

2GcIy

b
2
1

� u1(x) − 1 −
y
2

b
2
1

 ξ1(x).

(8)

Similarly, for the midpoint ② of the steel bottom plate
and the endpoint ③ of the concrete cantilever plate, the
longitudinal displacement functions of the steel bottom and
the cantilever plates were obtained as follows:

ub(x, y) � u4(x) − 1 −
y
2

b
2
2

 ξ2(x), (9)

ux(x, y) � u1(x) − 1 −
b1 + b3 − y( 

2

b
2
3

 ξ3(x). (10)

In equations (9) and (10), ξ2(x) and ξ3(x) are the
displacement difference functions of the steel bottom and
the concrete cantilever plates, respectively, which are defined
as ξ2(x) � (Q(x)ht/2GsIy)b22 and ξ3(x) � (Q(x)ht/2Gc

Iy)b23. Gs is the steel shear modulus, and u4(x) is the lon-
gitudinal displacement of the junction point④ between the
steel bottom and the steel web plates.

Further, it was assumed that web deformation on the
cross-section of the composite box girder conformed to the
“quasi plane section assumption” as proposed by Qing et al
[10]. )e longitudinal displacement functions at junctions
① and ④ were obtained as follows:

u1(x) � − ht

dw(x)

dx
− c(x)  � − htθ(x), (11)

u4(x) � − hb

dw(x)

dx
− c(x)  � hbθ(x). (12)

In equations (11) and (12),w(x) is the vertical displacement,
c(x) is the shear strain, and θ(x) is the angle of the composite
box girder with CSWSB after the deformation of CSW.

By assuming ξ(x) � (Q(x)/2GcIy)b21, the longitudinal
displacement function of the unified composite box girder
with CSWSB was obtained as follows:

y
z
o

01

4 2

3
h

b3

b2 b2

ht

hb

b1b1 b3

Figure 1: Sectional diagram of a composite box girder with CSWSB.
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ut(x, y, z) � − htθ(x) − ht 1 −
y
2

b
2
1

 ξ(x), top plate,

ux(x, y, z) � − htθ(x) − ht 1 −
b1 + b3 − y( 

2

b
2
3

 
b3

b1
 

2

ξ(x), cantilever plate,

ub(x, y, z) � hbθ(x) + hb 1 −
y
2

b
2
2

 
b2

b1
 

2
Gc

Gs

 ξ(x), bottomplate,

uw(x, y, z) � hθ(x), web.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

In equation (13), h denotes the vertical coordinates of
each point of the section when the neutral axis is the y axis.
Further, the longitudinal displacement u(x, y, z) of each
plate in the composite box girder consisted of the bending
longitudinal ue(x, z) and the shear lag longitudinal warping
uw(x, y, z) displacements that were calculated using the
elementary beam theory and are given as follows:

u(x, y, z) � ue(x, z) + uw(x, y, z) � hθ(x) + f(y, z)ξ(x).

(14)

In equation (14), the shear lag warping displacement
function f(y, z) is applied to the composite box girder
bridge as follows:

f(y, z) �

f1(y, z) � − ht 1 −
y
2

b
2
1

  + d, top plate,

f2(y, z) � − h t[1 −
b1 + b3 − y( 

2

b
2
3

 
b3

b1
 

2

+ d, cantilever plate,

f3(y, z) � hb 1 −
y
2

b
2
2

 
b2

b1
 

2
Gc

Gs

  + d, bottomplate,

f4(y, z) � d, web.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

In equation (15), d is additional axial force-displacement
which satisfies the axial force self-balance of the whole
section. According to the equilibrium condition of zero axial
force of the cross-section  f(y, z) dA � 0, the following
condition had to be applied:

d �
2ht

3A
At + Ac

b3

b1
 

2

− Ab

hb

ht

b2

b1
 

2
Gc

Gs

 ⎡⎣ ⎤⎦. (16)

In equation (16), A is the area of the whole section and is
defined as A � At + Ac + Ab, where At is half of the cross-
sectional area of the roof calculated asAt � t1b1,Ac is half of the
sectional area of the cantilever plate defined asAc � t1b3, andAb

is half of the cross-sectional area of the base plate as Ab � t2b2.
Samanta et al. calculated the shear modulus Ge of CSW

[23], which had to be modified as

Ge �
L1 + L2( 

L1 + L3( 
Gs. (17)

In equation (17), L1, L2, and L3 represent the geometric
dimensions, as shown in Figure 2.

3. Establishment of the Differential Equation
and the Solution of the Deflection Expression

In this work, it was assumed that there was no slippage
between the U-type beam with CSW and the concrete upper
flange plate, and both of them were considered to be ideal
elastic bodies. Further, the composite steel beam and the
concrete upper flange plate were in accordance with the
quasi plane section assumption, and the CSW was consid-
ered as cxz. Moreover, it was also assumed that, for the steel
beam bottom and the concrete upper flange plates,
εy � εz � cxz � cyz � 0, except εxand cxy.

)e potential energy of the composite box girder with
CSWSB with a single box and a single cell was obtained as
follows:
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W � − 
l

0
M(x)θ′(x) dx + 

l

0
Q(x)c(x) dx. (18)

)e shear modulus of the CSW was modified according
to equation (17). )e shear strain energy of the composite
box girder web was obtained as shown in the following
equation:fd19

Vω � 2
1
2


l

0


hw

0
twGec

2 dzdx  � 
l

0
hwtwGec

2 dx

� 
l

0
AwGec

2 dx � 
l

0
Q(x)c(x) dx.

(19)

In equation (19), Aw is the cross-section area of the CSW
and c(x) � (Q(x)/GeAw).

)e strain energies of the top and the bottom plates of
the composite box girder were obtained as follows:

Vsu � Vsu1 + Vsu2 + Vsb

�
1
2


l

0
Ψ1ξ′

2
(x) + Ψ2θ′

2
(x) − 2Ψ3θ′(x)ξ′(x) + Ψ4ξ

2
(x) dx.

(20)

In equation (20), Ec, Gc, Es, and Gs denote the elastic and
the shear moduli of the concrete and the steel.)e subscripts
c and s denote the concrete and steel, respectively.

Ψ1 � Ec 

At

f
2
1(y, z)dA + Ec 

Ac

f
2
2(y, z)dA + Es 

Ab

f
2
3(y, z)dA,

Ψ2 � Ec 

At

h
2
t dA + Ec 

Ac

h
2
t dA + Es 

Ab

h
2
b dA,

Ψ3 � Ec 

At

htf1(y, z)dA + Ec 

Ac

htf1(y, z)dA

+ Es 

Ab

hbf3(y, z)dA,

Ψ4 � Gc 

At

f1′(y, z) 
2dA + Gc 

Ac

f2′(y, z) 
2dA

+ Gs 

Ab

f3′(y, z) 
2dA.

(21)

)e total potential energy of the composite box girder
with the CSWSB system was obtained as follows:

Π � − W + Vω + Vsu �
1
2


l

0

Ψ1ξ′
2
(x) + Ψ2θ′

2
(x)2Ψ3θ′(x)ξ′(x) + Ψ4ξ

2
(x) dx

+ 
l

0
M(x)θ′(x)dx.

(22)

By holding the equationΣ � (1/2)[Ψ1ξ′
2
(x) + Ψ2θ′

2

(x) − 2Ψ3θ′(x)ξ′(x) + Ψ4ξ
2
(x)] + M(x)θ′(x), the differ-

ential equation and the boundary conditions that were
obtained from δΣ � 0 were as follows:

Ψ2θ″(x) − Ψ3ξ″(x) + Q(x) � 0,

Ψ4ξ(x) − Ψ1ξ″(x) + Ψ3θ″(x) � 0,

Ψ1ξ′(x) − Ψ3θ′(x) δξ(x)|
l

0 � 0,

Ψ2θ′(x) − Ψ3ξ′(x) + M(x) δθ(x)|
l

0 � 0.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(23)

Further, the shear lag differential equation was obtained
as follows:

ξ″(x) − k
2ξ(x) � − nQ(x), (24)

where n � Ψ3/(Ψ1Ψ2 − Ψ23) and k2 � Ψ2Ψ4/(Ψ1Ψ2 − Ψ23).
)e general solutions of differential equations were

obtained as follows:

ξ(x) � n C1sh kx + C2ch kx + D( . (25)

In equation (25), D refers to a special solution related to
the distribution of the shear force Q(x) and C1 and C2 are
determined by the boundary conditions.

From the expression θ(x) � (dw(x)/dx) − c(x) � (dw

(x)/dx) − (Q(x)/GeAw), the following equation was
obtained.

θ′(x) � w″(x) − c′(x) � −
M(x)

Ψ2
+
Ψ3
Ψ2

ξ′(x). (26)

Further,
w″(x) � − (M(x)/Ψ2) + (Ψ3/Ψ2)ξ′(x) + (Q(x)/GeAw) was
obtained.

)e deflection expression of the composite box girder
with CSWSB was obtained by quadratic integral as follows:

w � −  
M(x)

Ψ2
dx dx −  

Ψ3ξ′(x)

Ψ2
dx dx

+  
Q′(x)

GeAw

dx dx + C1x + C2.

(27)

From equation (28), it was seen that the first term w1 �

− [(M(x)/Ψ2)dx]dx + C11x + C12 was the equation used
for calculating the deflection of the elementary beam theory.

)e second term w2 � − [(Ψ3ξ′(x)/Ψ2)dx]dx + C21x

+C22 calculated the additional deflection due to the shear lag
effect.

x

y

L1 L2

L
3

Figure 2: Geometry of the corrugated steel webs.
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)e third term w3 � [(Q′(x)/GeAw)dx] dx + C31x +

C32 determined the deflection caused by the CSW shear
deformation.

4. DeflectionAnalysis of theContinuousand the
Simply Supported Composite Box
Girders with CSWSB under Different
Loading Modes

)e deflection analysis of the continuous and the simply
supported composite box girders with CSWSB under con-
centrated and uniformly distributed load conditions was
carried out, and they are discussed as follows.

4.1. Deflections of Two Equal SpanContinuous Composite Box
Girders with CSWSB under Concentrated Load. Initially, for
two-span continuous composite box girders with CSWSB
with constant cross-sections, the total deflection due to
concentrated load P was applied in each span.)ereafter, the
theoretical deflection of the primary beam w1, the deflec-
tions due to the shear lag effect w2, and the shear
deformationw3 were obtained. )e bearing reactions were
obtained as RA � RE � 0.312P and RC � 1.376P. )e sche-
matic representation of two equal span continuous com-
posite box girders with CSWSB under concentrated load is
shown in Figure 3. By taking the left span as an example, the
bendingmoment and the shear force equation were obtained
as follows:

When 0≤ x≤
l

2
,

M1(x) � 0.312Px,

Q1(x) � 0.312P,

⎧⎪⎨

⎪⎩
(28)

When
l

2
< x≤ l,

M2(x) � 0.312Px − P x −
l

2
 ,

Q2(x) � − 0.688P.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(29)

(1) )e deflection of the continuous composite box
girders with CSWSB under the concentrated loads
w11 and w12, under the boundary conditions: (1)

when x � 0, w11 � 0; (2) when x � l/2, w11′ � w12′; (3)
when x � l/2, w11 � w12; and (4) when x � l,
w12 � 0, is deduced as shown in the following
equations:

When 0≤ x≤
l

2
, w11 � −

0.312Px
3

6ψ2
+
1.496
48ψ2

Pl
2
x, (30)

When
l

2
< x≤ l, w12 � −

0.312Px
3

6ψ2
+

P

ψ2

x
3

6
−

x
2

4
l 

+
7.496
48ψ2

Pl
2
x −

Pl
3

48ψ2
.

(31)

(2) )e deflection caused by the shear lag effect of the
continuous composite box girders with CSWSB
under the concentrated loads w21 and w22 was ob-
tained as shown in the following equations:

When 0≤ x≤
l

2
ξ1(x) � nP a1sh kx + a2ch kx +

0.312
k
2 ,

(32)

When
l

2
<x≤ l, ξ2(x) � nP a3sh kx + a4ch kx −

0.688
k
2 .

(33)

Using the boundary conditions: (1) ξ1′(x)|x�0 � 0; (2)
ξ2(x)|x�l � 0; (3) ξ1(x)|x�l/2 � ξ2(x)|x�l/2; and (4)
(ξ1′(x) − nM1(x))|l/2 + (ξ2′(x) − nM2(x))|l/2 � 0,
the following equations are obtained:

ξ1(x) � nP −
1
k
2 ch

kl

2
+

1
k
2
chkl

sh
kl

2
shkl + 0.688  chkx +

0.312
k
2 , (34)

ξ2(x) � nP −
1
k
2 sh

kl

2
shkx +

1
k
2
chkl

sh
kl

2
shkl + 0.688 chkx −

0.688
k
2 . (35)

Further, equations (34) and (35) were substituted
into the equation of additional deflection due to

shear lag effect and the following equations were
obtained. By using the boundary conditions (1) when

A B
P

D
P

EC

l/2 l/2 l/2 l/2

x

RA = 0.312P RC = 1.376P RE = 0.312P

Figure 3: )e schematic representation of two equal span con-
tinuous composite box girders with CSWSB under concentrated
load condition.
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x � 0, w21 � 0; (2) when x � l/2, w21′ � w22′; (3) when
x � l/2, w21 � w22; and (4) when x � l, w22 � 0, the
following equations were deduced:

w21 �
Ψ3nP

Ψ2k
3ch kl

ch
kl

2
sh kx − 0.688sh kx 

−
ψ3nPx

2ψ2k
2 −

ψ3nPx

ψ2k
3
lch kl

sh
kl

2
− 0.688 shkl ,

(36)

w22 �
Ψ3nP

Ψ2k
3ch kl

sh
kl

2
ch kx(1 − x) − 0.688sh kx 

−
ψ3nPx

2ψ2k
2 −

ψ3nPx

ψ2k
3
lch kl

sh
kl

2
− 0.688 sh kl  −

ψ3nPl

2ψ2k
2.

(37)

(3) )e deflection caused by the shear deformation of
the continuous composite box girders with CSWSB
was obtained under the concentrated load w3 and
Q′(x) was found to be zero. By ignoring the con-
tribution of the shear force to the curvature, the
deflection w3 due to the shear deformation of the two
equal span continuous composite box girders under
the concentrated load was calculated by one-time
integral as follows:

w3 � 
Q(x)

GeAw

dx + D1. (38)

When 0≤x≤ l/2, by boundary conditions when
x � 0, w3 � 0, it can be deduced as shown in the
following equation:

w31 �
0.312P

GeAw

x. (39)

When l/2<x≤ l, by boundary conditions when
x � l/2, w31 � w32, it can be deduced as shown in the
following equation:

w32 � −
0.688P

GeAw

x +
Pl

2GeAw

. (40)

4.2. Deflections of Two Equal SpanContinuous Composite Box
Girders with CSWSB under Uniformly Distributed Load
Condition. )e schematic representation of two equal
span continuous composite box girders with CSWSB is
shown in Figure 4. According to equation (27) and the
boundary conditions: whenx � 0 and x � l, the deflection
values that were calculated using the elementary beam
theory as well as those caused by the shear lag and the
shear deformation were found to be zero, and they were
calculated as follows:

(1) Deflection of the continuous composite box girders
with CSWSB under uniformly distributed load w1 is
obtained as shown in the following equation:

w1 � −
q

24Ψ2
3
2

lx
3

− x
4

  +
ql

3

48Ψ2
x. (41)

(2) Deflection due to the shear lag effect of continuous
composite box girders with CSWSB under uniformly
distributed load w2 is obtained as shown in the
following equation:

w2 � −
ψ3nq

ψ2k
2 −

x
2

2
+

chkx

k
2 − thkl −

5kl

8chkl
 

shkx

k
2 

+
ψ3nq

ψ2k
4 +

ψ3nqx

ψ2k
2
l

−
l
2

2
−
1 − chkl

k
2 − thkl −

5kl

8chkl
 

shkl

k
2 .

(42)

(3) Deflection due to the shear deformation of contin-
uous composite box girders with CSWSB under
uniformly distributed load w3 is obtained as shown
in the following equation:

w3 � −
q

2GeAw

x
2

+
q

2GeAw

xl. (43)

4.3.Deflections of theSimply SupportedCompositeBoxGirders
with CSWSB under Concentrated Load Condition. A simply
supported composite box girder with CSWSB under con-
centrated load condition is shown in Figure 5.)e deflection
values of the simply supported composite box girders under
concentrated load were calculated according to boundary
conditions as follows:

(1) )eoretical deflections w11 and w12 of the simply
supported composite box girders with CSWSB under
concentrated load were obtained as shown in the
following equations:

When 0≤ x≤m, w11 �
ζPx

3

6ψ2
+

mpl

3ψ2
+

pm
3

6ψ2l
+

pm
2

2ψ2
 x

(44)

Whenm< x≤ l, w12 �
ηPx

3

6ψ2
−

mPx
2

2ψ2
+

pm3

6ψ2l
+

mpl

3ψ2
 x

−
pm

3

6ψ2
.

(45)

A C E

q

x

l/2 l/2 l/2 l/2

RA = 0.375ql RC = 1.25ql RE = 0.375ql

Figure 4: Schematic representation of two equal span continuous
composite box girders with CSWSB under uniformly distributed
load condition.
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(2) Deflections w21 and w22 caused by the shear lag effect
of the simply supported composite box girders with

CSWSB under concentrated load were obtained as
shown in the following equations:

When 0≤ x≤m, w21 �
Ψ3
Ψ2

nP
shk(l − m)

k
3
shkl

shkx  −
Ψ3np

Ψ2k
3 −
Ψ3npm

Ψ2k
2
l

 x, (46)

Whenm<x≤ l, w22 �
Ψ3
Ψ2

nP
shkm

k
3 chkx −

1
k
3 shkmcthklshkx  +

Ψ3npm

k
2lΨ2

x −
Ψ3npm

k
2Ψ2

. (47)

(3) Deflection w3 caused by the shear deformation of
simply supported composite box girders with
CSWSB under concentrated load was obtained as
shown in equations (48) and (49).
when 0≤x≤m, it can be deduced as

w31 �
ζp

GeAw

x, (48)

when m<x≤ l, it can be deduced as

w32 �
− ηp

GeAw

x +
ηpl

GeAw

. (49)

4.4. Deflections of Simply Supported Composite Box Girders
with CSWSB under Uniformly Distributed Load Condition.
)e uniformly distributed load condition of a simply sup-
ported composite box girder with CSWSB is shown in
Figure 6, and their deflection values under uniformly dis-
tributed load conditions were obtained as follows:

(1) Deflection w1 of the simply supported composite box
girders with CSWSB under uniformly distributed load
was obtained as shown in the following equation:

w1 � −
q

24ψ2
2x

3
l − x

4
  +

ql
3

24ψ2
. (50)

(2) Deflection w2 due to the shear lag effect of the simply
supported composite box girders with CSWSB under
uniformly distributed load conditions was obtained
as shown in the following equation:

w2 �
ψ3nq

ψ2k
2

chkx

k
2 +

1 − chkl

k
2
shkl

shkx −
x
2

2
 

+
ψ3nql

2k
2ψ2

+
ψ3nq

k
4ψ2

.

(51)

(3) Deflection w3 of the simply supported composite box
girders under uniformly distributed load was ob-
tained as shown in the following equation:

w1 � −
q

24ψ2
2x

3
l − x

4
  +

ql
3

24ψ2
. (52)

5. An Example of the Deflection Analysis of the
Composite Box Girders with CSWSB

In this section, an example of the deflection analysis of the
composite box girders with CSWSB and the influence of
span width ratio on the deflection of the single box and a
single cell simply supported composite box girders with
CSWSB is illustrated.

5.1. Deflection Analysis of the Continuous Composite Box
Girders with CSWSB with Single Box, Single Cell, and Two
Equal Spans. )e cross-section dimensions of the single box
and single chamber model test beam (as shown in Figure 7)
were designed according to the section size of 40m span
composite box girders with CSWSB bridges. )ey were
determined by the Traffic Planning Institute and were re-
duced by the ratio of 1 : 5. C50 fine aggregate concrete was
employed for the upper flange plate of the test beam con-
crete. )e CSW and steel bottom plates were made of Q235
steel. For the Q235 steel plate, Es was taken as 206GPa and
vwas taken as 0.3. Further, the ordinary steel bar was a grade
I steel bar of φ 6. )e span of the continuous composite box
girder with CSWSB of single box and single cell is (4 + 4) m.
In this work, a total of 7 diaphragms were set.)e diagram of
half the upper flange and half the bottom plates of the single
box and single chamber CSWSBmodel test beam is shown in
Figure 8. )e CSW plate thickness was taken as 4mm. )e
CSW structural diagram is shown in Figure 9, and a uni-
formly distributed loading diagram of the single box and

X

Z

P

m n
l

Figure 5: Schematic representation of a simply supported composite box girder with CSWSB under concentrated load condition.
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single chamber continuous composite box girder is shown in
Figure 10. )e finite element model of the composite box
girders with CSWSB was established using the ANSYS
software. )e solid element named solid 45 was applied for
the simulation of the upper flange plate of the composite box
girder, and the shell element named shell 63 was employed
to simulate corrugated steel web, steel bottom plate, lon-
gitudinal rib, and diaphragm plate. In actual bridge struc-
tures, the CSW and steel bottom plates were welded and
concrete upper flange plates were connected using shear
keys. In the developed model, the shell and the solid ele-
ments shared the joint, and the master-slave node method
was applied in order to establish the constraint equation
connection. )e finite element model of composite box
girders with CSWSB with a single box and the single
chamber is shown in Figure 11.

By considering the model of the two-span continuous
composite box girder with CSWSB as an example, deflection
values of the composite box girders were derived based on
the deflection expressions under different loading modes.
)e deflection values that were obtained using the three
methods are summarized in Table 1.

Under the action of the concentrated and the uniformly
distributed loads in the middle of the two spans of the
composite box girder, the deflection values obtained from
four deflection measuring points in the midspan section of
the composite box girder were processed and analyzed (i.e.,
the value of unloading value loading value bearing settle-
ment is linearly interpolated into the midspan position), and
the measured deflection value of the midspan section of the
single box and single cell continuous composite box girder
with CSWSB was obtained. Regardless of the application of
the concentrated or uniformly distributed loading modes,
the deflection value in themiddle of the span was found to be
relatively small when the beam was loaded to a maximum
value and no failure feature was witnessed. Moreover, the
test data were changed in the linear elastic range.

From Table 1, it is observed that the deflection values of
the two equal span continuous composite box girders with
CSWSB under different loading modes obtained using the
derived deflection equation were in good agreement with
measured values and those obtained from the finite element
method, thus verifying the correctness of the developed
deflection calculation equation under concentrated and
uniformly distributed loading modes. When the two loading
modes were applied separately, additional deflection due to
the shear lag is found to account for less than 2% of the total

X

Z

q

x
l

Figure 6: Schematic representation of a simply supported com-
posite box girder with CSWSB under uniformly distributed load
condition.
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Figure 7: Unit cross-section of single box girder (unit: mm).
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Figure 8: Diagram of half upper flange and half bottom plates of
the single box and single chamber composite box girder with
CSWSB (unit: mm).

40
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R42

Figure 9: Structural diagram of corrugated steel web (unit: mm).

Figure 10: Uniform loading diagram of the single box and single
cell continuous composite box girder with CSWSB.

Figure 11: Finite element model of the single box and single cell
composite box girder with CSWSB.
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deflection. Under the condition of the application of con-
centrated load, the proportion of the additional deflection
due to the shear deformation to the total deflection was
found to be 26.9% and that caused by uniformly distributed
loading was found to be 34%. )e results show that the
deflection of two-span continuous CSWSB composite box
girder changes linearly with the load value. For the ANSYS
finite element model and the deflection calculation results of
a continuous beam, the accuracy is found to be enough when
small-amplitude bending occurs.

5.2. Deflection Analysis of Single Box and Single Cell Simply
Supported Composite Box Girders with CSWSB. By consid-
ering the composite box girder with CSWSB with a single
box and single cell as an example and continuous beam into
a simply supported beam and by applying a concentrated or
longitudinal uniformly distributed load to the whole beam,
the midspan deflection value was obtained using the derived
deflection expression. )e results were compared with the
values obtained using the ANSYS finite element method and
the model test. )e deflection values that were obtained
using the three methods are presented in Table 2 and Fig-
ures 12 and 13.

From Table 2 and Figures 12 and 13, it is observed that
the deflection values of the simply supported composite box
girders with CSWSB under different loading modes that
were obtained using the derived deflection expression were

in good agreement with the results obtained by the ANSYS
finite element analysis and the measured values of the model
test, thus verifying the correctness of the derived deflection
calculation equations for simply supported composite box
girders under concentrated or uniform distribution loading
modes. Under concentrated load, the maximum ratio of
additional deflections due to the shear lag and the shear
deformation to total deflection was found to be 0.2% and
6.1%, respectively. Under uniformly distributed loading, the
maximum proportion of additional deflections caused by the
shear lag and the shear deformation to total deflection was
found to be 1.9% and 19%, respectively. )e results show
that the deflection of the CSWSB composite box girder
changes linearly with the load value. For the ANSYS finite
element model and the deflection calculation results of the
simply supported beam, the accuracy is found to be enough
when small-amplitude bending occurs.

5.3. Influence of Span Width Ratio on the Deflection of the
Single Box and Single Cell Simply Supported Composite Box
Girders with CSWSB. )e influence of the span width ratio
on the deflection of the single box and single cell simply
supported composite box girders with CSWSB under con-
centrated and uniformly distributed loading modes was
calculated and analyzed. )e concentrated load was 71.2 kN,
and the uniform distribution load was 9.375 kN/m. )e
calculation data are shown in Figures 14 and 15.

Table 1: Midspan deflections of the single box and single cell continuous composite box girder with CSWSB (unit: mm).

Working
condition

Load
amplitude

Measured
value

)eoretical values calculated in this work
Finite
element
value

)eoretical deflection
of primary beam

Shear lag-
induced
deflection

Shear deformation-
induced deflection

Total
deflection

Concentrated
load

8.35 kN 0.090 0.047 0.001 0.017 0.065 0.072
16.7 kN 0.144 0.093 0.002 0.034 0.129 0.144
30.7 kN 0.220 0.171 0.003 0.064 0.238 0.265
34.7 kN 0.274 0.194 0.003 0.072 0.269 0.289

Uniform load

0.549 kN/m 0.026 0.007 0.000 0.003 0.010 0.013
2.636 kN/m 0.058 0.034 0.001 0.018 0.053 0.065
4.724 kN/m 0.108 0.061 0.001 0.031 0.093 0.116
8.224 kN/m 0.175 0.105 0.002 0.055 0.162 0.182

Table 2: Midspan deflections of the single box and single cell simply supported composite box girders with CSWSB (unit: mm).

Working
condition

Load
amplitude

Measured
value

)eoretical values calculated in this work
Finite
element
value

)eoretical deflection
of primary beam

Shear lag-
induced
deflection

Shear deformation-
induced deflection

Total
deflection

Concentrated
load

17.6 kN 1.705 1.803 0.004 0.117 1.924 1.743
35.2 kN 3.325 3.606 0.008 0.234 3.848 3.485
63.2 kN 6.140 6.475 0.014 0.420 6.909 6.258
71.2 kN 7.405 7.294 0.016 0.474 7.784 7.498

Uniform load

2.250 kN/m 1.330 1.152 0.002 0.061 1.215 1.342
3.938 kN/m 2.225 2.017 0.004 0.105 2.126 2.349
5.625 kN/m 3.185 2.882 0.005 0.151 3.036 3.356
7.500 kN/m 4.335 3.842 0.007 0.199 4.048 4.474
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From Figures 14 and 15, it is observed that the ratio of the
deflections that were induced by the shear lag and the shear
deformation to the total deflection was gradually decreased
with the increase in the span width ratio. When the span
width ratio was equal to 1, the maximum ratio of the de-
flection due to the shear lag to the total deflection was found
to be 2.2%, which is less than 5%. )erefore, the shear force
could be ignored in the calculation process. However, when

the span width ratio was equal to 1, the ratio of the shear
deformation to the total deflection reached 71.15% while at
the span width ratio of 8, the proportion of the shear de-
formation deflection under concentrated load condition was
decreased to 3.98%. Further, the shear deformation under
uniformly distributed load condition was found to be 3.22%.
For the single box and single cell composite box girders with
CSWSB, the ratio of the shear deformation to the total de-
flection was found to be 71.15%, and at span width ratios of
equal to or greater than 8, the deflection caused by the shear
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Figure 12: Concentrated load-deflection diagram of the single box
and single cell simply supported composite box girder.
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Figure 13: Uniform load-deflection diagram of the single box and
single room simply supported composite box girder.
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condition.
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deformation could not be calculated. )erefore, in the cal-
culation of the bridge deflection, the shear lag effect and the
additional deflection caused by the shear deformation should
be considered according to the span width ratio.

6. Conclusion

In this work, the following conclusions were obtained:

(1) )e deflections that were caused by the shear lag and
the shear deformation of the simply supported and
continuous composite box girders with CSWSB
under different loading conditions were calculated
theoretically and were found to be in good agree-
ment with the measured values of the model test and
the ANSYS finite element values, thus verifying the
correctness of the deflection calculation equations.

(2) For the single box and single cell simply supported
and two-span continuous composite box girders
with CSWSB, the additional deflection due to the
shear lag accounted for less than 2% of the total
deflection value, and therefore, it could be ignored in
the deflection calculations. )e deflection caused by
the shear deformation accounted for 34% of the total
deflection value, and the corresponding value under
the uniformly distributed loading was higher than
that under concentrated loading. )erefore, the
shear deformation must be considered.

(3) )e deflections that were caused by the shear lag and
the shear deformation were gradually decreased with
the increase in the span width ratio. When the span
width ratio of the single box and single cell com-
posite box girder with CSWSB was equal to or
greater than 8, the deflections caused by the shear lag
and the shear deformation could be ignored.

(4) In the bridge finite element simulation, the ANSYS
finite element model and the deflection calculation
results established using the solid element and the
shell element meet the calculation accuracy when the
CSWSB composite box girder has small-amplitude
bending. Further, in the theoretical calculation
process of the bridge deflection, the shear lag effect
and the additional deflection that were caused by the
shear deformation are considered according to the
span width ratio.
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