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Damage detection of concrete structures based on finite element model and measured response parameters has been an important
research topic in recent years. It is well known that test data of mechanical behavior of concrete show great scatterness. As a result,
the measured response parameters of concrete structures sometimes have gross errors.-e gross error is a physical quantity that is
much larger than data noise, which may lead to serious distortion of calculation results. To this end, a new robust estimate method
termed as the augmented inverse estimate is proposed in this work for damage detection of concrete structures to resist gross
errors in data. It has the advantages of very simple programming, convenient utilization, high computational accuracy, and broad
prospect of application. Central to the augmented inverse estimate are the augmentation of coefficient matrix and the multiple
computations based on feedback evaluation. A reinforced concrete beam structure is used as an example to verify the proposed
method. It was found that the proposed method can successfully identify the location and extent of structural damage even if the
used data have gross errors.

1. Introduction

Damage in reinforced concrete structures accumulates
gradually because of effects of cyclic load, circumstance
erosion, material aging, and other deficiencies during their
service life. Structural damage often leads to changes in the
dynamic response parameters of the structure. By testing the
vibration parameters and observing their changes, structural
damage can be detected in a timely manner to avoid di-
sastrous consequences. In recent decades, damage detection
of concrete structures has become a key issue in the field of
civil engineering. -emethod based on finite element model
(FEM) updating [1–4] is one of the mainstream methods for
structural damage detection, since it can simultaneously
determine the locations and extents of structural damages.
-e basic idea of this type of method is to modify structural

FEM to match the testing parameters such as natural fre-
quencies and mode shapes.-e resulting modification of the
FEM will indicate the locations and extents of structural
damage. Depending on the type of parameters used, the
FEM updating methods can be divided into frequency based
methods [5–13], mode shape based methods [14–17], flex-
ibility based methods [18–23], displacement based methods
[24–26], and so on. In most cases, these FEM updating
methods will come down to the solution of a system of linear
equations. It is known that the ill-conditioned least-squares
problems often arise in the computation process of solving
the linear equations. -is means that little errors in testing
data may lead to very large errors in results of damage
detection. To solve this problem, many researchers have used
the biased estimate techniques for achieving a stable and
accurate solution. For example, the singular-value-
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truncation (SVT) estimate [27–34] is one of the most used
biased estimate techniques in last decades. -e key step of
the SVT estimate is to ignore the smaller singular values of
the coefficient matrix of the linear equations. It has been
shown that the SVTestimate has certain antinoise ability and
can obtain stable calculation results.

Althoughmuch progress has beenmade in SVTestimate,
there are still several problems that need to be addressed
better. -e first challenge is the gross errors that may exist in
the testing data. For concrete structures, the gross errors are
more likely to occur due to the great scatterness of me-
chanical behavior of concrete. From the point of view of
absolute value, the gross error is much larger than data noise.
Up to now, the existing SVT estimate is powerless for gross
errors. In other words, the solution of linear equations will
be seriously distorted if the testing data contain a few in-
dividual gross errors. -e second problem is how to fully use
the particularity of damage detection to further improve the
accuracy of the calculation results. For the damage detection
problem, the damaged elements in the structure are often
only a small minority because the actual damage usually
occurs only in a few local areas. -is particularity of damage
detection has not been fully utilized in the previous calcu-
lation methods.

In view of the above two problems, it is very necessary to
further study the new robust estimate technique for damage
detection of concrete structures using the response data with
gross errors. In this paper, a new robust estimate method
termed as the augmented inverse estimate (AIE) is proposed
for damage detection of concrete structures. Central to the
proposed method are the augmentation of coefficient matrix
and the multiple computations based on feedback evalua-
tion. -e proposed AIE has three main advantages. -e first
advantage of AIE is the ability of resisting gross errors. -e
AIE can determine the quantity of gross errors and eliminate
the adverse effects of gross errors. -e second advantage of
AIE is the conciseness in theory and very simple pro-
gramming, since this method only uses the matrix gener-
alized inverse technique. -e third advantage of AIE is the
high computational accuracy and broad prospect of appli-
cation. -e AIE has a wider application range than the SVT
estimate, since AIE can resist both gross errors and noise but
SVT can only resist noise. If there are no gross errors in the
used data, the AIE has the same antinoise ability as the SVT
estimate. If there are gross errors in the used data, the AIE
performs much better than the SVTestimate, since the latter
will be distorted due to gross errors. In addition, the par-
ticularity of damage detection is fully utilized in the pro-
posed AIE by removing many undamaged elements in each
computation according to the feedback evaluation. -is
operation can significantly reduce the computational
complexity and obtain more accurate damage detection
results gradually.

-e remainder of this paper is organized as follows: In
Section 2, the damage detection equations using frequency
and mode shape sensitivities are briefly reviewed.

Subsequently, the SVT estimate for solving the damage
detection equations is illustrated in Section 3. In Section 4,
the proposed AIE technique is presented in detail to deal
with both gross errors and noise. In Section 5, a reinforced
concrete beam structure is employed as the numerical ex-
ample to verify the proposed method. At last, the conclu-
sions of this work are summarized in Section 6.

2. Damage Detection Equations

As stated previously, damage often leads to changes in the
dynamic response parameters of the concrete structures. In
this section, the damage detection equations based on vi-
bration frequency and mode shape sensitivities are briefly
reviewed. Consider a structure with n degrees of freedom
(DOFs), whose vibration modes can be computed by solving
the following generalized eigenvalue problem:

Kφj � λjMφj, (1)

where M andK are themass and stiffness matrices; λj and φj

are the jth eigenvalue (squares of frequency) and eigen-
vector (mode shape), respectively. In general, matrix M is
approximately constant when damage occurs. -en the first-
order sensitivities of thejth eigenvalue and eigenvector can
be computed using the formulas presented by Fox and
Kapoor [35] as

zλj

zαi

� φT
j Kiφj, (2)

zφj

zαi

� 
n

r�1

φT
r Kiφj

λj − λr

φr, (r≠ j), (3)

where αi and Ki are the ith elemental damage parameter and
stiffness matrix, respectively. Note that the computation of
the eigenvector sensitivity using equation (3) is very com-
putationally expensive, since it requires the availability of all
the mode shapes of the intact structure. In view of this, the
formula presented by Yang and Peng [36] is used in this
paper to compute the mode shape sensitivity as

zφj

zαi

� K − λjM + λjφjφ
T
j M 

− 1 zλj

zαi

M − Ki φj. (4)

-is new formula has the advantage of requiring only the
knowledge of the eigenvector to be differentiated. -us, it is
efficient and convenient in programming.

Before and after damage occurs, the changes of the jth
eigenvalue and eigenvector are obtained by

Δλj � λdj − λj,

Δφj � φdj − φj,
(5)

where λdj and φdj are the jth eigenvalue and eigenvector of
the damaged structure; Δλj and Δφj are the corresponding
changes, respectively. Using Taylor’s series expansion, the
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first-order approximations for Δλj and Δφj can be expressed
as

Δλj � 
N

i�1
αi

zλj

zαi

, (6)

Δφj � 

N

i�1
αi

zφj

zαi

, (7)

where N is the total number of elements. For m measured
modes and r measured DOFs, the first-order sensitivity
equation can be written from equations (6) and (7) as

Δλ{ } � S1 α{ }, (8)

Δφ  � S2 α{ }, (9)

where Δλ{ } � (Δλ1,Δλ2, . . . ,Δλm)T, Δφ  � [Δφ1
1, . . . ,Δφr

1|

Δφ1
2, . . . ,Δφr

2|, . .. , |Δφ1
m, . . . ,Δφr

m]T, α{ } � (α1,α2, . .. ,αN)T,
and S1 and S2 are the corresponding sensitivity matrices, re-
spectively. Combining equation (8) with (9), the damage de-
tection equation can be obtained as

Δλ{ }

Δφ 
  �

S1

S2
  α{ }. (10)

Let

Δλ{ }

Δφ 
  � b,

S1

S2
  � A,

α{ } � x.

(11)

-en, equation (10) can be simplified as

A · x � b. (12)

Finally, the elemental damage coefficients x can be
obtained by solving the linear equation (12). According to
the resulting x, the locations and extents of damage in the
concrete structure can be evaluated.

3. SVT Estimate

Next, we discuss the specific methods to solve the linear
equation (12). -e generalized inverse technique [37–40] is
used in many cases to compute x in equation (12); that is,

x � A
+
b, (13)

where the superscript “+” denotes the Moore-Penrose
generalized inverse. According to the matrix theory, the
generalized inverse of a matrix can be computed by singular
value decomposition (SVD) technique.-e SVD of matrix A

can be expressed as

A � UΛVT
, (14)

U � u1, u2, . . . , un , (15)

V � v1, v2, . . . , vN , (16)

Λ �
Z 0
0 0

 ,

Z � diag σ1, σ2, . . . , σt( ,

(17)

where U and V are the orthogonal matrices, σ1, σ2, . . . , σt are
the nonzero singular values of A with σ1 ≥ σ2 ≥ · · · ≥ σt.
From equations (14)–(17), the generalized inverse of A can
be computed by

A
+

� 

t

x�1
σ−1

x vxu
T
x . (18)

Substituting equation (18) into (13), one has

x � 
t

x�1
σ−1

x vxu
T
x

⎛⎝ ⎞⎠ · b. (19)

From equation (19), one can see that small singular
values have greater influence on the accuracy of the solution.
-us, it is a feasible way to improve the stability of the
solution by ignoring the small singular values in equation
(19). -is is the core idea of the SVT estimate method. -en
the solution of the SVT estimate is expressed by ignoring
some smaller singular values as

xsvt � 
z

x�1
σ−1

x vxu
T
x

⎛⎝ ⎞⎠ · b, (20)

where z is the number of remaining singular values. -e
main problem existing in SVT estimate is how to choose a
suitable value of the number of remaining singular values.
-e L-curve method [41–43] will be used in this paper for
choosing the number of remaining singular values. It is
known that SVT estimate has the ability of resisting data
noise but not the ability of resisting gross errors.

4. The Proposed AIE Method

As stated previously, there may be gross errors in the testing
data due to the great scatterness of mechanical behavior of
concrete. -e existence of gross errors will lead to serious
distortion of the results obtained by SVTestimate. In view of
this, a new robust estimate method termed as the augmented
inverse estimate is proposed in this section for resisting both
gross errors and noise. -e main innovations of the AIE
method lie in the augmentation of coefficient matrix and
multiple computations based on feedback evaluation. -e
AIE method is illustrated in detail as follows.
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Firstly, each element in the observation vector b is
successively assumed to be the data with gross error.
Without loss of generality, assuming that the element
containing the gross error is bi, the linear equation (12) can
be expressed as

A · x �

b1

⋮

bi

⋮

bm(r+1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (21)

Element bi in equation (21) cannot be used if it contains
the unknown gross error. Assuming that the true value is δi,
equation (21) should be rewritten as

A × x �

b1

⋮

δi

⋮

bm(r+1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (22)

-e unknowns x and δi can be synthesized into a new
unknown vector x by rewriting equation (22) as

A · x � b, (23)

A � A|

0
⋮
−1
⋮
0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (24)

x �

x1

⋮
xN

δi

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (25)

b �

b1

⋮
0
⋮

bm(r+1)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (26)

where A is the augmented coefficient matrix and x is the
augmented unknown vector. -en the new linear equation
(23) can be solved again by the SVT as described from
equation (14) to equation (20). -at is,

x � 
z

x�1
σ−1

x vxu
T
x

⎛⎝ ⎞⎠ · b, (27)

xAIE � x{ }
1
N, (28)

δi � x{ }N+1. (29)

Equations (28) and (29) are the calculation formulas of
AIE solution, where xAIE denotes the AIE solution of the
damage parameters, and x{ }1N denotes the first N coefficients
of x obtained by equation (27). According to x{ }1N, the
possible damage locations and extents can be assessed.
Equation (29) can be used to calculate the value of the gross
error by bi − δi, if it is necessary. Note that the above der-
ivation process can be easily extended to the case of more
than one gross error. Without loss of generality, the relevant
computation formulas for the case of two gross errors are
presented in the following. Assuming that the elements
containing the gross errors are bi and bj, the linear equation
(12) can be revised by replacing bi(bj) with δi(δj) as

A × x �

b1

⋮

δi

⋮

δj

⋮

bm(r+1)
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. (30)

As before, the unknowns x, δi, and δj can be synthesized
into a new unknown vector x by rewriting equation (30) as

A · x � b,

A � A|

0 0
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,

(31)
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where A is the new augmented coefficient matrix, and x is
the new augmented unknown vector. -en the new solution
is

x � 
z

x�1
σ−1

x vxu
T

x
⎛⎝ ⎞⎠ · b, (32)

xAIE � x 
1
N, (33)

δi � x N+1, (34)

δj � x N+2. (35)

Again, equation (33) is the calculation formula of AIE
solution for the damage parameters. Equations (34) and (35)
can be used to calculate the values of the gross errors by
bi − δi and bj − δj, if it is necessary.

Finally, we discuss the multiple computations process
based on feedback evaluation for the damage detection
problem. In general, the perturbed elements in the FEM due
to structural damages are often only a small minority. -is
particularity will result in the existence of a large number of
coefficients close to zero in xAIE obtained by equation (28).
-us, these coefficients close to zero in xAIE should be seen as
a product of data noise and they can be set to zeros to
simplify equation (22) for the next recalculation. Generally,
those values in xAIE which satisfy (xi/max(xAIE))≤ 0.05
should be deemed to correspond to those undamaged ele-
ments in the structure. -en equation (23) can be further
simplified for the recalculation by removing some column
vectors in A and coefficients in x corresponding to those
undamaged elements; that is,

A′ · x′ � b, (36)

where A′ is the remaining matrix of A after removing some
column vectors related to those undamaged elements and x′
is the remaining vector of x after removing the corre-
sponding coefficients. From equation (36), the second AIE
solution can be obtained again using the SVT as

x′ � 
z

x�1
σ′−1x vx
′u′Tx⎛⎝ ⎞⎠ · b. (37)

-e above recalculation process like equations (36) and
(37) should be repeated until there are no coefficients in xυ

AIE
which satisfy (xi/max(xυ

AIE))≤ 0.05, where the superscript υ
denotes the υth AIE computation. In the end, the true
damaged elements can be identified according to the final
AIE solution. In the above process, it is important to note
that the computational complexity of each AIE computation
gradually decreases, since the number of unknowns de-
creases gradually.

In the end, the operation steps of this method are
summarized as follows:

(1) Establish the FEM of the structure and compute the
eigenvalue and eigenvector sensitivities using
equations (2) and (4).

(2) Measure the modal parameters of the damaged
structure and establish the damage detection basic
equation (12).

(3) Use AIE method to calculate the damage parameters
and possible gross errors. Repeat this operation
multiple times by feedback evaluation until the true
damaged elements can be identified according to the
final AIE solution.

5. Numerical Validation and
Comparative Study

-e reinforced concrete beam shown in Figure 1 is used to
verify the proposed method for damage detection. -e cross
section of the structure is rectangular of 110mm × 180mm.
-e structure is divided into 32 beam elements and the
length of each element is 70mm. Each node has three de-
grees of freedom, that is, two translational degrees of
freedom and one rotational degree of freedom. -e physical
parameters of this structure are as follows: elasticity moduli
of concrete and steel are Ec � 32.5GPa and Es � 200GPa;
Poisson’s ratio v � 0.2; and density ρ � 2650 kg/m3. Two
damage cases are simulated: (1) element 15 has 20% stiffness
reduction; (2) elements 6 and 18 both have 15% stiffness
reductions. In the following computation, only the first-
order vibration modal parameters are used to simulate the
incomplete measurement in engineering practice. Moreover,
only the data corresponding to vertical degrees of freedom of
the mode shape are used in the computation because of the
difficulty in measuring the rotational degrees of freedom. In
addition, 2% noise is added to the simulated fundamental
frequency mode to simulate the measurement error and the
data at the 9th measuring point is magnified 10 times to
simulate the gross error. Figure 2 presents the damage
detection result using the SVTfor the simulated damage case
1. One can see from Figure 2 that the SVT solution is se-
riously distorted, since element 15 cannot be determined to
be the most possible damaged element. -is means that the
SVT method cannot effectively overcome the adverse effect
of the gross error. Using the proposed AIE method,
Figures 3–5 give the first, second, and third calculation
results. One can see from these figures that more accurate
detection results can be obtained gradually using the AIE
method. From Figure 5, the satisfactory result is achieved
after third AIE computations with feedback evaluations.-is
final assessment as shown in Figure 5 can clearly indicate
that only element 15 is damaged and the calculated value of
the damage parameter is α15 � 0.246. It has been shown that
the proposed AIE method can effectively overcome the
adverse effects of the gross error and data noise. For the
second damage case, Figures 6–10 provide the calculation
results obtained by the SVT, the first to fourth AIE, re-
spectively. Apparently, the SVT solution shown in Figure 6
cannot indicate that elements 6 and 18 are damaged. -e
result again demonstrates that the SVT is powerless to resist
the gross error. Using the proposed AIEmethod, satisfactory
identification results as shown in Figure 10 can be obtained
after four feedback calculations. -is again demonstrates the
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Figure 1: A reinforced concrete beam (unit: mm).
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Figure 3: Damage assessment result by the first AIE when element 15 is damaged.
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Figure 4: Damage assessment result by the second AIE when element 15 is damaged.
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superiority and robustness of the proposed AIE method in
solving the damage detection problem under gross error
pollution.

Next, the case of two gross errors is simulated to further
verify the proposed method. -e data at the 9th and 20th
measuring points are magnified 10 and 5 times to simulate
the gross errors, respectively. Figure 11 presents the damage
detection result by SVT solution. It is clear that the result is

not accurate due to the fact that SVT cannot overcome the
adverse effects of gross errors. Using the proposed method,
Figures 12–15 give the damage detection results by the first
to fourth AIE solutions. Apparently, the true damaged el-
ement 21 can be identified according to Figure 15. As a by-
product, the calculated data at the 9th and 20th measuring
points can be simultaneously obtained. -e deviation ratios
of the 9th and 20th data are 8.6931 and 3.1842. -is means
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Figure 5: Damage assessment result by the third AIE when element 15 is damaged.
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Figure 6: Damage assessment result by the SVT when elements 6 and 18 are damaged.
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Figure 7: Damage assessment result by the first AIE when elements 6 and 18 are damaged.
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that the 9th and 20th data obviously have gross errors. -is
result is consistent with the hypothesis which shows that the
proposed method is reasonable and feasible.

In order to compare the advantages and disadvantages of
the existing singular-value-truncation algorithm (SVT) and
the augmented inverse estimate (AIE), σdamage is used to
describe the error degrees of damage assessment:

σdamage �

������������


n
i�1 x − x0( 

2

n



. (38)

-e error degrees of damage assessment under different
methods calculated by equation (38) are shown in Table 1.

From Table 1, σdamage calculated by SVT method has a
high degree of dispersion, with a maximum value of 83.9%,
which occurs when element 21 is damaged. With the in-
crease of the number of iterations, σdamage using AIE method
decreases obviously. In all cases, σdamage is less than 1% by the
fourth AIE. It can be seen that the AIE method has greatly
improved the accuracy of the evaluation.
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Figure 8: Damage assessment result by the second AIE when elements 6 and 18 are damaged.
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Figure 9: Damage assessment result by the third AIE when elements 6 and 18 are damaged.
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Figure 10: Damage assessment result by the fourth AIE when elements 6 and 18 are damaged.

8 Advances in Civil Engineering



5 10 15 20 25 30
–4

–3

–2

–1

0

1

2

3

Element number
D

am
ag

e e
xt

en
t

SVT solution

Figure 11: Damage detection result by SVT solution when element 21 is damaged.
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Figure 12: Damage assessment result by the first AIE when element 21 is damaged.
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Figure 13: Damage assessment result by the second AIE when element 21 is damaged.
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6. Conclusion

In this paper, a new robust estimate method termed as the
augmented inverse estimate (AIE) is proposed for damage
detection of concrete structures to resist gross errors in data.
-e proposed method has the advantages of very simple
programming, convenient utilization, high computational
accuracy, and broad prospect of application. Central to the
augmented inverse estimate (AIE) method are the aug-
mentation of coefficient matrix and the multiple compu-
tations based on feedback evaluation. A reinforced concrete
beam structure is used to verify the proposed augmented
inverse estimate method. It was found that the augmented
inverse estimate (AIE) method can achieve more accurate
damage detection results compared with the existing sin-
gular-value-truncation (SVT) algorithm. It may be a
promising tool for solving the damage detection problem of
concrete structures when the used data have gross errors.

Further research on the technique can be carried out to deal
with damage detection with fewer data, to compare the
technique with othermethods, and to verify the technique by
experiment.

Data Availability

-e data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

-e authors declare that they have no conflicts of interest.

Acknowledgments

-is work was supported by the National Natural Science
Foundation of China (52008215); the Natural Science

–0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Element number

�e third AIE solution

D
am

ag
e e

xt
en

t

Figure 14: Damage assessment result by the third AIE when element 21 is damaged.

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Element number

�e fourth AIE solution

D
am

ag
e e

xt
en

t

Figure 15: Damage assessment result by the fourth AIE when element 21 is damaged.

Table 1: -e error degrees of damage assessment by different methods.

Case Location of damage SVT (%) First AIE (%) Second AIE (%) -ird AIE (%) Fourth AIE (%)
1 Element 15 28.6 39.3 0.8 0.8 0.8
2 Elements 6 and 18 26.3 28.9 1.0 0.8 0.6
3 Element 21 83.9 7.8 5.1 0.8 0.8
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