
Research Article
Applicability of Anisotropic Failure Criteria and Associated
Application with Layered Rocks

WenxueDeng ,1TianhongYang ,1Honglei Liu ,1 FeiyueLiu ,1 andHongLiangXu 2

1Department of Mining Engineering, School of Resources and Civil Engineering, Northeastern University,
Shenyang 110819, China
2Northern Engineering and Technology Corporation, Dalian 116600, China

Correspondence should be addressed to Honglei Liu; liuhonglei@mail.neu.edu.cn

Received 30 November 2020; Accepted 30 December 2020; Published 25 January 2021

Academic Editor: Zhijie Wen

Copyright © 2021Wenxue Deng et al.)is is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

)is paper examines the applicability of four failure criteria applied to layered rocks, namely, Pariseau’s model, linear empirical
equation, nonlinear empirical equation (LEE and NLEE), and Jaeger’s plane-of-weakness model (JPW). A database comprising
282 uniaxial compressive strength (UCS) tests and 1,273 triaxial tests conducted worldwide on layered rocks is compiled.
Pariseau’s model is classified as a continuous function, and LEE and NLEE, as well as JPW, are classified as piecewise functions.
Nonlinear least squares and traversing methods are used to determine the global minima of the material coefficients in the two
types of functions.)e goodness of fit of these criteria for the database is evaluated. Two statistical parameters, namely, regression
coefficient (R2) and mean absolute percentage error (MAPE) are used for precision assessment. )e aforementioned methods and
the criteria are further used for evaluating the surrounding rock stability of the eastern slope of Yanshan iron open-pit and the
underground powerhouse of the Jinping I hydropower station. )e results show that (1) Pariseau’s model is not suitable for
layered rocks when n� 2, and the fit is worst in the condition of insufficient triaxial data when n� 1; (2) theMAPE of the empirical
equation (LEE and NLEE) is within 20%, with the best predictive accuracy under medium to low confining pressures, and the
MPAE of JPW is within 40%, with the best predictive accuracy under high confining pressures; and (3) calculation of the damage
area of the slope and underground powerhouse and comparison with the actual damage on the site verify that the empirical
equation has the best engineering prediction accuracy under medium to low confining pressure conditions.

1. Introduction

Sedimentary rocks characterized by layered structure ac-
count for two-thirds of the global land area. Several bedded
sedimentary and foliated metamorphic rocks such as layered
sandstone, siltstone, mudstone, shale, slate, schist and gneiss,
and phyllite exhibit remarkable anisotropic strength be-
havior [1–4]. )e compressive strength of layered rocks
depends on the direction of loading because of the preferred
fabric or the preferred discontinuity.)emaximum strength
is observed at β� 0° or β� 90°, and the minimum is observed
at β� 45–60° (β is the angle between the horizontal direction
and the anisotropic plane direction; Figure 1(a)). )e
strength response becomes nonlinear for a large range of
confining pressures (Figure 1(b)).

Anisotropy can be found at different scales ranging from
the intact specimens to rock mass. )e excavation distur-
bance alters both the stress values and the principal stress
direction, impacting the strength of anisotropic rocks [6, 7].
)e inherent or induced strength anisotropy of rocks should
be completely accounted for predicting rock engineering
performance. )erefore, classical isotropic failure criteria,
which are only stress-dependent, cannot be used for layered
rocks.

An ideal anisotropic failure criterion should not only
predict the strength of the rock but also should be simple to
use for rock engineering designers. )e Mohr–Coulomb
criterion is most widely used for isotropic rocks because its
parameters are easily comprehended by engineers, whereas
the Jaeger’s plane of weakness model (JPW) [8] is most
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widely used for anisotropic rocks. Several experiments have
been conducted to evaluate the applicability of Jaeger’s
theory [9–11].)e results also showed that the elastic moduli
of layered rocks are transversely isotropic [12]. )e ubiq-
uitous joint model of Flac3D [13] uses the Jaeger criterion as a
plasticity function, and it is widely used in the numerical
simulation of jointed rock mass. )e authors of [14] con-
ducted quantitative and qualitative syntheses on different
failure criteria. However, the anisotropic criterion ideal for
rock engineering has not yet been determined.

)erefore, this paper (1) firstly provides a review of the
failure criteria for anisotropic rocks among which four
representative criteria are selected. (2) )e different fitting
methods for rock parameters of different strength criteria are
designed. A database containing 282 UCS and 1,273 triaxial
compression strength from the literature is compiled. (3)
Quantitative evaluation of two conditions is conducted that
constitutes only a part of the available data because obtaining
high-quality data in the engineering field is challenging. )e
influence of confining pressure on the predictive ability of
different criteria is studied. (4) Finally, an open-pit mine
slope and a hydropower station underground powerhouse
are used as engineering examples to compare the application
effects and prediction accuracy of different failure criteria.

2. Review of Failure Criteria of
Anisotropic Rocks

2.1. Classification of Failure Criteria. Several failure criteria
for anisotropic-layered rocks have been developed, which

can be classified into three groups [14]: (1) mathematical
approach [15–17]; (2) empirical approach [3, 18–21]; and (3)
discontinuous criteria [9, 22]. )e former two are classified
as continuous and the latter is classified as discontinuous.
Table 1 presents the classification. In the first group, most
material parameters have no direct physical meaning and
lack experimental validation. )erefore, they have not been
widely used in engineering practice. Ambrose [59] showed
that Pariseau’s criterion is the most commonly used
mathematical model. In the second group, the friction angle
is generally assumed constant, and cohesion (or material
parameters related to cohesion) is orientation-specific. Most
equations are easily developed or modified fromMC and are
easy to use. )e third group of criteria is developed based on
JPW. Contrary to the previous two groups, it is assumed that
the rock is composed of matrix and joint, and it is the lower
strength between them that play a controlling role in the
system. )is hypothesis is widely used in engineering be-
cause of its clear physical meaning and high-precision
strength prediction.

2.2. Typical Failure Criteria

2.2.1. Pariseau’s Criterion. Pariseau [16] presented a failure
criterion for anisotropic geological media. )e primary
contribution of Pariseau is the modification of Hill’s yield
theory [26] to account for the yield of geomaterials under
hydrostatic stress. )e material constants can be reduced to
six in the case of transversely isotropic materials and is
expressed by
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Figure 1: (a) Variation of strength with orientation of bedding. (b) Nonlinear strength behavior (data from [5]).
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Pariseau’s criterion is an extension of the Druck-
er–Prager yield criterion when n� 1 and is equivalent to the
Hoffman criterion when n� 2. )us, Hoffman criterion is a
specific case of Pariseau’s criterion. )e two cases of

discussion are n� 1 and n� 2. Equation 1 is reduced to the
following by using stress coordinate transformation when
applied to conventional triaxial (σ1> σ2 � σ3):

σ1 − σ3 �
1 + σ3(U + 2V)

F sin4 β + G cos4 β + cos22β  + 0.25M sin22β 
0.5

− U cos2 β + V sin2 β 
, (2)

σ1 − σ3 �
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U cos2 β + V sin2 β 
2

+ 4 F sin4 β + G cos4 β + cos22β  + 0.25M sin22β  1 + σ3(U + 2V)( 



2 F sin4 β + G cos4 β + cos22β  + 0.25M sin22β 
. (3)

Earlier studies show that the five material parameters can
be expressed in terms of uniaxial compression, tension, and
pure shear strength when n� 1 [60]. Hoffman [15] proposed
a similar deduction and obtained the expression when n� 2
(Table 2).

In this study, the strength parameters of layered rocks
are obtained by experiments, where Xt � 4.45MPa,
Xc � 134.37MPa, Yt � 12.70MPa, Yc � 119.10MPa, and
S� 3.4MPa; the detailed experimental procedure has been
explained by Wang [61]. By considering the strength pa-
rameters given in Table 2 and employing equations (2) and
(3), the uniaxial compressive strength can be predicted, as
shown in Figure 2.

)e results show a slight deviation between the predicted
values and the mean values when n� 1 or 2. Particularly, the
predicted minimum strength is lower than the actual value
when β� 60°. It is difficult to obtain accurate uniaxial
compression, tension, and pure shear strength owing to the
dispersion of strength of rock. )us, Table 2 is not rec-
ommended to predict compressive strength; it cannot verify
the prediction ability of triaxial strength because of the lack
of conventional triaxial test data. Next, the material pa-
rameters in equations (2) and (3) are solved by optimizing
different values of triaxial strength from the literature. )e
compressive strength prediction ability of Pariseau’s crite-
rion is evaluated.

Table 1: Classification of anisotropic failure criteria.

Continuous criteria
Discontinuous criteria

Mathematical approach Empirical approach
Von Mises [23] Casagrande & Carrillo [24] Jaeger [8,25]
Hill [26] Jaeger variable shear [8] Walsh & Brace [9]
Olszak and Urbanowicz [27] McLamore and Gray [28] Hoek [29]
Goldenblat [30] Ramamurth,Rao and Singh [22] Hoek and Brown [31]
Goldenblat and Kopnov [32] Ashour [33] Murrel [34]
Hoffman [15] Zhao,Liu and Qi [35] Barron [36]
Pariseau [16] Singh,et al. [37] Ladanyi and Archambault [38]
Tsai and Wu [17] Tien, et al. [3] Bieniawski [39]
Boehler [40] Colak K, Unlu T.∗ [41] Smith and Cheatham [42]
Dafalias [43, 44] Tiwari and Rao (2007) Yoshinaka and Yamabe [45]
Allirot and Boehler [46] Saroglou and Tsiambaos [18] Duveau et al. [14]
Nova and Sacchi [40] Zhang and Zhu [19] Pei [47]
Nova [48] Saroglou H, Tsiambaos G.[18] Zhang [49]
Boehler and Raclin [50] Lee Y K, Pietruszczak S.∗ [51]
Raclin [52] Lee, Pietruszczak and Choi [20]
Kaar et al. [53] Yang Xu, et al.∗ [21]
Cazacu and Cristescu [54]
Kusabuka, Takeda and Kojo [55]
Pietruszczak et al. [56]
Chen and Yang∗ [57]
Lee and Pietruszczak [51]
Mroz and Maciejewski [58]
∗Criteria added since [14, 59]
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2.2.2. Liner and Nonlinear Empirical Equations. An em-
pirical equation to predict the uniaxial compressive strength
for anisotropic rocks was proposed by Xu et al. [21] based on
Jaeger’s model [8, 10], denoted by equation (4). With an

increase inm and l, the layered rocks gradually change from
U-type to shoulder-type anisotropy (see Figure 3). )ere-
fore, equation (4) can predict the uniaxial compressive
strength of various layered rocks.

σc(β) �

σc 0°( ) − σc 0°( ) − σc(θ)  sin
β
θ

· 90°  

m

, if0° ≤ β≤ θ,

σc 90°( ) − σc 90°( ) − σc(θ)  cos
β − θ
90° − θ

· 90°  

l

, ifθ< β≤ 90°.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(4)

From equation (4) and the Mohr–Coulomb criterion, a
linear empirical equation for compressive strength of layered
rocks is expressed as

σ1 − σ3 � σc(β) +
2 sinϕ
1 − sinϕ

σ3. (5)

As the confining pressure increases, the rate of increase
in strength decreases, and the failure mode tends to change
from brittle to ductile. A nonlinear failure criterion for
anisotropic rocks was proposed by Singh et al. [5] based on
the critical state concept, expressed by equation (6). From
equations (4) and (6), a nonlinear empirical equation for

Table 2: )e material coefficients of Pariseau’s criteria.
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Figure 2: Predicted of Pariseau’s criterion vs. experimental UCS.
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compressive strength of layered rocks can be obtained.
When the confining pressure is greater than σcrt, the dif-
ferential stress tends to be constant (Figure 4).)erefore, the
model can be regarded as a modification of the
Mohr–Coulomb criterion.

σ1 − σ3 �

σc(β) +
2 sinϕ

1 − sinϕ
σ3 −

1
σcrt

sinϕ
1 − sinϕ

σ23, if 0≤ σ3 ≤ σcrt,

σc(β) +
sinϕ

1 − sinϕ
σcrt, if σ3 > σcrt.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(6)

2.2.3. Jaeger’s Plane of Weakness Model. Jaeger [8] intro-
duced JPW, which is the start point of the discontinuous
method. )e rock matrix and weakness planes are both
described by Mohr and Coulomb. However, there are dif-
fident values in cohesion and friction for rock matrix and
weakness planes.)us, the failure criterion could be given as

σ1 − σ3 �min
2 sin ϕm

1 − sin ϕm

σ3 +
2cm cos ϕm

1 − sin ϕm

,
2 cw + σ3 tan θw( 

1 − tan θw cot β( sin 2 β
 .

(7)

3. Fitting Parameters of Failure Criteria

3.1. Parameters of Evaluation. For assessing the predictive
accuracy, regression coefficient (R2) and mean absolute
percentage error (MAPE) are used for quantitative evalu-
ation.)e larger the R2 and the smaller the MAPE, the better
the predictive accuracy:

R
2

� 1 −
 σc, exp − σc,pre 

2

 σc, exp − σc,av 
2 , (8)

MAPE �
 σc, exp − σc,pre/σc, exp





N
× 100%. (9)

3.2. Algorithm of Fit. )e dispersion in the macroscopic
strength of rocks is large due to the heterogeneity, and it
is difficult to obtain an accurate strength variation curve.
)erefore, a vast amount of experimental data is es-
sential. To a certain extent, the above strength criteria can
be regarded as basic formulas for describing the strength
law of layered rocks. )e unknown coefficients in
equations (2)–(7) can be fitted by the optimization al-
gorithm based on sufficient experimental data. )e
uniaxial and triaxial strength data in this study are de-
rived from the literature.
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Figure 3: Variations of UCS with orientation angle β and various
values of m and l.
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Each strength criterion is regarded as σ1 � σ1(σ3, β) in
which Pariseau’s criterion is a continuous nonlinear func-
tion and LEE, NLEE, and JPW are linear or nonlinear
piecewise functions. )e optimization algorithms for these
types of functions are different. )e continuous nonlinear
function can use the nonlinear least squares method. In this
study, a trust-region algorithm is used to solve the material
parameters F, G, M, U, and V with the curve fitting tool in
MATLAB. )e linear or nonlinear piecewise functions
cannot use the least squares method. However, most ma-
terial parameters of these functions have clear and direct
physical meaning. )e range of parameters can be deter-
mined by engineering experience. For example, the friction
angle of rocks is generally in the range of 10–50°. )erefore,
it is feasible to use the traversing method for this type of
problem. )rough searching all combinations of material
parameters with a fixed sampling interval, the best fit pa-
rameters are found.)en, the range and interval d is refined,
and the search is repeated. )e abovementioned process is
repeated iteratively until the optimal strength parameters of
the rocks are determined. )e flow chart of the fit algorithm
is show in Figure 5.

Taking the triaxial data of bedding sandstone and data
from Deng et al. [62] as examples, Table 3 details the results
of the parameters. )e comparison between the predicted
strength and the measured data is shown in Figures 6(a)–
6(f). )e results show that R2 of Pariseau (n� (2) is lower
than 0.7, andMAPE is higher than 20%.)us, the prediction
precision is poor. )e goodness of fit for the other failure
criteria is greater than 0.85, and MAPE is less than 16%.)is
shows that the material parameters in different failure cri-
teria can be determined by the nonlinear least squares
method and the traversing method, and the prediction
precision is relatively high with sufficient triaxial data. )is
study solves the problem of low prediction precision of
Pariseau (n� (2) by generating 104 random initial values. As
shown in Figure 6(c), the prediction precision is low which
excludes the influence of initial values on the optimal so-
lution. )is implies that the criterion may not be applicable
to layered rocks when n� 2. Further verification is made in
the following sections.

3.3.Database. In this study, the triaxial strength database of
transversely isotropic rocks by Singh et al. [5] is used, and
five other rock types [14, 59, 62, 63] are added to the da-
tabase. )e compiled database comprises triaxial test results
on 43 rock types with a total number of 282 UCS and 1,273
triaxial tests. )e complete database and the complete
programs are available on GitHub.

4. Fitting Results

4.1. AllDataAvailable. Assuming all databases are available,
the predicted σ1 can be obtained by the aforementioned
method. Figure 7 shows the plot of 1555 predicted values
against the experimental values. )e figure shows that the
predicted value of Pariseau (n� 2) is higher than the test
value in total (Figure 7(b)), which further proves that

Hoffman is not suitable for layered rocks. )erefore, it is not
further evaluated. )e other criteria show a very high R2

value of approximately 0.97, and MAPEs are between 11%
and 16%.)e predictions are good for the four criteria when
all data are available. Combining the two indexes, R2 and
MAPE, the precision of each failure criterion is
NLEE> LEE> Pariseau (n� 1)> JPW.

)e reasons for the difference in prediction accuracy are
as follows: (1) the relationship between σ1 and σ3 of Pariseau
(n� 1), LEE, and JPW criteria is linear, whereas the rela-
tionship between σ1 and σ3 of Pariseau (n� 2) and NLEE
criteria is nonlinear when β is constant. However, Pariseau
(n� 2) is an exponential function as σ1(σ3, σ30.5). )is form
does not conform to the nonlinear strength characteristics of
rocks under high pressure. )erefore, the fitting results have
larger errors. On the contrary, the NLEE has a better pre-
diction because it is further modified based on the LEE
relationship, which conforms to the true law of rock strength
varying with confining pressure; (2) JPW is classified as
piecewise functions at the same time, as shown in
Figure 6(f ). It is difficult to accurately describe the strength
of β in the transition stage at approximately 30°. Hence, the
prediction accuracy of the JPW criterion is lower than that of
the empirical equation and Pariseau (n� 1); (3) the numbers
of material parameters of each criterion selected in the study
are four (JPW), five (Pariseau n� 1 and n� 2), six (LEE), and
seven (NLEE).)e prediction accuracy is proportional to the
number of material parameters. )e more the number of
material parameters, the higher the prediction accuracy
(except when Pariseau n� 2).

)e study [5] shows that the critical confining pressure
for inherently anisotropic rocks may be taken approximately
equal to 1.25 σcmax. )erefore, all experimental data are
divided into two types, namely, medium-low confining
pressure and high confining pressure, and expressed in blue
and red in Figures 7 and 8, respectively. )e predictive
accuracy of different criteria under the two types is further
analyzed in the following sections.

4.2. Part of Data Available. Owing to the high cost and time
of triaxial experiment, the failure criteria should exhibit
good prediction accuracy even when only a part of data is
available. It should be noted that (1) the internal friction
angle cannot be determined only by uniaxial data, so the
parts of triaxial data are necessary; (2) the strength values of
the three angles (0°, 90°, θ) of β are the key points of the
strength curve of layered rocks, and increasing the strength
data of other inclined rock can further improve the predicted
accuracy; (3) since Pariseau’s criterion is solved by the
nonlinear least squares method, the minimum data cannot
be less than six. )erefore, three different conditions for the
availability of data, which might offer the lowest accuracy in
practical application, are considered in this paper. )ese
conditions are as follows: (1) all UCS and a set of triaxial data
are available; (2) σc(0°), σc(90°), σc(θ), and USC of an arbitrary β
and a set of triaxial data with the corresponding β are
available; (3) σc(0°), σc(90°), σc(θ), and a set of triaxial data with
the corresponding β are available. As shown in Figure 8,
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Figure 5: Flow Chart of algorithm of fit.

Table 3: )e material coefficients of different criteria.

Pariseau R2 MAPE F G U V W — —
n� 1 0.977 8.17 0.000055 0.003972 0.022213 0.071354 0.044727
n� 2 0.671 24.18 0.011329 0.000587 0.016563 0.00924 1.33743
Empirical equation R2 MAPE σc(0) σc(90) σc(θ) ϕ m l σcrt
Linear 0.996 3.98 60.68MPa 66.73MPa 18.82MPa 53.19° 5.83 2.67 —
Nonlinear 0.997 3.42 58.88MPa 64.72MPa 17.19MPa 54.26° 6.18 2.33 58.69MPa

JPW R2 MAPE (%) Cm ϕm Cw ϕw — — —
0.857 15.83 10.79MPa 52.17° 5.74MPa 48.51°

Advances in Civil Engineering 7



Medium to low
confining pressure
High confining
pressure

0 MPa
400 MPa
800 MPa
1200 MPa

σ1exp

y = x

R2 = 0.978
MAPE = 14.98%

250 500 750 10000
σ1exp, MPa

0

250

500

750

1000

σ 1
pr

e, 
M

Pa

(a)

Medium to low
confining pressure
High confining
pressure

0 MPa
400 MPa
800 MPa
1200 MPa

σ1exp

y = x

R2 = 0.0616
MAPE = 78.30%

250 500 750 10000
σ1exp, MPa

0

500

1000

1500

σ 1
pr

e, 
M

Pa

(b)

Medium to low
confining pressure
High confining
pressure

0 MPa
400 MPa
800 MPa
1200 MPa

σ1exp

y = x

R2 = 0.976
MAPE = 13.08%

250 500 750 10000
σ1exp, MPa

0

250

500

750

1000

σ 1
pr

e, 
M

Pa

(c)

Medium to low
confining pressure
High confining
pressure

0 MPa
400 MPa
800 MPa
1200 MPa

σ1exp

y = xR2 = 0.981
MAPE = 11.41%

250 500 750 10000
σ1exp, MPa

0

500

250

1000

750

σ 1
pr

e, 
M

Pa

(d)

Figure 7: Continued.

σ 1
(β

)(M
Pa

)

σ3 = 0
σ3 = 5MPa
σ3 = 10MPa
σ3 = 15MPa
σ3 = 20MPa

Predictive value:
σ3 = 0
σ3 = 5MPa
σ3 = 10MPa
σ3 = 15MPa
σ3 = 20MPa

Distrate value:

30 60 900
β (°)

0

100

200

(d)

σ3 = 0
σ3 = 5MPa
σ3 = 10MPa
σ3 = 15MPa
σ3 = 20MPa

Predictive value:
σ3 = 0
σ3 = 5MPa
σ3 = 10MPa
σ3 = 15MPa
σ3 = 20MPa

Distrate value:

30 60 900
β (°)

σ 1
(β

)(M
Pa

)

0

100

200

(e)

σ3 = 0
σ3 = 5MPa
σ3 = 10MPa
σ3 = 15MPa
σ3 = 20MPa

Predictive value:
σ3 = 0
σ3 = 5MPa
σ3 = 10MPa
σ3 = 15MPa
σ3 = 20MPa

Distrate value:

30 60 900
β (°)

σ 1
(β

)(M
Pa

)

0

100

200

(f )

Figure 6: Predicted vs. experimental strength of sandstone (data from [62]). (a) Pariseau n� 1. (b) Pariseau n� 2. (c) Random starting value.
(d) LEE. (e) NLEE. (f ) JPW.
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obtaining more experimental data will lead to higher pre-
diction accuracy if conditions permit.

)e results show that the predicted value of Pariseau’s
criterion (n� 1) is greater than the test value in total, its R2

value is below 0.1, and MAPE fluctuates by 26%. )e pre-
diction precision of all criteria tends to decrease with a
decrease in the available data. By combining R2 and MAPE
under the three conditions, the prediction accuracy of each
failure criterion becomes NLEE> (JPW≈ LEE)> Pariseau.

Considering all available data, some changes can be seen
in the prediction accuracy. Specifically, the goodness of fit of
Pariseau’s (n� 1) criterion is much lower as compared to the
other three criteria. )e reason may be that Pariseau’s
criterion adopts an unconstrained optimizationmethod.)e
parameters related to the friction angle (U andV) may be too
large for the strength on high pressure when only UCS and a
set of triaxial data are available. )erefore, some of the
predicted strengths are much higher as compared to the test
values with an increase in the confining pressure. For in-
stance, some of the predicted values in Figure 8 are as high as
2000MPa, whereas the experimental maximum values are
only 1000MPa. )e other strength criteria are optimized by
applying traversing method, and the parameters of the
friction angle are limited within a reasonable range.
)erefore, no excessive deviation will occur. Considering the
nonlinear characteristics of rock mass strength, the overall
prediction accuracy of NLEE is considered to be the best.
However, the fitting ofm and l parameters of NLEE and LEE
lacks sufficient data because only the key angle data can be
obtained. )erefore, the prediction accuracy of LEE is not
higher than that of JPW.

4.3. Effect of the Confining Pressure. As shown in Figures 7
and 8, the predicted value and the test value are compared

under the medium to low and high confining pressure. )e
predicted values are distributed on both sides of y� x when
all data are available, and the confining pressure has no
obvious impact on the predicted accuracy. Once a part of
data is available, NLEE can be compared with LEE (as shown
in Figure 8) and the predicted value of the former comes to
be closer to the test data under high confining pressure.

As shown in Figure 9, the R2 value and MAPE in each
case indicate that the empirical equations (LEE and NLEE)
have the good predictive accuracy (MAPE <20%) under the
condition of medium to low confining pressure. Moreover,
the predictive accuracy of all criteria tends to decrease under
the condition of high confining pressure. Furthermore, JPW
is considered the best among all (MAPE <40%).

)e primary reason for the influence of confining
pressure on the prediction accuracy is the mechanical
characteristics of the nonlinear strength caused by the
brittle-ductile transition of layered rock under high con-
fining pressure. Owing to the use of nonlinear strength
criterion, the prediction accuracy of NLEE is higher as
compared to that of LEE under high confining pressure.
MPAE is increased by 10% without obtaining sufficient data.
In this paper, the empirical equations NLEE and LEE are
assumed to have the same parameters for the friction angle at
any β. )e friction angle parameters are fitted with UCS and
triaxial data under low confining pressure when part of data
is available. )e parameters of the friction angle are over-
estimated when confining pressure is higher as compared to
the critical value σcrt, which indicates that the overall pre-
dicted strength is higher. )e friction angles of the rock
matrix and joint are both used to control the strength of the
layered rocks in JPW. )e friction angles of the rock matrix
fitted in this database are generally found to be higher as
compared to that of the joint, as shown by the fitting result in
Table 3. )erefore, the lower friction angle of the joint can
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Figure 7: Predicted vs. experimental σ1 values when all data available. (a) Pariseau n � 1. (b) Pariseau n � 2. (c) Linear empirical
equation. (d) Nonlinear empirical equation. (e) JPW.
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effectively control the strength under the condition of high
confining pressure when β is between 30° and 80°. Conse-
quently, the prediction accuracy of JPW is considered to be
the best of all under the condition of high confining pressure.

5. Engineering Application

In this section, a shallow open-pit slope and a deep under-
ground powerhouse are considered as engineering cases. )e
stress field distribution of the surrounding rock is calculated by
using the COMSOL multiphysics [64] based on a transversely

isotropic elastic constitutive model, and then the value of β is
calculated. )en, equations (2)–(7) are introduced in the
calculation, respectively. Different failure criteria are used to
evaluate the damage zone of the surrounding rock in the case of
high and low in situ stress. By comparing the actual rock failure,
the prediction accuracy in engineering is verified.

5.1. Case 1: Open-Pit Slope. As shown in Figure 10(a), the
Yanshan open-pit is located in the Tangshan city in
northeastern China, and it is a sedimentary metamorphic
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Figure 8: Predicted vs. experimental σ1 values when part of data is available.
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iron mine. As shown in Figure 10(b), structural planes with
dip angles of 45°–60° have a percentage of nearly 90% in the
rock mass of the eastern slope based on the borehole TV
data. Moreover, two landslide hazards occurred in the
eastern slope near the N26 exploration line of the Yanshan
open pit on 23 July 2016. Since the average dip angle of
weakness planes is less than that of the bench, typical planar
sliding was observed as shown in Figure 10(c). Furthermore,
the thickness of the slip body is about 4meters.

For determining mechanical parameters, a detailed ex-
perimental procedure and process can be referred to the
literature [61]. Mechanical parameters of the equivalent
layered rock mass are shown in Table 4. )e failure types of
the eastern bedding slope are primarily observed in the
shallow landslide, and the damage zone is found in the low-
stress level. Considering the cohesion and friction angles

shown in Table 4, the strength of the rockmass with different
angles is determined when σ3 is between 0 and 0.2MPa. )e
abovementioned method is used to determine the material
parameters of each failure criterion. As shown in Figure 11,
the results show that the empirical equations of NLEE and

(b)

Slip face

Slip body

4 m

(c)

Figure 10: (a) Outcrop of Yanshan open pit and the location of N26 exploration line. (b) Contouring plot of discontinuity orientation.
(c) Photo of the planar sliding.

Table 4: Mechanical parameters of layered rock mass [61].

β(°) Cohesive strength (MPa) Friction angle (°)
0 0.27 40.91
15 0.2 35.73
30 0.2 35.5
45 0.19 33.85
60 0.18 32.62
75 0.14 28.06
90 0.22 37
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LEE exhibit high accuracy. As a result, the elastic parameter
of E1 is 3.39GPa, E3 is 3GPa, G13 is 1.18GPa, u12 is 0.3, and
u13 is 0.33.

For analysis, the profile of the N26 exploration line is
used. )e boundary conditions that are applied are as fol-
lows: both the left and right boundaries are fixed in the
horizontal direction and the bottom boundary of the domain
is fixed in all directions. As shown in Figures 12(a) and 12(b),
the gravity stress field of the slope and the angle of β are
calculated simultaneously based on the assumption of the
plane strain of the finite-element method. )e results
demonstrate that the maximum principal stress of the slope

surface is observed at a low-stress level. Moreover, the angle
of β is found to be close to the angle of θ (75°) near the
surface of some slope benches, indicating that shear-slip
landslides can likely occur in these areas. Among them, the
−18 to −67m bench is the area where shallow landslides
actually occur.

As shown in Figure 13, four different failure criteria are
used to examine the damage zone. Compared with the
landslides with a thickness of 4m of the slip body occurring
on the actual −67m bench, the scale of the damage zone
calculated by NLEE and LEE is the most consistent and that
of the JPW and Pariseau (n� 1) is apparently smaller. )e
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Figure 11: Predicted strength of the layered rock mass and the material coefficients of the four criteria. (a) LEE. (b) NLEE. (c) Pariseau
(n� 1). (d) JPW.

Advances in Civil Engineering 13



0

2

4

6

8

10

12

Unit (MPa)

(a)

+28 m

–18 m

–67 m
–80m

–109 m
–95 m

90
85.01

75.03

65.06

55.08 

45.11

35.13

25.15

15.18

5.2
0

Unit (°)
Landslide zone

(b)

Figure 12: (a) )e maximum principal stress distribution on the N26 profile. (b) )e angle of ß distribution on the N26 profile.

–18m

–67m

3.88m

(a)

–18m

–67m
3.94m

(b)

–18m

–67m
2.34m

(c)

–18m

–67m

3.51m

(d)

Figure 13: Damage zone of the slope based on four criteria. (a) LEE. (b) NLEE. (c) Pariseau (n� 1). (d) JPW.

14 Advances in Civil Engineering



results show that the prediction accuracy of different an-
isotropic criteria of the layered rock can also be applied in
the layered slope engineering.

5.2. Case 2: Underground Powerhouse. )e Jinping I Hy-
dropower Station is located on the mainstream of the Yalong
River in the Sichuan Province, China. As shown in
Figure 14(a), the underground powerhouse is arranged at
the right bank of the dam. )e dimension of the main
powerhouse is 204.52m× 25.90m × 68.83m, and the di-
mension of the main transformer chamber is
201.60m× 19.30m × 32.54m. )e distance between the
centers of the two caverns is estimated to be 67.35m. )e
surrounding rock in the underground powerhouse is pri-
marily a bedded marble. )e inclination of rock strata in-
tersects with the small angle of the axis of the powerhouse. In
addition, the apparent dip angle on the cross section of the
primary factory building is found to be about 20°.

According to the result of the in situ stress test [65], the
values of the maximum principal stress, the intermediate
principal stress, and the minimum principal stress near the
underground powerhouse are estimated to be
18.0–35.7MPa, 10–24MPa, and 3.65–14.45MPa, respec-
tively. For the numerical calculation, one set of typical stress
data from the region of the powerhouse was selected. )e
plane stress system on the cross profile of the powerhouse (y-
axis for vertical and x-axis for horizontal as shown in
Figure 14(b)) was calculated by using the stress coordinate
conversion method (Table 5).

A large number of studies have shown that the defor-
mation and strength of rock mass show anisotropic char-
acteristics due to the high in-situ stress and as an influence of
structural planes [66]. However, due to the lack of strength
test data of different dip angles of layered marble, in this
study, the data are taken from the strength of the jointed
marble of the Jinping II Hydropower Station [67] and the
strength of the intact marble of the Jinping I Hydropower
Station [65]. As shown in Table 6, for the latter, the value of β
is considered as 0° or 90°. )e elastic parameter of E1 is
19.8GPa, E3 is 16.3GPa, G13 is 6.8GPa, u12 is 0.2, and u13 is
0.35. Figure 15 shows the predicted strength of each failure
criterion. Because of the lack of sufficient test data, NLEE
demonstrates the highest prediction accuracy, whereas
Pariseau (n� 1) demonstrates the lowest prediction
accuracy.

)e boundary condition is that the stress tensor in
Table 4 is applied as initial stress in the whole region, and in
the four sides, the model is subject to zero normal dis-
placement. Based on the transversely isotropic elastic
constitutive, the maximum principal stress distribution
along the cross section of underground powerhouse and
the angle of β can be obtained (Figures 16(a) and 16(b)).
Two compressive stress-concentrated regions are the up-
stream and the arch foot of the downstream of the main
powerhouse and the main transformer room. In these
regions, the angle of β is estimated to be about 60° and the
strength is observed to be relatively low. )erefore, damage
and failure can easily occur in these regions. Failure criteria

are used to analyze the distribution of the damage zone
around the underground powerhouse (see Figure 17). By
using NLEE and LEE empirical equations, the results show
the obvious damage zones in the downstream arch foot of
the main powerhouse and the main transformer room.
)ey are found to be in good agreement with the actual
concrete lining damage and the bending deformation of
reinforcing bars and shotcrete loss (see Figure 18(a)). )e
triangle damaged area appears in the roof arch, which is
found to be consistent with the roof spalling in the layered
roadway (see Figure 18(b)). However, the damage zone
calculated by the Pariseau (n � 1) and the JPW criterion is
estimated to be smaller, whereas the damage zone of the
JPW criterion is found to be inconsistent with the actual
situation. )e results show that the prediction accuracy of
different anisotropic criteria of the layered rock can also be
applied in the layered underground powerhouse
engineering.

6. Discussion

6.1. Influencing Factors to Predict the Accuracy of the Layered
Rock Strength. Considering the quantitative evaluation of
the prediction accuracy of the rock compressive strength
based on different anisotropic failure criteria, four factors
can be suggested that affect the prediction accuracy.
According to the degree of influence, these factors are as
follows: (1) the number of effective experimental data. )e
prediction accuracy of different failure criteria decreases
with different degrees as the number of available data de-
creases. Taking into consideration the empirical equation
and JPW, for example, the MAPE increases from less than
16% to less than 29% and the value of R2 decreases from
about 0.9 to about 0.5. (2) )e function type of the failure
criterion. )e function types of failure criterion are divided
into continuous or piecewise functions and linear or non-
linear functions. For instance, the Pariseau criteria are
continuous linear and nonlinear functions when n� 1 and
n� 2, respectively. However, the latter is an exponential
function, and its form does not conform to the strength law
of layered rocks. )erefore, its fitting degree is extremely
poor, and the MAPE reaches 78%, which is not suitable for
layered rocks. However, empirical equations LEE and NLEE
are considered as piecewise linear and nonlinear functions,
respectively. )e latter is modified on the basis of the former
taking into consideration the nonlinear strength charac-
teristics of rocks. )e MAPE decreases by 2–4% and the
value of R2 increases. (3))e number of material parameters
in the failure criterion. )e strength law due to the complex
failure mechanism of layered rocks requires to be charac-
terized by multiple potential mechanical parameters. For
instance, the prediction accuracy of the empirical formula,
Pariseau’s criterion (n� 1), and the JPW criterion is ob-
served to be proportional to the number of material pa-
rameters with all available data. (4))e influence of the high
confining pressure. )e nonlinear strength characteristics of
layered rocks lead to a decrease in the prediction accuracy of
the strength criterion under the condition of high confining
pressure.
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6.2. Suggestions of the Anisotropic Failure Criterion in
Engineering. )e strength test of the anisotropic rock takes
more time and it is costly as compared to the isotropic rock.
Moreover, it is difficult to perform a large number of triaxial
tests on layered rocks of various lithologies in engineering.
In order to determine the strength parameters for balancing
economy and security, different numbers and types of ex-
periments should be conducted according to the engineering
characteristics of the layered rock mass, such as in situ stress
level and engineering safety level. )e empirical equation
(LEE or NLEE) has a higher prediction accuracy because
most rock mass engineering is performed under medium
and low confining pressures, and therefore it is recom-
mended to be used. Two specific suggestions are explained as
follows.

(1) For shallow engineering, such as open-pit slope, the
shear-slip failure along with the bedding is consid-
ered to be the most probable and the shallow failure

is considered to be the main failure mode. )e rock
mass in the damage area mostly occurs at the low-
stress level. )erefore, uniaxial and shear tests can be
conducted for obtaining cohesion and friction angle
parameters of the strength of layered rocks with
three key angles of β at 0°, 90°, and 60°–75°. )e cost
of the shear test is much lower as compared to that of
the triaxial test. In order to calculate mechanical
parameters of the rockmass at different angles on the
basis of laboratory experiments, the Hoek–Brown
criterion can be used for estimating mechanical
parameters of the rock mass.

(2) For deep underground engineering, the failure cri-
terion is generally considered in the superimposed
environment of high tectonic stress and automatic
stress. Generally, secondary stress forms a high-
stress concentration area around the rock mass after
the unloading of underground engineering
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Figure 14: (a) 3D layout of Jinping I underground hydropower station caverns group. (b) )e A-A′ profile of the main powerhouse and
transformer house.

Table 5: In situ stress measuring points of underground powerhouse [65].

ID — σ1 σ2 σ3 σx σy τxy

σ27-5
Value (MPa) 23.21 17.67 10.59 14.98 19.72 0.45

Dip direction (°) 147.8 350.9 248.0 25 25 —
Dip angle (°) 40.5 47.1 11.7 0 90 —

Table 6: Mechanical parameters of jointed marble and intact marble [65, 67].

Type β(°) σ3 σ1
Jointed marble 60.7 5 47

40.6 5 93.9
34 5 95
42 10 117.2
41 40 181.9

Intact marble 0 r 90 0 75
0 or 90 20 170
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excavation. In order to ensure triaxiality under
medium and low confining pressures, it is necessary
to conduct uniaxial and conventional triaxial tests at
different angles. )e prediction accuracy of the axial
strength requires the in situ stress measurement and
the finite-element calculation for determining the
confining pressure level.

6.3. Limitations and Future Work. In this study, there were
some limitations. (1) Only the strength law under con-
ventional triaxial conditions is discussed; however, the effect
of intermediate principal stress is not considered. )e in-
termediate principal σ2 is considered based on the Pariseau’s
criterion. )e influence of intermediate principal stress on
the strength of the weak plane can be considered by the JPW.
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Figure 15: Predicted strength of the bedded marble and the material coefficients of the four criteria. (a) LEE. (b) NLEE. (c) Pariseau (n� 1).
(d) JPW.
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Both of them can be directly used in the strength prediction
of true triaxial, whereas the empirical equation does not
consider the influence of intermediate principal stress. Some
true triaxial strength data are collected to predict Pariseau
(n� 1) and JPW. )e results show that both of them can
reflect the variation in the true triaxial strength of the an-
isotropy rock [59]. (2) Only elastic stress condition is
considered, while the damage development law based on

anisotropic failure criteria is not considered further. Spe-
cifically, in deep engineering, rock mass damage deteriorates
with high in situ stress to form a certain depth of a loosened
circle. )erefore, the predicted accuracy of the anisotropic
failure criteria will be evaluated based on true triaxial data in
the future. Based on the anisotropic failure criteria, the
numerical simulation of the elastic damage evolution of the
rock mass will be further developed.
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Figure 16: (a) )e maximum principal stress distribution along the cross section of underground powerhouse. (b) )e angle of β dis-
tribution along the cross section of underground powerhouse.
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Figure 17: Damage zone of the underground powerhouse based on four criteria. (a) LEE. (b) NLEE. (c) Pariseau (n� 1). (d) JPW.
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7. Conclusion

(1) When n� 2, the Pariseau’s criterion (Hoffman cri-
terion) is not considered suitable for the layered
rock.When n� 1, the fit of the Pariseaumodel will be
worst among the four criteria without enough tri-
axial data, its R2 value is estimated to be below 0.1
and MAPE fluctuates within 26%.

(2) Under the condition of medium to low confining
pressures, the empirical equations (LEE and NLEE)
exhibit good predictive accuracy (MAPE <20%).
Under the condition of high confining pressure, the
predictive accuracy of all criteria tends to decrease,
and JPW is considered to be the best among all
(MAPE <40%). Table 7 shows the list of the failure
criteria in the order of predictive accuracy.

(3) Combining the verification of engineering application
and the precision assessment of the four failure criteria,
it is recommended to apply the empirical equations
(LEE and NLEE) in most of the layered rock mass.

Abbreviations

Β: Angle between horizontal direction and
the bedding plane direction

θ: )e value of β at minimum compressive
strength, usually 45∼60°

σc(β), σc(θ):

UCS of anisotropic rock with planes of
anisotropy oriented at angle of ß and θ
from horizontal direction

σcrt: Critical confining pressure for the layered
rock

ϕ: )e friction angle of the equivalent
continuum of rock matrix and weakness

ϕmϕw: Friction angle of rock matrix and
weakness planes

cm, cw: Cohesion of rock matrix and weakness
planes

Xt, Xc, Yt, Yc: )e uniaxial tension and compression
strengths in the directions normal and
parallel to the bedding planes

S: )e pure shear strength of the rock mass
along weak planes

σ1, σ3: Major and minor principal stresses at
failure

F, G, M, U, V, n: Material constants of Pariseau’s Criteria,
where n≥ 1

m, l: Material constants of linear and
nonlinear empirical equation

σxx, σyy, σzz, σxy,
σzx, σzy:

)e stress component under material
direction

MAPE: Mean absolute percentage error
R2: )e goodness of fit
σ1expr, σcal: Experimental and predicted values of the

major principal stresses at failure

Roof spalling

(a)

�e reinforcing
bars bending

Shotcrete loss

Splitting crack

(b)

Figure 18: (a) )e roof spalling around the roadway in 20 inclined layered roadway. (b) )e bending deformation of reinforcing bars and
shotcrete loss at the downstream sidewall of the crown in main powerhouse.

Table 7: )e order of the predictive accuracy of failure criteria under different conditions.

- Low to high confining pressure Medium to low confining pressure High confining pressure
All data available NLEE>LEE>Pariseau>JPW
Part of data is available NLEE>(JPW≈ LEE)>Pariseau NLE>LEE>JPW>Pariseau JPW>NLEE>LEE>Pariseau
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σ1av: Average of the experimental σ1 values for
a triaxial dataset

N: )e numbers of the dataset.

Data Availability

)e complete database and the complete programs are available
on GitHub. (https://github.com/Dwxasd/Anisotropic-Failure-
Criteria)
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