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Surface elasticity and residual stress strongly influence the flexural properties of nanowire due to the excessively large ratio of
surface area to volume. In this work, we adopt linearized surface elasticity theory, which was proposed by Chhapadia et al., to
capture the influence of surface curvature on the flexural rigidity of nanowire with rectangular cross section. Additionally, we have
tried to study the bending deformation of circular nanowire. All stresses and strains are measured relative to the relaxed state in
which the difference in surface residual stress between the upper and lower faces of rectangular nanowire with no external load
induces additional bending. /e bending curvature of nanowire in the reference and relaxed states is obtained. We find that
flexural rigidity is composed of three parts./e first term is defined by the precept of continuummechanics, and the last two terms
are defined by surface elasticity. /e normalized curvature increases with the decrease in height, thereby stiffening the nanowire.
We also find that not only sizes but also surface curvature induced by surface residual stress influence the bending rigidity
of nanowire.

1. Introduction

/e effect of surface/interface elasticity on the mechanical
properties of one-dimensional nanostructures, particularly
those of nanowires, has attracted widespread interest [1, 2].
/e equilibrium position and free energy of surface/interface
atoms are different from those of internal atoms, and the
differences should be considered in predicting the size-de-
pendent elastic properties of nanowire due to the large ratio
of surface area to volume. /e extensional and flexural
properties are strongly affected by the surface characteristics.
/ree methods have been used to reveal the surface effects.
Continuum mechanics formulation provides a global ex-
pression for the combination of surface elasticity and bulk
deformation, and the defined surface parameters are de-
termined by atomistic calculation or experiments [3].

Gurtin and Ian Murdoch (GM) were the first to establish
rigorous mechanics to model the surface elasticity [4]. Miller

and Shenoy studied the size-dependent effective stiffness
properties of nanosized bar and beams using a core-shell
model [5]. Zhang et al. estimated the effect of surface stress
on the effective elastic modulus and asymmetric yield
strength of nanowire [6]. Wang and Feng presented a
theoretical model for investigating the effect of surface
elasticity and residual surface tension on the natural fre-
quency of nanobeam [7]. Xu et al. improved a core-shell
model composed of a core and a surface shell layer with
constant thickness to predict the effective elastic modulus of
nanowire under tension and bending [8]. However, the
intrinsic flexural resistance of the surface is ignored in the
aforementioned model. /e surface energy of nanowire
should depend not only on the surface strain but also on the
surface curvature. Steignmann andOgden (SO) established a
more general model for surface energy; this model depends
on surface curvature in addition to in-plane stretch and
shear [9]. Chhapadia et al. provided a simplified and
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linearized version of the model to study the influences of
curvature dependence of surface energy on the effective
elastic modulus of a thin cantilever beam under pure
bending [10]. Gao et al. proposed a curvature-dependent
interface energy function to study the nature of the interface
stress and bending moment in a nanostructure [11].

/e two most studied types of cross section of nanowire
are the rectangular and circular sections. Circular nanowire
with no external load may also present surface residual and
couple stresses due to the initial curvature. /e extensional
properties of circular nanowire have been discussed in detail
in [12, 13]. Rectangular nanowire represents different
mechanisms on the surface from the circular nanowire. /e
nonuniform surface residual stress may induce the bending
of nanowire, which corresponds to a relaxed state. Plane
upper and lower surfaces will have a relaxation bending
curvature that occupies a part of the surface energy. In this
work, simple beam theory and the GM and SO models are
adopted to predict the flexural properties of rectangular
nanowire.

2. Model Analysis

In this section, the reference state of nanowire shown in
Figure 1 is considered. /e nanowire has four faces, namely,
the upper surface, the lower surface, and two profile surfaces.
/e nanowire has thickness h, width b, and length l. h defines
the size of nanowire. /e definition of surface parameters
depends on the constitutive relationship of nanowire, which
is obscure in surface/interface mechanics. /e hyperelastic
model is the most commonly used constitutive model in
which the surface energy density can be expressed by a
function of the invariants of surface strain and relative
curvature tensors [9, 12]. /e derived relationship among
surface stress, surface strain, and curvature denotes the usual
nonlinear elasticity. In particular, a linearized curvature-
dependent surface elasticity can be obtained for the infin-
itesimal deformation of nanowire [9]. Miller and Shenoy
adopted Timoshenko’s symmetric bending theory to obtain
the surface stress difference between the upper and lower
surfaces [5]. Chhapadia et al. provided a correction of cur-
vature dependence of surface to Stoney’s formula [10]. /e
constructions are defined in the reference or undeformed
state of nanowire. However, the difference in surface residual
stress between the upper and lower faces of nanowire with no
external load may induce additional bending, which corre-
sponds to a relaxation state. All stresses and strains in the
nanowire will be measured relative to this state.

Following Chhapadia’s formulation, only surface tension
and compression along the axial direction on the upper and
lower surfaces are considered, and they are assumed to be
uniform along the width direction. /e surface stresses can
be expressed by

τsu � τsu0 + bsuεsu,

τsl � τsl0 + bslεsl,
 (1)

where τsu0 and τsl0 denote the surface residual stresses on the
upper and lower surfaces, respectively; εsu and εsl denote the

surface strains; and bsu and τsl0 are the material constants
associated with surface strains. Under a constant bending
moment M, the axial strain in bulk is given by

εx � −κy y − hy , (2)

where κy is the bending curvature of nanowire and hy is the
height of neutral axis from the lower surface. /e surface
strains are determined by the axial strain at y � 0 and y � h.
/us, we have

εsu � −κy h − hy ,

εsu � κyhy.

⎧⎨

⎩ (3)

We assume that the residual stain in bulk in the relaxed
state is linearly distributed along the height direction. /us,
we have

εx0 � −κy0 y − hy0 , (4)

where κy0 is the relaxation curvature of nanowire and hy0 is
the height of neutral axis in the reference state./erefore, the
stress in the bulk is given by

σx � E εx − εx0( , (5)

where E is the elastic modulus of bulk material. For the
upper and lower surface layers, the surface couple is given by

msu � Cu κy − κy0 ,

msl � Cl κy − κy0 ,

⎧⎪⎨

⎪⎩
(6)

where Cu and Cl are the SO constants. We can establish the
equilibrium equations by using the internal force balance of
simple beam with the effect of surface stress. Surface stress,
surface couple stress, and stress in bulk balance the applied
momentM, and the integration over the cross-sectional area
yields


h

0
σx(h − y)bdy + hbτsl + b msu + msl(  � M. (7)

/us, we have

κy �
M + Ebh

2 3hy0 − h /6 + b Cu + Cl(   − bhτsl0
Ebh

2 3hy − h /6 + bslbhhy + b Cu + Cl( 
. (8)

We balance the force, that is,


h

0
σxdy + τsu + τsl � 0, (9)

which gives us

hy �
κyh Eh/2 + bsu(  + κy0Eh hy0 − h/2  − τsl0 + τsu0( 

κy Eh + bsu + bsl( 
.

(10)

If the surface stress emerges on the front and back
surfaces by repeating the analysis of the preceding few pages,
then the strains and stresses on the surfaces and in the bulk
can be obtained.We now consider the curvature of nanowire
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in the relaxed state. We can use equations (8) and (10) to
obtain the curvature at which the bending moment vanishes.
We let M � 0 and κy � 0. /us, we have

hy0 �
τsu0 + τsl0

Eκy0
+

h

2
, (11)

where hy0 is the height of neutral axis and is measured in the
reference state. By substituting equation (11) into equation
(8), we obtain

κy0 �
hτsl0

Eh
2 3hy0 − h /6 + Cu + Cl

�
6hΔτs0

Eh
3

+ 12 Cu + Cl( 
,

(12)

where Δτs0 � τsl0 − τsu0. /e above equation gives the same
expression as Chhapadia’s.

But for circular nanowire, the surface property is more
complicated than that of rectangular nanowire. /ere is no
two-dimensional periodicity on the cylindrical surface. /e
surface presents strong anisotropy. It is difficult to determine
the surface elastic constants. /e deformation in bulk in-
duced by surface residual stress is still unclear. To qualita-
tively analyze the flexural properties of circular nanowire, we
consider an isotropic surface without residual stress. For
simplicity, the x axis is placed at the axial line of nanowire.
Essentially repeating the analysis of the rectangular nano-
wire, the stress in the bulk is given by

σx � −Eκyy. (13)

/e above equation is derived by letting hy � d/2 and
κy0 � 0 in equation (5). /e surface strain is

εs � −
κyd sinφ

2
, (14)

where φ is the polar angle on the cross section of nanowire.
/ere are two curvatures on the cylindrical surface after the
deformation of nanowire. One is d/2 which is independent
of the deformation. /e other curvature is κy. /e surface
stress and surface moment stress are

τs � C0εs,

ms � C1κs.
(15)

Similarly balancing the moment, we have

κy �
M

EIz + C0Is + C1S
, (16)

where Iz � πd4/64 is themoment of inertia of the beam cross
section, Is � πd3/8 is the perimeter moment of inertia, and
S � π d. /e effective bending rigidity is defined as

E
∗
Iz � EIz + C0Is + C1S, (17)

where E∗ is the effective elastic modulus. Equation (16) can
be rewritten as

κy �
M

E
∗
Iz

�
M

EIz 1 + 8C0/dE + 64C1/d
3
E 

. (18)

We see that the surface elasticity has a definite influence
on the bending rigidity of circular nanowire.

3. Results and Discussion

We compare the curvature changes in the relaxed and pure
bending moment loading states to explain the influence of
curvature-dependent surface elasticity on the flexural
properties of nanowire clearly. Chhapadia et al. [10] carried
out an atomistic simulation of a silver nanowire with a
thickness ranging from 1.6 nm to 6 nm. /ey found that
Cu � Cl � C, bsu � bsl � b, C � −42.3155 eV, and
b � −0.37938 eV/Å2 for the 〈1 0 0〉 axially oriented nano-
wire, and C � 114.1895 eV and b � 2.5227 eV/Å2 for the
〈1 1 0〉 axially oriented nanowire. /e effective elastic
constants for the 〈1 0 0〉 surface orientations are negative,
thereby softening the nanowire. Only the surface couple
stresses on the upper and lower surfaces are considered in
this discussion./e configuration of the nanowire is set to be
〈1 1 0〉 axially, and the positive constants are adopted here.

Figure 2 presents the normalized curvature of nanowire
(κy0/(6Δτs0/Eh2) versus the height in the relaxed state. /e
normalized curvature without SO correction (C � 0) does
not vary with the change in height, whereas the normalized
curvature with SO correction decreases with the decrease in
height. /is condition implies that the relative stiffness of
nanowire increases with the increase in height. /e positive
SO constant C induces additional surface energy, thereby
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Figure 1: Configuration of nanowire. (a) Reference configuration. (b) Relaxation configuration.
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stiffening the nanowire./us, the negative SO constant has a
softening influence on the 〈1 0 0〉 axially oriented nanowire.
Notably, the difference in surface residual stress on the upper
and lower surfaces induces the relaxation curvature of
nanowire. If Δτs0 � 0, that is, τsu0 � τsl0, then equation (12)
shows that κy0 � 0, and no bending deformation emerges in
the relaxed state. /e height of neutral axis hy0 has no
meaning in such a case. If Δτs0 � 2τsl0, that is, τsu0 + τsl0 � 0,
then hy0 � h/2. In pure bending loaded state, hy � h/2. By
substituting equation (11) into equation (10), we can see that
the height of neutral axis hy does not affect the surface
residual stress, the height of neutral axis, and the curvature
in relaxed state. /erefore, the choice of reference or relaxed
configuration does not influence the bending deformation of
nanowire.

Equation (8) indicates that flexural rigidity is composed of
three parts. /e first term is defined by the precept of con-
tinuum mechanics, and the last two terms are defined by
surface elasticity. We can also conjecture that the positive GM
and SO constants will increase the flexural rigidity, whereas
the negative ones will decrease the rigidity of nanowire.
Figure 3 presents the normalized curvature (12κy/Ebh3)
versus the height of the 〈1 1 0〉 axially oriented nanowire./e
figure shows that the normalized curvature also increases with
the decrease in height, thereby stiffening the nanowire. For a
2 nm-high nanowire, its curvature changes by 8.2% when SO
and GM corrections are applied. Notably, the bending cur-
vature (κy) is independent of the surface residual stress. It is
the relaxation curvature of nanowire (κy0) that is influenced
by the surface residual stress. For the isotropic circular
nanowire without surface residual stress, the components of
rigidity are the same as the rectangular nanowire.We also find
the stiffening effect for the positive SO and GM constants and
the reverse for negative constants.

4. Conclusions

In this work, simple beam theory and curvature-dependent
surface elasticity are adopted to capture the flexural prop-
erties of nanowire. Surface tension is depicted by the GM
model, and surface couple stress is depicted by the SO
model. Following the work of Chhapadia et al., we divide the
bending deformation of nanowire into the reference and
relaxed states. We obtain the expressions of bending cur-
vature and height of neutral axis by using the internal force
balance of simple beam with the effect of surface stress. In
the relaxed state, the relaxation bending curvature caused by
the surface residual stress difference between the upper and
lower faces relates to the height of nanowire and the SO
constant. /e bending rigidity increases with the decrease in
the height of nanowire and the positive SO constant. In
particular, the height of neutral axis will be half of the height
of nanowire if the surface residual stress on the upper and
lower surfaces is asymmetrically distributed along the axial
direction. In the pure bending moment state, the bending
curvature relates to the height of nanowire and the GM and
SO constants. /e bending rigidity also increases with the
decrease in the height of nanowire and the positive GM and
SO constants, thereby stiffening the nanowire./erefore, not
only sizes and elastic modulus of bulk material but also
relaxation surface curvature induced by surface residual
stress influence the bending rigidity of nanowire.

Data Availability

/e cited data about surface elastic constants of silver
nanowire used to support the findings of this study are
included within the referenced article. /ese data were used
to verify our theoretical prediction.
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Figure 3: Curvature of 〈110〉 axially oriented silver nanowire in
relaxed state.
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Figure 2: Curvature of 〈110〉 axially oriented silver nanowire in
reference state.
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