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Steel structures are usually damaged by disasters. According to the influence law of the damage on the elastic modulus of steel
obtained by the mechanical test of damaged steel, the average elastic moduli of H-section steel members were analyzed. )e
equations for calculating the average elastic moduli of damaged H-section steel members at different damage degrees were
obtained. By using the analytical cross-sectional method, the cross-sectional M-Φ-P relationships and the dimensionless pa-
rameter equations of the H-sections in the full-sectional elastic distribution, single-sided plastic distribution, and double-sided
plastic distribution were derived. On the basis of the cross-sectionalM-Φ-P relationships and dimensionless parameters of actual
steel members, the approximate calculation equations for the damaged cross sections were obtained. )e Newmark method was
used to analyze the deformation of damaged steel columns. Analytical results show good agreement with the test results. )e
equations and methods proposed in this study have high computational accuracy, and these can be applied to the cross-sectional
M-Φ-P relationships and deformation calculation of damaged steel members.

1. Introduction

Natural disasters or other factors often lead to local damage
or total damage of steel members. Whether damaged
members can meet the bearing capacity and stiffness re-
quirements will directly affect the safety and reliability of
damaged steel structures. A large number of scholars around
the world have conducted numerous researches on this
subject.

Ge [1] identified the element damage of a nine-story steel
frame structure through the finite element model of the
undamaged structure and the modal parameters of the
damaged structure (mode shape and frequency). )e loca-
tion of damage was determined by residual force method,
and the degree of damage was identified by using matrix
condensation method combined with proportional damage
model. Gorl [2] used finite element method to identify the
damage location and degree of a two-story steel frame
structure, in which the degree of structural damage was
identified on the basis of the change in stiffness before and

after the structural damage and the experimental modal data
of the damaged structure. Fell [3] used the microscopic
damage model to predict the fractures of steel struts in
concentrically braced frames leading to structural failure.
Huajing [4] developed a multiscale fatigue damage model in
order to better understand the fatigue mechanisms of steel
structures working under high temperature. In the devel-
oped model, the fatigue damage of metallic materials due to
the collective behavior of microcracks is quantified by using
the generalized self-consistent method. Neves [5] has ob-
served that the stiffness of a cracked beam is less than the
stiffness of an uncracked beam and that condition was re-
flected in the decrease of the natural frequencies of the
cracked beam and in its free dynamic response. Altunışık [6]
conducted modal parameter identification and vibration-
based damage detection by using the finite element method
and experimental measurements of multiple cracked can-
tilever beams with hollow circular sections. )ey discovered
that cracks strongly affect the natural frequencies of the
beam; at the cracked section, the frequencies decreased
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nonmonotonically in response to the reduction in flexural
stiffness of the beam at the damaged section. Chinka [7]
observed that modal analysis is used easily to observe the
effect of cracks on the natural frequencies and mode shapes
for a range of crack locations and crack depth. Tao [8]
developed a method that can be used to sense and localize
damage-induced nonlinearities in structures under seismic
excitation. )e nonlinearity behavior of the structure, such
as opening and closing of the cracks in concrete and yielding
of steel, can be noticed in the real structure. Yue [9] analyzed
the fatigue performance of carbon fiber-reinforced polymer
(CFRP) reinforced steel crane girders by experiments and
studied the influence of CFRP on the stress concentration.
Tominaga et al. [10] studied the fatigue improvement effect
of ultrasonic impact treatmentmethod by analyzing both the
strengthened in-plane gusset and out-of-plane gusset detail
of steel crane runway girders. Shen [11] studied the me-
chanical behavior of Q345GJ steel, including monotonic
loading behavior, hysteresis loading behaviors, and energy
dissipation capacity. Based on the cyclic behavior of GJ series
steel, a modified cumulative damage model was recom-
mended. Fei [12] presented a practical calibration for the
ductile damage model of S355 and high-strength steel
S690Q, S700MC, and S960Q based on tensile coupon test
results. A combined linear and power expression is adopted
to calibrate the postnecking damaged stress-strain relations
of the investigated steels, upon which the undamaged stress-
strain relations are estimated further. Rabczuk et al. [13]
presented an approach for modelling discrete cracks in
meshfree methods. In this method, the crack can be arbi-
trarily oriented, but its growth is represented discretely by
activation of crack surfaces at individual particles, so no
representation of the crack’s topology is needed. )e model
is applied to several 2D problems and compared to exper-
imental data. Furthermore, Rabczuk et al. [14] also presented
a three-dimensional meshfree method for modelling arbi-
trary crack initiation and crack growth in reinforced con-
crete structure.)is meshfree method is based on a partition
of unity concept and formulated for geometrically nonlinear
problems. )e crack kinematics are obtained by enriching
the solution space in order to capture the correct crack
kinematics. A cohesive zone model is used after crack ini-
tiation. )e reinforcement modelled by truss or beam ele-
ments is connected by a bond model to the concrete. )is
method is applied to model the fracture of several reinforced
concrete structures. Hongping [15] presented an innovative
mechanical impedance-based technique to monitor the de-
velopment of corrosion damage on steel structure, which is
different from the traditional admittance- (inverse of im-
pedance-) based EMI technique. )e experimental results
indicate that structural mechanical impedance is sensitive to
corrosion damage, but the detecting range is limited. )e real
part of SMI can be adopted for an effective indicator of steel
structural corrosion damage. )e proposed technique is
found to be effective in steel structural corrosion damage
detection. Sajjad [16] addressed the strain ageing effects on the
mechanical properties of the partially damaged structural
mild steel. )e stress-strain relation of partially damaged
mild-steel material incorporating strain ageing effects is

expressed by calibrating the parameters of Ramberg-Osgood
model. Mohammad [17] studied the performance of
H-section steel columns investigated under blast loads.
H-section steel columns subjected to blast loads are nu-
merically investigated, so as to derive practical formulations
for damage evaluation assessment. )e strategy is based on
parametric finite element (FE) models (with up to 5600
configurations), validated towards experiments, and used as
an extensive data bank for further elaboration via Gene
Expression Programming. Mohammad [18] also investigated
the dynamic behavior of steel columns under blast pressures,
and the results show that the cross-sectional shape only
slightly affects the global dynamic behavior of steel columns.

Currently, only few studies on the mechanical properties
of damaged steel beams and columns have been done. In this
study, the calculation method of the average elastic modulus
of the damaged cross section was studied according to the
influence law of damage on the elastic modulus of steel. )e
M-Φ-P relationships of H-section steel members were cal-
culated by using the analytical cross-sectional method, and
the deformations of damaged steel columns were analyzed
by applying the Newmark method. )e feasibility of these
methods was verified by comparison with the test results.
)e damage of members with other section features can also
refer to the method in this paper.

2. Mechanical Properties Test of Damaged Steel

)e mechanical properties of damaged steel were acquired
by the tensile coupon tests. )e initial elastic modulus of the
steel is E0. )e specimens were unloaded when plastic de-
formation occurred in different degrees, and the slope of
unloading line was recorded as unloading elastic modulus
E′ . )en a secondary loading test is performed on the
damaged specimens, and the slope of loading line was
recorded as loading elastic modulus Ě.)rough this method,
the interaction between the unloading modulus and the
loading elastic modulus during the secondary loading and
the existing plastic deformation of the steel can be obtained.

2.1. Specimen Design. In this paper, Q345 steel samples are
divided into 8 groups, and each group has 3 specimens. )e
size of the specimen is shown in Figure 1.

2.2. -e Test Process. )e first group of specimens was
subjected to uniaxial tensile test in the testing machine, and
when the specimens reached the ultimate strength, the
loading ended. It is found that the deformation at the end of
the flow molding phase (the end point of the yield stage) is
about 0.8mm, and that at the end of the strengthening phase
is about 8.4mm.

According to the results of the first set of test data, the
deformation control values of the second group to the eighth
group were 0.8mm, 2mm, 3mm, 4mm, 5mm, 7mm, and
8.4mm, respectively.

)e second to eighth groups of specimens were loaded to
the deformation control value, then unloaded, and then
loaded into each group of specimens to destroy. )e test
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process and the contrast of the deformation before and after
tensile test are shown in Figures 2 and 3, respectively.

2.3. Results of the Test. )e tensile test results of 8 groups of
specimens are shown in Table 1.

As can be seen from Table 1, the average modulus of
elasticity is about 185GPa, yield strength is about 350MPa,
and ultimate strength is about 520MPa without damage.

2.4. Test Data Analysis. )e relationship between the initial
elastic modulus, the unloading elastic modulus, and the
loading elastic modulus and the deformation control value
of the eight groups of specimens is plotted into curves, as
shown in Figure 4.

As can be seen from Figure 4, the loading elastic modulus
of Q345 steel with different plastic deformation under
secondary loading is related to the control value of plastic
deformation. )e larger the deformation control value, the
smaller the values of loading elastic modulus and unloading
elastic modulus. )e test results are consistent with the
theory that damage leads to the decrease of elastic modulus
of steel [19].

)e uniaxial tensile test of damaged Q235 steel has been
carried out in [20] and is compared with the test results of
Q345 steel in this paper, as shown in Figure 5. For com-
parative analysis, the ratio of loading elastic modulus to
initial elastic modulus (e � Ě/E0) is adopted as longitudinal
coordinates in Figure 5.

As can be seen from Figure 5, the loading modulus of
Q235 and Q345 steel decreases with the increase of defor-
mation control value, and the decrease of elastic modulus of
Q235 steel is slightly higher than that of Q345 steel. When
ε≤ 0.19%, the loading elastic modulus of Q345 steel is
consistent with the initial elastic modulus. When 0.19%≤ε≤
1.6%, the elastic modulus of Q345 steel begins to decrease
rapidly. When ε≥ 1.6%, the elastic modulus of Q345 steel
begins to decrease slowly. )e curve parallel segment of
Q235 steel is obviously longer than that of Q345 steel. When
ε reaches 1.6%, the loading elastic modulus of Q235 steel
begins to decrease rapidly, and the decrease of elastic
modulus is obviously larger than that of Q345 steel. When ε
of steel reaches 4%, the elastic modulus of Q235 steel begins
to decrease slowly, and the decrease of elastic modulus of
Q235 steel was larger than that of Q345 steel.

)e loading elastic modulus curve of Q345 steel in
Figure 5 is fitted by multiline segment fitting. )e fitting
results are shown in Figure 6.

Figure 2: Universal material testing machine.

Figure 3: Contrast of elongation (initial elongation is 3mm and
8.4mm).
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Figure 1: Tensile specimens.
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As can be seen from Figure 6, the fitting results are in
good agreement with the original data. According to the test
data, the change of elastic modulus of damaged Q345 steel
under different damage degree can be obtained by taking the
yield strength σy � 350MPa and the initial elastic modulus
E0 �1.85×105MPa.

when 0≤ ε≤ 0.19% Ě � E0, (1)

when 0.19%≤ ε≤ 1.6% Ě �
(100 − 8.6ε

100
E0, (2)

when 1.6%≤ ε≤ 16.8 Ě �
(88.48 − 1.4ε)

100
E0. (3)

Table 1: Data of tensile test.

Q345 steel plate test
Group
number

Specimen
number

Initial deformation
(mm)

Initial
strain (%)

Initial elastic
modulus E0 (GPa)

Unloading elastic
modulus E’ (GPa)

Loading elastic
modulus Ě (GPa)

)e first
group

X-01 0 0 189.406 -- --
X-02 0 0 194.075 -- --
X-03 0 0 186..831 -- --

)e second
group

X-04 0.8 1.6 189.914 152.243 159.828
X-05 0.8 1.6 176.957 157.844 161.121
X-06 0.8 1.6 190.728 155.084 157.661

)e third
group

X-07 2 4 180.096 148.282 148.913
X-08 2 4 184.590 151.591 168.217
X-09 2 4 194.798 150.475 152.643

)e fourth
group

X-10 3 6 205.387 142.254 147.342
X-11 3 6 175.724 134.118 137.034
X-12 3 6 193.402 136.921 151.378

)e fifth
group

X-13 4 8 182.236 133.788 134.963
X-14 4 8 191.110 135.149 138.170
X-15 4 8 174.076 141.097 148.569

)e sixth
group

X-16 5 10 176.064 135.568 146.122
X-17 5 10 182.819 134.673 133.307
X-18 5 10 179.192 135.745 140.715

)e seventh
group

X-19 7 14 207.494 120.060 121.416
X-20 7 14 164.472 120.332 121.737
X-21 7 14 189.840 120.994 122.178

)e eighth
group

X-22 8.4 16.8 190.598 127.443 125.962
X-23 8.4 16.8 178.959 118.255 124.386
X-24 8.4 16.8 178.563 115.233 119.571
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Figure 4: Comparison of elastic modulus during the three stages.
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Figure 5: Comparison of elastic modulus.
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3. Average Elastic Modulus of Damaged Steel
Cross Section

)e stress-strain relationship of steel in different part of the
cross section changes greatly after the cross section of a steel
member is damaged. Steel exhibits varying degrees of damage
and under elastic stress state. To facilitate the calculation of
ultimate bearing capacity and deformation, the average elastic
modulus of damaged cross section is used to replace the elastic
modulus of undamaged steel.

For the H-section, when the steel damage occurs only in
the flange, partial flange damage does not cause a major
change in the average elastic modulus of the entire cross
section due to the thinness of the flange. Hence, this situ-
ation can be assumed as slight damage of the cross section.
At this time, the average elastic modulus of the cross section
is taken as the elastic modulus of the steel.

When the flange and part of the web of the cross section
are damaged, the mechanical properties of the cross section
change obviously. Hence, this situation can be assumed as
general damage of the cross section.

When the damage degree is further aggravated, some
strains in the damaged area of the section exceed 1.6%; that
is, serious damage is present in the section. Hence, this
situation can be assumed as serious damage of the cross
section.

Given that slight damage has minimal effect on the
structure, this study only considers general damage and
serious damage of the cross section. )e distribution
characteristics of loading elastic modulus of the generally
damaged and seriously damaged cross section are shown in
Figures 7 and 8, respectively.

A1 � section area of undamaged zone, A2 � section area
of generally damaged zone, A3 � section area of seriously
damaged zone, h1 � height of undamaged cross section, and
H� height of H-shaped cross section.

To simplify the calculation, the following assumptions
are made:

(1) Damage mainly refers to the phenomenon of partial
or total yield of the cross section caused by the
bending moment generated by the external load on
the H-section.

(2) Assumption plane section is satisfied after the cross
section is damaged; that is, the cross section remains
in the same plane after the cross section is damaged.

(3) )e maximum strain value in the cross section is less
than 18%. )e physical meaning of this assumption is
that all materials in the damaged cross section have not
overstepped the strengthening stage, and no serious
nonuniform deformation occurs in the necking stage.

)e strain distribution characteristics of generally
damaged cross section and seriously damaged cross section
can be obtained as shown in Figures 9 and 10, respectively.

According to the static equilibrium condition [21], the
average elastic modulus in the damaged cross section can be
expressed as

y = 1 – 8.6x

y = 0.8848 – 1.4x
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Figure 6: )e percentage decline of elastic modulus in unloading
stage.
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E �
 Ě dA

A
, (4)

in which E � average elastic modulus of damaged cross
section and A � area of cross section.

After Equations (1)–(3) are substituted into Equation (4),
the expressions for calculating the average elastic modulus of
generally damaged cross section and seriously damaged
cross section are obtained as follows:

Equation of generally damaged cross section:

E �
 Ě dA

A
�

 E0dA1 +  Ě1dA2

A

�
 E0dA1 + (1 − 0.086ε)E0dA2

A

� E0 −
0.086E0  f(y)dA2

A
.

(5)

Equation of seriously damaged cross section:

E � E0 −
0.1152E0A3 + 0.086E0  f(y)dA2 + 0.014E0  f(y)dA3

A
.

(6)

4. Moment-Curvature–Axis Force Relation of
Damaged Cross Section of Member

To study the mechanical properties of steel members sub-
jected to interaction of axial force and bending moment, the
relationships between bending moment M and curvature Φ
(M-Φ-P relationship) are used when the axial force P is a
fixed value. When the axial deformation of the member
under axial force is large, the relationship between axial force
P and axial strain ε (P-ε-M relationship) [22] of bending
moment M at a fixed value should be established. However,
for general beam-column members, the bending deforma-
tion is usually larger than the axial deformation, and the
mechanical properties of the cross section can be reflected by
the relationship of moment–curvature–axial force (M-Φ-P
relationship). To simplify the calculation, it is assumed that
the stress-strain characteristics of the cross-sectional ma-
terial are ideal elastic plastic, the stress-strain relationship of
undamaged steel is the ideal elastic plastic model shown in
curve 1 of Figure 11, and the stress-strain relationship of
damaged steel is the ideal elastic plastic model shown in
curve 2 of Figure 11.

Figure 12(a) shows the H-shaped cross section of the
steel member with axial force P andmomentM acting on the
cross section.)e value of axial force P is not fixed, as shown
in Figure 12(b). Under the interaction of axial force and
bending moment, three different stress states may be ob-
served: full-sectional elastic stress distribution, single-sided
plastic distribution, and double-sided plastic distribution, as
shown in Figures 12(c)–12(e), respectively.

According to the static equilibrium condition, the axial
force and bending moment of the cross section can be
calculated as follows:

P � 
A
σzdA , (7a)

M � 
A

yσzdA . (7b)

According to the method of material mechanics [23], the
equations for calculating the bending moment, curvature,
and axial force of the member cross section can be obtained
as follows:

My �
Ixσy

ymax
, (8a)

Φy �
My

EIx

�
σy

Eymax
, (8b)

Py � σyA, (8c)
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Figure 10: Strain distribution characteristics of seriously damaged
cross section.
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Ix �
BH

3
− 2B1H

3
1

12
, (8d)

in which Ix� inertia moment of the section to the neutral
axis, σy � yield stress, ymax � the ordinate of the farthest
point from the neutral axis on the cross section, and
E � elastic modulus.

To facilitate numerical computation, the M-Φ-P rela-
tionship is expressed in dimensionless form. For this pur-
pose, the following initial parameters and dimensionless
variables are defined:

m �
M

My

, (9a)

ϕ �
Φ
Φy

, (9b)

p �
P

Py

. (9c)

4.1. Full-Sectional Elastic Stress Distribution. When the axial
force and moment are relatively small, under the interaction
of the bending moment and the axial force, the maximum
stress in the cross section of the member does not exceed the
yield strength of the steel, and the whole cross section of the
member is in the elastic state. )e stress distribution of the
section is shown in Figure 12(c). At this time, the ultimate
stress state of the cross section is that the uppermost outer
edge of the cross section reaches the yield stress σy under the
interaction of the compressive stress σm generated by the
bending momentM and the compressive stress σp generated
by the axial force P, and the yield stress at the lowermost
outer edge has not yet reached the yield stress. Hence, it can
be concluded as

σm + σp � σy⟶
Mymax

Ix

+
P

A
� σy⟶M �

σy − P/A Ix

ymax
.

(10a)

)e following can be obtained from Equations (8a), (9a),
and (10a):

B
y

x H

tw

t f

H
1

B1

(a)

P
M

(b)

σ

y

–fy

y1

(c)

N

M

σ–fy

fy
σz = f (y)

y
y1

–y1

y2

–y2

y3

(d)

σ–fy

fy

y
y1

–y1

–y2

y3

(e)

Figure 12: )e characteristics of undamaged H-shaped cross section when the value of axial force is constant: (a) H-shaped cross section;
(b) internal force of the cross section; (c) full-sectional elastic stress distribution; (d) single-sided elastic stress distribution; (e) double-sided
elastic stress distribution.

δ

ε

v
E

2

1

0

f y∗

fy

E0

Figure 11: Stress-strain relationship of steel.
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m1 �
M

My

�
σy − P/A Ix/ymax

Ixσy/ymax
� 1 − p. (10b)

)e following can be obtained from Equations (8b), (9b),
and (10b):

ϕ1 �
Φ
Φy

�
M/E0Ix

My/E0Ix

�
M

My

� 1 − p. (10c)

4.2. Single-Sided Plastic Distribution. With the increase of
bending moment, the cross section of the member comes
into the single-sided plastic distribution, and the stress
distribution of the section is shown in Figure 12(d). In the
figure, y1 and −y1 are the ordinates of the outer edges of the
upper and lower flanges of H-shaped cross section, re-
spectively. y1 �H1/2. y2 and −y2 are the ordinates of the inner
edges of the upper and lower flanges of H-shaped cross
section, respectively. y2 �H1/2. y3 is the ordinate of the
junction of the plastic zone and the elastic zone at the upper
end of the cross section. In this case, the ultimate stress state
of the section is that the tensile side edge of the cross section
reaches the yield stress σy.

When the bending moment M is lower than a certain
value, the plastic zone is in the cross section of the upper
flange; that is, y1≥y3≥y2. When the bending moment M is

higher than a certain value, the plastic zone exceeds the cross
section of the upper flange; that is, 0<y3<y2.

According to the coordinates N (−fy, y3) and M (fy, −y1)
of the two endpoints of the stress curve in the elastic area, the
stress equation σz � f (y) in the elastic area can be obtained as
follows:

σz � −
2fy

y1 + y3
y + fy

y3 − y1

y1 + y3
. (11)

K is defined by

K � −
2fy

y1 + y3
. (12)

C is defined by

C � fy

y3 − y1

y1 + y3
. (13)

When y3 � y2, the following can be obtained from
Equations (7a), (8c), (9c), and (11):

p �
P

Py
�


A
σzdA

A −fy 
�

Bt
2
f + tf twH1

A H − tf( 
. (14)

When 0≤p≤Bt2f + tf twH1/A(H − tf ) and y1 ≥y3 ≥y2,
the following can be obtained from Equations (7a), (8c),
(9c), and (11):

p �
P

Py

�


A
σzdA

A −fy 
�

B 
y1

y3
−fy dy + B 

y3

y2
(Ky + C)dy + tw 

y2

−y2
(Ky + C)dy + B 

−y2

−y1
(Ky + C)dy

A −fy 
, (15)

and then

By23 + pA − 2B1H1( y3 + J � 0. (16)

We have J � 0.5pAH − 0.25BH2 + HH1B1.
)e following can be obtained from Equations (7b), (8a),

(10a), and (11):

m2 �


A
yσzdA

Ixσy/ymax
�
2twH

3
1H − BH 4y

3
3 + 2H

3
1 − H

3
− 3H

2
y3 

12 2y3 + H( Ix

.

(17)

)e following can be obtained from Equations (8b) and
(9b):

ϕ2 � Φ2/Φy �
M/E0Ix

My/E0Ix

� m2, (18)

and when Bt2f + tftwH1/A(H − tf)≤p< 1 and
−y1 <y3 ≤y2, the following can be obtained from Equations
(7a), (8c), (9c), and (11):

p �
P

Py

�


A
σzdA

A −fy 
�

B 
y1

y2
−fy dy + tw 

y2

y3
−fy dy + tw 

y3

y2
(Ky + C)dy + B 

−y2

−y1
(Ky + C)dy

A −fy 
, (19)

and then
twy

2
3 + pAy3 + G � 0, (20)

where G � −0.5H1tw(tf + 0.5H) − Bt2f + 0.5pAH.
)e following can be obtained from Equations (7b), (8a),

(9a), and (11):

m2 �


A
yσzdA

Ixσy/ymax

�
3H

2
1y3 + H

3
1 − 4y

3
3 twH + BH 3y3 H

2
− H

2
1  + H

3
− H

3
1 

12 2y3 + H( Ix

,

(21)
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and when the outer edge of the upper flange reaches a strain
of –1.6%, the following can be obtained:

y3 � −0.29H − 0.21tf. (22)

By substituting Equation (22) into Equation (17), we
obtain the following equation:

p �
Bt

2
f + 0.5H1tw tf + 0.5H(  − tw 0.29H + 0.21tf 

2

0.21A H–tf( 
.

(23)

Q is defined by

Q �
Bt

2
f + 0.5H1tw tf + 0.5H  − tw 0.29H + 0.21tf 

2

0.21A H–tf( 
,

(24)

and when Bt2f + tf twH1/A(H − tf )≤p≤Q, –(0.29H+ 0.21tf )
≤ y 3≤ y2, the cross-sectional damage is general damage, and
the following can be obtained from Equations (5), (8b), and
(9b) as follows:

ϕ2 �
M/E1Ix

My/E0Ix

≈
A

A − 0.03268twH0.5H − y3 + 0.01634Btf3H − 2y3/H + 2y3
m2,

(25)

and when Q ≤ p≤ 1, –y1≤ y3≤ –(0.29H+ 0.21tf ), generally
damaged area and seriously damaged area can be found in
the sectional damage zone. )e following can be obtained
from Equations (6), (8b), and (9b):

φ2 ≈
Am2

A − 115.2 Btf + tW H/2 − ty4(   + 77tW y4 − y3(  + 2.66Btf 3H − 2f3/H + 2y3 + 1.33tWH1 + 4.71H − 2y3/H + 2y3 H1 − 2y4(   × 10−3,

(26)

where y4 �1.855H+ 4.71y3; y4 is the ordinate at the junction
of the generally damaged area and the seriously damaged
area of the cross section; that is, the ordinate of the sectional
strain is −1.6%.

4.3. Double-Sided Plastic Distribution. With the increase of
bending moment limit, the cross section of the member
comes into the double-sided plastic distribution, and the
stress distribution of the cross section is shown in
Figure 12(e). Here, the ultimate stress state of the cross section
is the full-sectional yield, and the cross-sectional bending
moment M reaches the ultimate bending moment Mpc.

When y3 � −y2, the following can be obtained from
Equations (7a), (8c), and (9c):

p �
H1tw

A
, (27)

and when 0≤p≤H1tw/A and −y2 ≤ y3≤ 0, the following can
be obtained from Equations (7a), (8c), and (9c):

mpc ≈ 1.5 1 −
A
2
H

12twIx

p
2

 . (28)

)e following can be obtained from Equations (7a), (8a),
and (9c):

mpc �
Mpc

My

�


A
yσzdA

Ixσy/ymax
�

B 
y1

y2
y −fy dy + tw 

y2

y3
y −fy dy + tw 

y3

−y2
yfydy + B 

−y2

−y1
yfydy

Ix −fy /y1
. (29)

Substituting Equation (28) into the above equation, we
can obtain

mpc ≈ 1.5 1 −
A
2
H

12twIx
p
2

 , (30)

and when H1tw/A≤p≤ 1 and −y1 ≤y3 ≤ − y2, the following
can be obtained from Equations (7a), (8c), and (9c):

y3 �
H1tw − pA

2B
− 0.5H1. (31)

)e following can be obtained from Equations (7a), (8a),
and (9a):

mpc �
Mpc

My

�
B 

y1

y2
y −fy dy + tw 

y2

−y2
y −fy dy + B 

−y2

y3
y −fy dy + B 

−y3

−y1
yfydy

Ix −fy /y1
�

B H
3/8 + y

2
3 

Ix

. (32)
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After summarizing the above equations, the calculation
expressions of M-Φ-P of H-section steel members can be
obtained, as shown in Table 2.

However, the elastic modulus E and yield strength y of
the damaged H-shaped cross section are different from those
of undamaged cross section, but above m1, m2, mpc, ϕ1, and
ϕ2 are dimensionless variables. Whether undamaged or
damaged cross section, E and σy can be eliminated in the
derivation. Hence, the above derivation and results are
applicable to the undamaged and damaged cross sections of
the H-shaped steel members.

5. Approximate Equations of M-Φ-P for
H-Section Steel Members

)e cross-sectional sizes of test steel columns are as follows
[24]: H� 125.43mm, H1 � 113.09mm, B� 124.88mm,
B1 � 59.45mm, tf � 5.98mm, tw � 6.17mm, A� 2,217mm2,
and Ix � 6.21× 106mm4 were analyzed. From the equations
in Table 2, the dimensionless parameters of the cross section
under various loading conditions can be obtained as shown
in Table 3.

Considering the damage of member cross section, the
relationships betweenm2, ϕ2,mpc, and p in Table 2 are plotted
as correlation curves, as shown in Figure 13. By fitting the
curves in Figure 13 with numerical analysis method, the
approximate expressions of M-Φ-P for H-section steel
members can be obtained, as shown in Table 4.

6. Deformation Analysis of Damaged
Steel Member

Once the M-Φ-P relationship of the cross section of dam-
aged steel member is established, the deformation analysis of
the member can be carried out. )e Newmark method [22]
and its derivative methods are widely used in beam-column
analysis. )is method is especially effective in solving the
maximum bearing capacity of beam column under loads in
the elastic or elastic-plastic range.

)e data of steel column test [24] is used, the cross
section is H125×125× 6× 6mm, and the steel material is
Q345.)e column is 1.02m high, subjected to eccentric load
with fixed ends, and the loading scheme and photograph of
steel column test are shown in Figures 14 and 15. )e ex-
perimental specimen was simulated by a finite element
software, ABAQUS. )e constitutive model of Q345 steel is
based on the tensile test results. S4R element (4-node
general-purpose shell element) was used for meshing steel.
)e failure mode of the column in ABAQUS model was
consistent with the test result, as shown in Figure 16.

)e specific calculation process of the steel column
deformation using the Newmark method [22] is as follows:

(1) )e steel column was divided into four equal parts,
and the number of each piecewise point is shown in
Figure 17.

(2) During the test, the steel column was loaded twice,
and the steel column reached the ultimate bearing
capacity for each loading. )e residual deformation

Table 2: Calculation expressions of M-Φ-P of H-section steel
members.

Dimensionless
variable Range of P Equation

m1 0≤p≤ 1 Equation
(10b)

ϕ1 0≤p≤ 1 Equation
(10c)

m2

0≤p≤Bt2f + tf twH1/A(H − tf )
Equation

(14)

Bt2ftftwH1/A(H − t1)≤p≤ 1 Equation
(17)

ϕ2

0≤p≤Bt2f + tf twH1/A(H − tf )
Equation

(15)

Bt2ftftwH1/A(H − t1)≤p≤Q
Equation

(19)

Q≤p≤ 1 Equation
(20)

mpc

Q≤p≤H1tw/A
Equation

(23)

H1tw/A≤p≤ 1 Equation
(25)

Table 3: Dimensionless parameters of steel column cross sections.

P m1 ϕ1 m2 ϕ2 mpc

0 1 1 1.000 1.000 1.500
0.1 0.9 0.9 1.035 1.046 1.480
0.2 0.8 0.8 1.002 1.025 1.418
0.3 0.7 0.7 0.920 0.966 1.316
0.4 0.6 0.6 0.804 0.876 1.165
0.5 0.5 0.5 0.675 0.759 0.985
0.6 0.4 0.4 0.543 0.632 0.763
0.7 0.3 0.3 0.411 0.496 0.608
0.8 0.2 0.2 0.279 0.349 0.411
0.9 0.1 0.1 0.147 0.191 0.208
1 0 0 0 0 0

m2

ϕ2
mpc

0.2 0.4 0.6 0.8 1.00.0
p

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

Figure 13: Correlation curves between (m)2, ϕ2, (m)pc, and (p) of
column sections.
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Table 4: Approximate expressions of M-Φ-P relationship of steel column sections.

0≤ p≤ 0.4 0.4≤ p≤ 1
m1 1 − p

ϕ1 1 − p

m2 1.003 + 0.496p − 2.51p2 1.333(1.006 − p)

ϕ2 1.004 + 0.558p − 2.214p2 1.191 − 0.534p − 0.651p2

mpc 1.5 − 2.1p2 1.929(1.007 − p)
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Figure 14: Schematic diagram of the loading setup.

Figure 15: Photograph of the loading setup.
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of the steel column at each piecewise point after the
first loading was taken as the initial defect value v0k in
the calculation of the steel column, k� 0∼4, and the
deformation values of the piecewise points under the
axial force and the moment are assumed.

(3) Calculate the bending momentMk of each piecewise
point, k� 0∼4:

Mk � M1 + P vk + v0k( , (33)

where M1 is the first-order bending moment gen-
erated by loads and Pvk is the second-order bending
moment caused by P-δ effect.

(4) According to the known bending moment–curvatu
re–axial force relationship of the cross section, cal-
culate the curvature Φk of each piecewise point,
k� 0∼4.

(5) A new group of piecewise point displacement values
of the steel column was calculated by using the
conjugate beam method, and the curvature distri-
bution between the piecewise points was assumed to
be distributed according to the characteristics of
Figure 18.)e equivalent nodal loads were calculated
by using the equations given in Figure 18. )e
equations in Figure 18(a) should be used if the

piecewise point is an endpoint or the curvature of the
point suddenly changes due to the sudden change of
M or EI at the piecewise point. )e resulting nodal
loads were used as the loads of the conjugate beam to
calculate the shear force and bending moment of the
conjugate beam. At this time, the shear force and
bending moment are equivalent to the slope and
deflection of the real beam.

(6) Compare the deflections calculated in step 5 with the
deflections assumed in step 2. If the difference can be
neglected, then the solution is considered to be
obtained. Otherwise, take the calculated deflections
as a new group of hypothetical deflections, and re-
peat steps 3 to 5 until convergence.

By using this method, the deformations of damaged steel
columns under the effect of each test load after secondary
loading are calculated, respectively. Table 5 shows the cal-
culation results of deformations of the steel columns when
the axial pressure is 150 kN and 260 kN.

Table 6 shows the test results, theoretical results, and
FEM results of damaged steel columns at different load
levels.

Table 6 indicates that the relative errors between the
test results and the theoretical results under five levels of
loads are within 10%. )e test results, theoretical results,
and FEM results of load-displacement curves of damaged
steel columns under secondary loading are shown in
Figure 19.

)e analysis above shows that the theoretical calculation
method for damaged steel columns used in this study is in
good agreement with the test results.

(a) (b)

Figure 16: Comparison of failure mode. (a) Failure mode of finite element model. (b) Failure mode of the specimen.

P
0.1P

L/4 L/4 L/4 L/4
0 1 2 3 4

Figure 17: Piecewise points of steel column.
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Table 5: Deformation calculations of steel columns.

Load P� 150 kN, p� 0.19 P� 260 kN, p� 0.34
Piecewise point 0 1 2 3 4 0 1 2 3 4
Initial moment M1 0.43 0.43 0.43 0.43 0.43 0.75 0.75 0.75 0.75 0.75
Initial imperfection v0k 0 0.0072 0.0144 0.0235 0.0325 0 0.0072 0.0144 0.0235 0.0325
Assuming additional deflection vk 0 0.000687 0.00248 0.00528 0.00897 0 0.002 0.0068 0.0137 0.0224
Moment of P-δ 0.00802 0.00649 0.00475 0.00245 0 0.0187 0.0155 0.0115 0.006 0
Changing common factor 0.179 0.145 0.106 0.0547 0 0.416 0.346 0.256 0.134 0
Total moment Mk 0.610 0.576 0.537 0.486 0.431 1.166 1.096 1.006 0.884 0.75
M-Φ-P relationship Φk 0.665 0.611 0.553 0.496 0.431 2.055 1.512 1.178 0.960 0.755
Rk 0.379 0.610 0.553 0.495 0.262 1.108 1.530 1.188 0.961 0.475
θk 0.379 0.989 1.543 2.038 1.108 2.638 3.826 4.787
vk 0 0.379 1.368 2.911 4.949 0 1.108 3.746 7.572 12.359
Calculating additional deflection v

(1)
k 0 0.00069 0.00248 0.00528 0.00897 0 0.002 0.00678 0.0137 0.0224

Table 6: Comparison of horizontal displacements at the top of columns.

Load (kN)
Displacement (mm)

Test result (mm) )eoretical result (mm) Relative error (%) FEM result (mm) Relative error (%)
260 20.80 22.40 7.69 17.59 18.25
240 17.98 17.10 5.15 15.39 16.83
210 14.30 13.40 6.29 13.06 9.49
180 12.07 10.90 9.69 11.16 8.15
150 9.91 8.97 9.48 9.31 6.44

Δx Δx

Rk

Rk–1

xk–1 xk–1 xk–1

Φk–1 Φk+1
Φk

Ri–1 = (Δx/24) (7Φk–1 + 6Φk – Φk+1)

Ri = (Δx/24) (3Φk–1 + 10Φk – Φk+1)

(a)

Δx Δx

Rk

Rk–1

xk–1

Rk+1

xk–1 xk–1

Φk–1 Φk+1Φk

Ri = (Δx/12) (Φk–1 + 10Φk + Φk+1)

(b)

Figure 18: Equivalent nodal loads.
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7. Conclusions

According to the above analysis, the main conclusions are
drawn as follows:

(1) )e average elastic modulus is used to consider the
effect of different degrees of damage on the me-
chanical properties of H-shaped cross section. )e
damage of H-shaped cross sections is divided into
three levels: slight damage, general damage, and
serious damage.)e calculation equations of average
elastic moduli under different degrees of damage are
derived.

(2) By using the cross-sectional analysis method, the
equations for calculating M-Φ-P relationships of
damaged H-section steel members are derived.
According to the calculations of actual sections, the
approximate equations for calculating M-Φ-P rela-
tionships of H-section steel members are fitted.

(3) )e Newmark method is used to analyze the de-
formations of damaged steel columns, and the results
are in good agreement with the test results. )e
equations and method derived in this study have
high accuracy and can be applied to the calculation of
M-Φ-P relationships and deformations of damaged
steel members.
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