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*e pore-water pressure is a vital factor in determining the slope stability. To deal with the stability of slopes undergoing pore-
water pressures, this paper used the pore-water pressure coefficient to develop the three-dimensional limit analysis method for
slope stability evaluation with a nonlinear strength envelope. For numerical slope examples, the critical heights and corresponding
critical slip surfaces associated with linear and nonlinear envelopes were derived by using a numerical optimization procedure.
*e influences of pore-water pressures on the slope stability were addressed by comparing the upper-bound solutions derived by
linear and nonlinear strength envelopes (the linear and nonlinear results for short).*e obtained two critical inclinations between
the linear and nonlinear results both decrease and gradually approach with increasing pore-water pressure coefficient. For most
slopes subjected to pore-water pressures, using the linear Mohr–Coulomb envelope will obviously overestimate the slope critical
height.*e overestimation resulted from the linear criterion will becomemore distinct for slopes with smaller widths. Besides, the
presented results showed that the equivalent internal friction angle tends to have a weaker increasing trend for steeper slopes as
pore-water pressure coefficient increases. Hence, when pore-water pressure coefficient increases, the critical slip surfaces of gentle
slopes with nonlinear strength criteria become shallower, but the critical slip surfaces of steep slopes seem to have no consistent
change law. *ese results and analyses can illustrate the significance of the application of nonlinear strength envelopes in slope
stability evaluation considering pore-water pressures and provide certain reference advice in slope engineering design and
landslide prevention.

1. Introduction

In the common analysis methods and design standards for
slope and foundation stability problems, the soil shear
strength is generally represented in the type of the linear
Mohr–Coulomb (MC) strength envelope (e.g., Chen [1],
Michalowski and Drescher [2], Gao et al. [3], Rao et al. [4],
Yang et al. [5], and Ye et al. [6, 7]). Whereas, a number of
experimental studies [8–13] have revealed that the shear
strength envelopes for almost all geomaterials are non-
linear, particularly in low normal stress range, which is
commonly relevant to the stress distribution on sliding

surfaces of instable slopes. Afterwards, numerous studies
performed the slope stability assessment with nonlinear
strength envelopes by using the conventional limit equi-
libriummethod (e.g., Charles and Soares [14], Srbulov [15],
Jiang et al. [16], Baker [17, 18], Eid [19, 20], and Deng and
Li [21]), the limit analysis method (e.g., Drescher and
Christopoulos [22], Yang and Yin [23], Gao et al. [24],
Zhao et al. [25], and Li and Yang [26]), and the numerical
method (e.g., Popescu et al. [27], Li [28], Li and Cheng [29],
and Li and Yang [30]).

With the increasing concern about the effects of shear
strength nonlinearity on slope stability evaluation, many
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studies have drawn further distinctions between the slope
safety with linear and nonlinear strength criteria
[14–18, 20, 24, 27, 30]. Some results revealed that the use of
linear envelope will overestimate critical heights of most
slopes with nonlinear envelopes, but will underestimate the
stability of slopes in a middle range of inclinations [18, 24].
*e overestimation or underestimation resulted from the
use of the linear failure criterion is more significant for
slopes in three-dimensional (3D) conditions [16, 24]. Be-
sides, the effects of nonlinear strength parameters on slope
slip surfaces were addressed by Charles and Soares [14] and
Zhao et al. [25]. Jiang et al. [16] and Baker [17] further il-
lustrated the significant distinctions between slip surfaces of
several two-dimensional (2D) slope examples with linear
and nonlinear envelopes. *ese evidences highlight that the
application of nonlinear strength envelopes is significant in
slope stability evaluation.

As known, the presence of ground water can lead to the
reduction in slope stability with the linear MC strength
criterion (e.g., Michalowski and Nadukuru [31], Gao et al.
[32], Pan et al. [33], and Zhu et al. [34]). To evaluate the
influence of ground water on slope stability assessment by
using nonlinear failure criteria, Yang and Zou [35] con-
sidered pore-water pressures as external forces to present
limit analysis of rock slope stability with the Hoek–Brown
envelope. Saada et al. [36] then used the obtained pore-water
pressure distributions to develop the limit analysis method
for slope stability evaluation with the Hoek–Brown enve-
lope. Besides, Eid [20] adopted the limit equilibriummethod
to analyze the safety of 2D saturated slopes with a simple
nonlinear criterion. For slopes in 3D conditions, Xu et al.
[37] considered different water drawdown conditions in the
limit analysis method for slope safety evaluation with
Hoek–Brown envelope. Previous studies failed to address the
effects of pore-water pressures on the distinctions between the
slope stability solutions associated with linear and nonlinear
strength envelopes (the linear and nonlinear results for short),
especially for soil slopes considering 3D characteristic.

*e aim of this paper was to further explore the influ-
ences of pore-water pressures on 3D slope stability evalu-
ation associated with linear and nonlinear criteria. For soil
slopes subjected to pore-water pressures, the 3D limit
analysis method with a nonlinear strength envelope was
firstly established through the uses of tangential technique
and pore-water pressure coefficient. *en, the slope critical
heights and corresponding slip surfaces were derived for
several slope examples with linear and nonlinear strength
envelopes. Afterwards, the comparative charts were pre-
sented to reveal the differences between linear and nonlinear
solutions considering different pore-water pressures and
slope geometries.

2. 3D Limit Analysis Method for Slope Stability

2.1. Tangential Technique for Nonlinear Strength Criterion.
To represent the nonlinear feature of strength envelopes of
slope soils, a power-law (PL) strength criterion (Figure 1)
was commonly used by many researchers to evaluate the
safety of slopes [23–25, 38]. As shown in equation (1), the

shear stress τ along slope slip surface is derived from an
expression of normal stress σn:

τ � c0 1 +
σn

σt

 

1/m

, (1)

where c0 relates to the initial cohesion as σn is 0, σt relates to
the tensile stress as τ is 0, andm is named as the nonlinearity
coefficient. *e PL criterion can transform into the MC
criterion when m� 1. Under such a condition, the cohesion
is represented by c0 and the friction angle is represented by
arctan (c0/σt).

Since the nonlinear strength criterion cannot be directly
used in the assessment of slope stability, Drescher and
Christopoulos [22] firstly presented a tangential technique in
limit analysis of soil slope stability. Afterwards, numerous
researchers developed the tangential technique to assess the
slope safety considering shear strength nonlinearity
[23–25, 30, 39]. *ese studies may reveal that the upper-
bound solutions obtained from the tangential technique are
accurate and reliable to bracket the true stability of 2D and
3D slopes with a nonlinear criterion. From Figure 1, it can be
observed that the PL strength envelope is substituted by the
tangent line at point K, which is expressed in the following
equation:

τ � ce + σn tan ϕe, (2)

where ϕe is defined as the equivalent friction angle and ce is
the equivalent cohesion. It should be noted that the tangent
line will lead to equivalent or higher shear strengths in the
same range of normal stresses for PL strength envelope.
After certain formula manipulations for PL strength crite-
rion, the expression of equivalent cohesion ce will be derived
as follows:

ce

c0
�

m − 1
m

σt

c0
m tan ϕe 

(1/(1− m))

+
σt

c0
tan ϕe. (3)

As shown in equation (3), the equivalent cohesion ce is
an equation with respect to equivalent friction angle ϕe.

2.2. 3D Failure Mechanisms. In the upper-bound limit
analysis for soil slope stability using linear MC envelope,
Gao et al. [3] modified the 3D failure mechanisms of
Michalowski and Drescher [2] by considering the slip
surfaces above or below slope toe. Afterwards, Gao et al. [24]
combined nonlinear PL envelope into these extended 3D
failure mechanisms to conduct the limit analysis of slope
stability. Similarly, this study used these 3D failure mech-
anisms with nonlinear PL envelope to assess slope stability
considering pore-water pressures.

Figures 2 and 3 describe these extended 3D rotational
mechanisms for slopes obeying PL failure envelope. *ese
3D failure mechanisms are composed of a curvilinear cone
and a plane insertosome. *e width of plane insertosome is
marked by b, slope width is expressed by B, and slope height
is expressed by H. *e apex angle of failure mechanism is
represented by the variable ϕe, which is the equivalent
friction angle derived from the PL envelope. *ese 3D
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failure mechanisms will be translated into the plane-
strain mechanisms when the width of plane insertosome
tends to infinitely great. See the source reference of Gao
et al. [3], for more interpretations for 3D failure
mechanisms.

2.3. Work Rate Done by Pore-Water Pressure. For the above
3D rotational mechanisms, the external forces on the sliding
body contain the pore-water pressure and the soil weight.
Pore-water pressure u is commonly described as some
portion of soil self-weight (e.g., Michalowski and Nadukuru

[31], Gao et al. [32], and Xu et al. [37]), which is presented as
the following equation:

u � ruch, (4)

where ru is defined as pore-water pressure coefficient and c

represents soil unit weight. *e parameter h relates to the
vertical distance between the position of pore-water pressure
and the slope surface.

Making the work rates done from the soil weight Wc and
the pore-water pressure Wu equal to the internal energy
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Figure 2: Side view of modified 3D failure mechanisms [3]. (a) Face-failure mechanism. (b) Base-failure mechanism.
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Figure 1: Tangent line to nonlinear strength envelope.
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dissipation rates D, the establishment of the energy-balance
equation for above 3D rotational mechanisms can be pre-
sented as follows:

W
curve
c + W

plane
c + W

curve
u + W

plane
u � D

curve
+ D

plane
, (5)

where Wcurve
c and W

plane
c relate to the work rates done by soil

weight for curvilinear cone and plane insertosome, Wcurve
c

andW
plane
c represent work rates done by pore-water pressure

for curvilinear cone and plane insertosome, and Dcurve and
Dplane represent internal energy dissipation rates for cur-
vilinear cone and plane insertosome. Detailed equations and
illustrations for soil weight work rates and internal energy
dissipation rates for curvilinear cone and plane insertosome
have been illustrated in certain references of Gao et al. [3]
and Chen [1]. Note that the friction angle ϕ in these formulas
needs to be replaced by the equivalent friction angle ϕe.
Work rates for pore-water pressure Wu can be derived from
the following formula [31, 32]:

Wu � −
V

u_εii dV − 
s
univi dS, (6)

in which h/r0 relates to the principal strain rate, V relates to
the volume of the sliding body under the water, ni relates to
the outer unit normal vector of slope boundary, vi represents
unit velocity vector on slope boundary, and S is the sliding
surface under the water.

Here, the whole potential sliding body will be regarded as
a rigid body without considering the water pressure on the
slope surface. Hence, the expression for work rates of pore-
water pressure Wu turns into the following equation:

Wu � −
s
univi dS � −

s
ruchv sin ϕe dS. (7)

Considering the fact that the pore-water pressure on
curvilinear cone boundary (along the width) varies
according to the degree of the surface curvature, this study
adopted the calculation method given by Gao et al. [32] to
obtain the work rates of pore-water pressure for presented
3D slip surfaces.

For 3D face-failure mechanism with the nonlinear cri-
terion (Figures 2(a) and 3(a)), the pore-water pressure work
rates for curvilinear cone Wcurve

u are obtained from this
equation:

W
curve
u � 2ωcru tan ϕe 

θB
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R

g
h1η dy dθ+ 

θh

θP


R

d1

h2η dy dθ, (8)

and the pore-water pressure work rates for plane inserto-
some Wu

plane are expressed as

W
plane
u � ωcrur

2
0b tan ϕe 
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Figure 3: Oblique view of modified 3D failure mechanisms [3]. (a) Face-failure mechanism. (b) Base-failure mechanism.
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where the relations between these parameters can be given as
follows:

a �
sin θ0
sin θ

r0 − rm,

d1 �
sin θh + β( 

sin(θ + β)
e

θh− θ0( )tanϕ e r0 − rm,

g �
r0 cos θ0 − L

cos θ
− rm,

η � rm + y( 
2 R

�������

R
2

− y
2

 ,

θB � arctan
sin θ0

cos θ0 − A′
,

A′ �
sin θh − θ0( 

sin θh

−
sin θh + β( 

sin θh sin β
sin θhe

θh−θ0( )tanϕe − sin θ0 ,

cos θPe
θP−( θ0) tanϕe � cos θ0 −

L

r0
,

L

r0
�
sin θh − θ0( 

sin θh

−
sin θh + β( 

sin θh sin β
exptanϕe θh−θ0( ) sin θh − sin θ0 ,

h1

r0
� exptanϕe θ− θ0( ) sin θ − sin θ0,

h2

r0
� exptanϕe θ− θ0( ) sin θ − sin θ0 − cos θ0 − exptanϕe θ−θ0( ) cos θ −

L

r0
 tan β,

(10)

where ω is the angular velocity and r0 and r0′ relate to OA
and OA′ in Figure 2. *e parameters θ0, θB, θh, R, and rm are
presented in Figure 2(a), and the definitions of the pa-
rameters h1, h2, and θp can be found in Figure 4.

As shown in Figures 2(b) and 3(b), the pore-water
pressure work rates for curvilinear cone and plane inser-
tosome of 3D base-failure mechanism can be derived from
the following expressions:

W
curve
u � 2ωcru tan ϕe 

θB

θ0


R

a
h1η dy dθ + 

θP

θB


g

d2

h2η dy dθ + 
θP

θB


R

g
h1η dy dθ

+ 
θG

θP


R

d2

h2η dy dθ + 
θC

θG


f

d2

h2η dy dθ + 
θC

θG


R

f
h3η dy dθ + 

θh

θC


R

e
h3η dy dθ,

W
plane
u � ωcrur

2
0b tan ϕe 

θP

θ0
h1exp

2 tanϕe θ− θ0( ) dθ

+ 
θG

θP

h2exp
2 tanϕe θ− θ0( ) dθ + 

θh

θG

h3exp
2 tan ϕe θ− θ0( ) dθ,

(11)

where some relations between these parameters can be
obtained as follows:
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d2 �
sin θC + β( sin θh

sin(θ + β)sin θC

e
θh− θ0( )tan ϕe r0 − rm,

e �
sin θh

sin θ
e

θh− θ0( )tanϕe r0 − rm,

θC � arctan
sin θhe

θh−θ0( )tanϕe

cos θ0 − A′ − sin θhe
θh−θ0( )tanϕe − sin θ0 /tan β

,

f �
r0 cos θ0 − L − H cot β

cos θ
− rm,

cos θGe
θG−( θ0) tanϕe � cos θ0 −

H

r0
cot β −

L

r0
,

h3

r0
� exptanϕe θ−θ0( ) sin θ − sin θ0 −

H

r0
,

H

r0
� exp tan ϕ e θh − θ0(  sin θh − sin θ0,

(12)

where h3 and θG are defined as shown in Figure 5, and the
other parameters are defined in Figures 2(b) and 5.

2.4. Determination of Critical Heights and Critical Slip
Surfaces. Given a slope with certain nonlinear parameters,
geometric parameters, and pore-water pressure, the upper
bound on critical height Hcr (when the slope safety factor is

equal to 1.0) could be calculated from above-established
energy-balance equation in regard to several independent
variables: θ0, θh, r0′/r0, b/H, n�H′/H (3D face-failure
mechanism) or β′ (3D base-failure mechanism), and
equivalent friction angle ϕe. *e critical height Hcr can be
expressed as the following formula:

Hcr �
f θ0, θh, ϕe, r0′/r0, b/B, n(  3D face − failuremechanism,

f θ0, θh, ϕe, r0′/r0, b/B, β′(  3D base − failuremechanism.
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Figure 4: Symmetry plane of face-failure mechanism with ground water.

6 Advances in Civil Engineering



AB

θh θcθG θP θB θ0

H

ω
O

h1

h2

h3

P

D C

G

Figure 5: Symmetry plane of base-failure mechanism with ground water.
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Figure 6: Experiment data and two failure criteria for four clays. (a) Israeli clay. (b) London clay. (c) Upper Lias clay. (d) Oxford clay.
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Table 1: Unit weight and strength parameters for four clays.

Soil parameters Israeli clay London clay Upper Lias
clay

Oxford
clay

c (kN/m3) 18.0 18.0 20.0 20.0
c (kPa) 11.7 6.0 17.0 6.0
ϕ (°) 24.7 32.0 23.0 29.0
c0 (kPa) 0.06 1.07 0.98 0.16
σt (kPa) 0.02 0.15 0.33 0.007
m 1.23 1.66 1.38 1.65
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Figure 7: Critical heights of Israeli clay slopes undergoing different pore-water pressures. (a) B/H� 1. (b) B/H� 2. (c) B/H� 5. (d) 2D.
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Here, the definitions of these notations θ0, θh, r0, and r0′
have been illustrated Section 2.3.

From equation (13), the optimized critical height Hcr is
the minimum value of two least upper bounds derived from
the two formulas for face-failure and base-failure mecha-
nisms. Based on the computer codes of MATLAB software,
the least upper-bound solutions were derived from an op-
timization procedure of Chen [40]. Once the least upper
bound on the critical height of a given slope is derived in the
optimization procedure, the variables θ0, θh, r0′/r0, b/H, n or
β′, and ϕe will be simultaneously obtained as certain values.

Meanwhile, the corresponding critical slip surface (the in-
tersection of failure mechanism and slope body) can also be
obtained by determinate variables θ0, θh, r0′/r0, b/H, n or β′,
and ϕe. Note that the variable ϕe is not only the apex angle of
3D failure mechanism but also the equivalent friction angle
determining the tangent line location on nonlinear PL en-
velope. More detailed relationships between the variable ϕe
and other parameters can be found in the functions of work
rates in this study and [3]. Since the tangent line will lead to
equivalent or higher shear strengths than the nonlinear PL
envelop in the same scope of normal stresses, the solutions
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Figure 8: Critical heights of London clay slopes undergoing different pore-water pressures. (a) B/H� 1. (b) B/H� 2. (c) B/H� 5. (d) 2D.
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derived by the tangential method can be upper bounds of
critical loads.

3. Slope Examples

To illustrate the effects of pore-water pressures on slope
assessment associated with linear MC and nonlinear PL
strength envelopes, this study adopted the same four clay
slope examples as presented by Gao et al. [24].*e four types
of clays are Israeli clay, London clay, Upper Lias clay, and
Oxford clay. *e experiment data and the corresponding

linear and nonlinear criteria for four clays have been pre-
sented in Figure 6. *e unit weight, linear, and nonlinear
strength parameters of four clays is shown in Table 1.

4. Results and Discussion

4.1. Effects of Pore-Water Pressures on Slope Critical Heights.
For the above four slopes, the influences of pore-water
pressures on slope critical heights derived by linear and
nonlinear envelopes have been studied in this section.
Figures 7–10 presented the critical heights of four slopes
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Figure 9: Critical heights of Upper Lias clay slopes undergoing different pore-water pressures. (a) B/H� 1. (b) B/H� 2. (c) B/H� 5. (d) 2D.
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with respect to different 3D effects and pore-water pressures.
In these figures, the solid lines related to the critical heights
are derived by nonlinear PL criterion (nonlinear results for
short), and the dotted lines related to the critical heights are
derived by linear MC criterion (linear results for short).
Lines in different colors represented the solutions with
different pore-water pressure coefficients ru (0.0, 0.25, and
0.5).

It can be found from Figures 7–10 that two critical slope
inclinations β1 and β2 associated with linear and nonlinear

results will change as pore-water pressure coefficient ru
changes for any slope example. When pore-water pressure
coefficient ru increases, the critical inclination β1 becomes
smaller, and β2 also gradually decreases or even disappears.
*e positions of two critical inclinations β1 and β2 will
gradually approach as the pore-water pressure coefficient ru
increases. Besides, by comparing the linear and nonlinear
results with different values of ru, the differences between
linear and nonlinear results for slopes with β> β2 were found
to become significant as ru increases. *e above
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Figure 10: Critical heights of Oxford clay slopes undergoing different pore-water pressures. (a) B/H� 1. (b) B/H� 2. (c) B/H� 5. (d) 2D.
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phenomenon may illustrate that the linear MC criterion will
result in more obviously higher critical height than the
nonlinear PL criterion for steeper slopes undergoing pore-
water pressures. In this situation, the importance of the
application of the nonlinear criteria in slope stability eval-
uations tends to be outstanding. However, the differences
between linear and nonlinear results for slopes (β1< β< β2)
seem to become smaller with ru increasing. *e underesti-
mation of slope safety derived by linear MC envelope will be
less obvious for these slopes subjected to pore-water
pressures.

Simultaneously, 3D effects on the distinctions between
linear and nonlinear results under different pore-pressure
coefficients ru are illustrated in Figures 7–10. As shown in
graphs (a)–(d) in each figure, the locations of two critical
slope inclinations (β1 and β2) will change slightly as the
relative width B/H increases from 1 to ∞ (2D). *e

differences between the linear and nonlinear results seem to
be more significant as B/H decreases for slopes undergoing
pore-water pressures. *is means that using linear MC
criterion for slope stability analysis will more obviously
overestimate or underestimate the stability of 3D slopes
undergoing pore-water pressures.

4.2. Effects of Pore-Water Pressures on Slope Slip Surfaces.
Figures 11 and 12 show the critical slip surfaces for 2D slopes
in Israeli clay and London clay subjected to different pore-
water pressures. *ese figures can help address the influ-
ences of pore-water pressures on slope critical slip surfaces
associated with linear and nonlinear envelopes. Similarly,
the solid lines and the dotted lines represented the critical
slip surfaces derived by nonlinear PL criterion and linear
MC criterion, respectively. Slope critical slip surfaces under
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Figure 11: Critical slip surfaces of Israeli clay slopes undergoing different pore-water pressures. (a) β� 28°. (b) β� 45°. (c) β� 60°. (d) β� 75°.
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different pore-water pressures were also presented by dif-
ferent color lines. It should be noted that four slope incli-
nations in ranges of β< β1, β1< β < β2, and β > β2 for two
slopes were considered in this section. *e final type of
failure mechanisms for these slope examples was obtained to
be the toe-failure mechanism.

As presented in Figures 11 and 12, the critical slip
surfaces derived by two strength criteria were found to have
different relative locations for slopes with various inclina-
tions. For gentle slopes (β< β1) with high normal stresses on
slip surfaces, the average shear strengths of the linear envelope
are smaller than those of the nonlinear envelope (Figure 6).
Hence, the critical slip surfaces with linear envelope are
shallower than those with nonlinear envelope.When the slope
inclination satisfies β> β2, the average shear strengths of the
linear envelope are higher than those of the nonlinear

envelope, and the linear criterion will result in a deeper slip
surface than the nonlinear criterion. Baker [17] made similar
findings in the limit equilibrium method for stability evalu-
ation of slope examples with another nonlinear envelope.

From Figures 11 and 12, the influences of pore-water
pressures on slope critical slip surfaces associated with linear
and nonlinear envelopes were found to be quite different. As
expected, the critical slip surfaces for slopes using the linear
MC criterion will become deeper with increase in pore-water
pressure coefficient ru. However, the critical slip surfaces of
gentle slopes (β< 45°) with nonlinear PL criterion will become
shallower as ru increases, but the change law for the critical
slip surfaces of steep slopes (β≥ 45°) seemed to be hardly
consistent. Besides, the effects of pore-water pressures on
critical slip surfaces associated with two failure criteria tend to
be less obvious for slopes with bigger inclinations.

–0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
x (H)

Nonlinear result (ru = 0)
Linear result (ru = 0)
Nonlinear result (ru = 0.25)
Linear result (ru = 0.25)
Nonlinear result (ru = 0.5)
Linear result (ru = 0.5)

1.25

1.00

0.75

0.50

0.25

0.00

–0.25

y (
H

)

β = 35°

(a)

–0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
x (H)

Nonlinear result (ru = 0)
Linear result (ru = 0)
Nonlinear result (ru = 0.25)
Linear result (ru = 0.25)
Nonlinear result (ru = 0.5)
Linear result (ru = 0.5)

1.25

1.00

0.75

0.50

0.25

0.00

–0.25

y (
H

)

β = 45°

(b)

–0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
x (H)

Nonlinear result (ru = 0)
Linear result (ru = 0)
Nonlinear result (ru = 0.25)
Linear result (ru = 0.25)
Nonlinear result (ru = 0.5)
Linear result (ru = 0.5)

1.25

1.00

0.75

0.50

0.25

0.00

–0.25

y (
H

)

β = 60°

(c)

–0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
x (H)

Nonlinear result (ru = 0)
Linear result (ru = 0)
Nonlinear result (ru = 0.25)
Linear result (ru = 0.25)
Nonlinear result (ru = 0.5)
Linear result (ru = 0.5)

1.25

1.00

0.75

0.50

0.25

0.00

–0.25

y (
H

)
β = 70°

(d)

Figure 12: Critical slip surfaces of London clay slopes undergoing different pore-water pressures. (a) β� 35°. (b) β� 45°. (c) β� 60°.
(d) β� 75°.
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*e emergence of the above phenomenon may relate to
the influence of equivalent internal friction angle ϕ e on the
slope critical slip surface. By using the MC criterion, the
slopes have deeper critical slip surfaces as pore-water
pressure coefficient ru becomes bigger or as internal friction
angle ϕ gets smaller. In stability analyses of slopes with
nonlinear PL criterion, the equivalent internal friction angle
ϕe is not constant. As presented in Figure 13, equivalent
internal friction angle ϕe becomes bigger as ru increases, but
the increasing trend will be gradually flat for steep slopes. It
may mean that the equivalent internal friction angle ϕe has a
more significant influence than the pore-water pressure on
critical slip surfaces of gentle slopes (β< 45°). *en, the
gentle slope slip surfaces associated with the PL criterion
appear to be shallower with the increasing pore-water
pressure coefficient ru. While, for steep slopes (β≥ 45°), the
effects of ϕe and ru on the slope critical slip surface seemed to
be mutually restricted. Hence, the critical slip surfaces of
steep slopes tend to have no consistent changing law as ru
increases.

5. Conclusions

Based on extended 3D rotational mechanisms for slope
stability assessment with linear MC envelope, this paper
used the tangential method to combine a nonlinear PL
criterion into upper-bound limit analysis method. *e pore-
water pressure coefficient was utilized to assess the effect of
pore-water pressure on the slope stability. For typical slope
examples, the slope critical heights and corresponding slip
surfaces associated with linear and nonlinear strength

envelopes were derived with respect to different pore-water
pressures and slope geometries. *e linear and nonlinear
results were compared to illustrate significant influences of
pore-water pressures on the stability of slopes in 2D and 3D
conditions. *e main conclusions from presented results
and discussions are drawn as follows:

(1) As pore-water pressure coefficient ru increases, the
positions of two critical inclinations β1 and β2 be-
tween the linear and nonlinear results gradually
approach with β1 becoming smaller and β2 de-
creasing or even disappearing. For steeper slopes
undergoing pore-water pressures, using the linear
criterion will more obviously overestimate the crit-
ical height. *e application of nonlinear criteria in
slope stability analysis tends to become more
significant.

(2) For slopes undergoing pore-water pressures, the
differences between linear and nonlinear results for
slope critical heights become more obvious with the
relative width B/H decreasing. *e linear MC cri-
terion will result in more pronounced overestima-
tion or underestimation of the safety of actual slopes
with smaller widths.

(3) *e influences of pore-water pressures on slope
critical slip surfaces associated with nonlinear cri-
terion are quite different from those associated with
linear criterion. For slopes with the nonlinear cri-
terion, the critical slip surfaces of gentle slopes
(β< 45°) become shallower as ru increases. However,
the change law for the critical slip surfaces of steep
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Figure 13: Effect of ru on equivalent friction angle ϕe. (a) Israeli clay slope. (b) London clay slope.

14 Advances in Civil Engineering



slopes (β≥ 45°) seems to be hardly consistent with ru
increasing. *is is due to the fact that the increase of
equivalent internal friction angle caused by the in-
creasing pore-water pressure tends to weaken for
steep slopes.
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