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Structure material properties are heterogeneous in nature and would be characterized with different statistics at different length
scales due to the spatially averaging effects. *is work develops a framework for the modal analysis of beam structures with
random field models at multiple scales. In this framework, the random field theory is adopted to model heterogeneous material
properties, and the cross-correlations between material properties are explicitly considered. *e modal parameters of a structure
are then evaluated using the finite element (FE)method with the simulated heterogeneousmaterial properties taken as input.With
the aid of Monte Carlo simulation, the modal parameters are analyzed in a probabilistic manner. In addition, to accommodate the
necessity of different mesh sizes in FE models, an approach of evaluating random field parameters and generating random field
material properties at different length scales is developed. *e performance of the proposed framework is demonstrated through
themodal analysis of a simply supported beam, where the formulation of themultiscale random field approach is validated and the
effects of heterogeneous material properties on modal parameters are analyzed. Parametric studies on the random field pa-
rameters, including the coefficient of variation and the scale of fluctuation, are also conducted to further investigate the relations
between the random field parameters at different scales.

1. Introduction

To evaluate the sustainability of structures (e.g., buildings
and bridges) is a long-lasting problem in civil engineering
community [1–3]. Structures are often subjected to dynamic
loads, such as winds, waves, earthquakes, traffic, and human
activities, which could gradually deteriorate the life-long
sustainability of a structure. *e force magnitudes or di-
rections of dynamic loads keep varying with time, leading
structures to exhibit complex mechanical behaviours. Modal
parameters, including modal frequencies, mode shapes,
modal masses, and modal damping ratios, are a set of in-
herent parameters that characterize the dynamic properties
of a structure [4]. Despite the changeable nature of dynamic
loads, modal parameters keep constant and are independent
of the types and ranges of the external dynamic loads [5].
Modal analysis aims at determining the modal parameters of
a structure and hence has become an essential task for a wide
range of applications, such as serviceability analysis [6],

vibration control [7, 8], load estimation [9], structural
damage identification [10, 11], and structural health mon-
itoring [12, 13].

*e theories and methods to determine the modal pa-
rameters of a structure are relatively well developed. For
structures with simple geometries, e.g., cantilever beam,
plate, or shell structures, the analytical solutions of their
modal parameters might be available [4]. In regard to
complex structures with arbitrary shapes and various con-
stituents, the finite element (FE) method is usually employed
to approximate the modal parameters in a discrete manner
[14–17]. Technically, the modal parameters of a structure are
determined completely by its material properties (e.g., mass,
stiffness, damping, etc.) [4]. In earlier years, studies on
modal analysis considered structures such as homogeneous
materials for simplicity (e.g., [14, 15]). However, the material
properties of a structure are spatially variable in nature
[18–24]. *e spatial variability could result from various
factors, such as fluctuations inmaterial constituents, fracture
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defects, and variable historic loading conditions. Recently,
modal analysis with the consideration of spatially varying
material parameters has been on the rise [25–28], partially
due to the development of probabilistic FE analysis strategies
and the increase in computational power.

Within the studies of probabilistic modal analysis, the
approaches of simulating a heterogeneous structure can be
basically classified into two categories: the random variable
approach and the random field approach. In the random
variable approach, the material properties of a structure are
modelled as a set of random variables that are independent
with each other (i.e., without any correlation).*is approach
is most suitable for modelling structures that consist of
simple components, and each component is discretized into
a single element during the FE analysis. For example, Ding
et al. [29] introduced a 1% uncertainty with Gaussian dis-
tributions into the elemental stiffness parameters of a planar
truss structure to account for the modelling errors. In the
random field approach, the material property is modelled by
a set of random variables with an autocorrelation. *at is,
two elements in the vicinity of each other tend to have
similar material properties due to a high correlation with
each other. Such correlation decreases with the increasing
separation distance between those two elements. *e second
category, i.e., the random field approach, is more appro-
priate for modelling continuous structures. In this category,
for example, Su et al. [26] considered Young’s modulus and
density of a simply supported beam as a random field with a
normal distribution and developed a reliability-based
method for structural damage identification based on the
response surface method and Monte Carlo simulation
(MCS).

In reference to the random field approach, a random
field is generally characterized by two components: a dis-
tribution model that describes the probability density dis-
tribution of all the possible values of a material property at
different locations and a correlation function that describes
the correlation between the material properties of two lo-
cations. *ere are classical solutions for the distribution
model (e.g., normal distribution and lognormal distribution
[30]) and correlation function (e.g., single exponential
function [31]), the parameters of which are usually deter-
mined through a site investigation process [32–34]. Cur-
rently, the random field theory has been widely used in
geotechnical engineering to address the random heteroge-
neity of natural and artificial soils [35–39]. It has led to many
inspiring studies in a wide range of applications. For ex-
ample, the random field theory has been used to perform
probabilistic stability analyses of slopes and footings [40, 41],
to perform probabilistic evaluation of seabed liquefaction
[42, 43], to depict the effectiveness of soil compaction [44],
and to characterize the levels of soil contamination [45]. *e
application of the random field theory in structural engi-
neering for characterizing structure material properties is
comparably less, whereas it is on the rise recently.

When applying the random field approach to simulate a
heterogeneous structure, it is important to recognize that the
statistics of a material property are determined upon ele-
ments with a specific size, i.e., the size of testing samples

during site investigation. *ere could be considerable dis-
crepancies between the statistics of elements with different
sizes. For example, the variance of a material property of a
large element tends to be smaller than that of a smaller
element due to the spatially averaging effects. *us, the
random field parameters characterized at a certain scale
cannot be directly applied to generate a random field of
material property at another scale. However, in FE analysis,
the mesh size does not need to be the same as the size of the
testing samples. *ere are cases in which large element sizes
are adopted to reduce computational expenses. Modelling a
heterogeneous material at different scales, which is essential
in the FE-based structural modal analysis, remains a topic
less explored. Key knowledge gaps exist in generating
random field material properties at different scales and in
understanding the scale effects on modal analysis.

*is work aims to develop a framework for the prob-
abilistic characterization of structural dynamics with ran-
dom field models at multiple scales. In particular, an
approach of evaluating random field parameters and gen-
erating random field material properties at different scales is
developed to accommodate the necessity of different mesh
sizes in the FE-based structural modal analysis. *e re-
mainder of this paper is organized as follows. Section 2
details the formulation of the random field models at
multiple scales. Section 3 describes the framework of the
probabilistic FE-based structural modal analysis. Section 4
reports the results of an illustrative example using a simply
supported beam, through which the formulation of the
multiscale random field model is validated and the scale
effects on the modal parameters of a structure are investi-
gated. Based upon the results presented, concluding remarks
of this work are summarized in Section 5.

2. Multiscale Random Field Models

2.1. Simulation of a Random Field. It is known that material
properties of a structure vary in space with an autocorre-
lation structure. *e random field theory is an effective
method for simulating such spatially varying and auto-
correlated material properties [46–50]. For simplicity, this
work focuses on stationary random fields, where (1) the
distribution, as well as the corresponding statistics, of each
variable remains constant everywhere and (2) the correlation
between the variables at different locations depends only on
the separation distance [51, 52]. A nonstationary field can be
transformed into a stationary field by removing a lower-
order polynomial trend [51] or by applying a space defor-
mation [53].

Mathematically, a random field can be quantified as a set
of random variables at various locations, and these variables
are compliant to a joint multivariate distribution [20, 39].
Considering a stationary Gaussian field with a number of n

locations of interest, the random field can be quantified as a
set of random variables Z, with Z � [Z1, Z2, . . . , Zn] rep-
resenting the material property value at locations
i � 1, 2, . . . , n. *e correlation between variables Zi and Zj

can be described by a correlation function ρ(Δx), where the
underlying variable Δx represents the separation distance
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between locations i and j. For example, a single exponential
function [31], as adopted in this work, is written as

ρ(Δx) � exp −
2Δx
θ

􏼒 􏼓, (1)

where θ is the scale of fluctuation. *e Cholesky decom-
position approach developed by [54] is an effective method
to generate realizations of random but autocorrelated var-
iables. By using Cholesky decomposition, the correlated
random variables can be related to a set of independent
random variables through

Z � LU, (2)

where U is a vector of independent random variables with
the same statistics of variable Z and L is the Cholesky de-
composition of covariance matrix C satisfying C � LLT. *e
covariance matrix C consists of components ρij (calculated
from equation (1)), which characterize the covariance of the
material property values at location xi and xj.

Insomuch that there are multiple material properties and
these material properties exhibit a cross-correlation between
each other, these multiple material properties can be sim-
ulated following a similar Cholesky decomposition process
[49, 55, 56].

X[n×m]
� Z[n×m] L′[m×m]

􏼒 􏼓
T

, (3)

where X[n×m] represents the matrix of m cross-correlated
material properties at n locations, Z[n×m] represents the value
matrix of the m cross-independent material properties at n

locations simulated from equation (2), and L′[m×m] repre-
sents the Cholesky decomposition of the covariance matrix
R, of which the component Rij represents the covariance
between the material properties Xi and Xj, where
i, j � 1, 2, . . . , m are the material property indexes.

2.2. Random Field Parameters at Different Scales. As men-
tioned above, the statistics of a random field are evaluated
from testing samples with a certain size. In order to establish
a relation between the random field parameters at different
scales, it is assumed that the value of a material property at
the coarse scale is an average of the values of this material
property at the corresponding fine-scale locations. As an
example shown in Figure 1, an element at the coarse scale
corresponds to four elements at the fine scale. *e value of
material property Zc at the coarse scale is approximated by
averaging the four values Z

f
i at the fine scale. Generally, the

relation between material property values at different scales,
by averaging effects, can be given as [20]

Z
c

�
1
N

􏽘

N

i

Z
f
i , (4)

whereN is the number of fine-scale elements that covers by a
coarse-scale element.

Assuming that the random field parameters (e.g.,
mean, standard deviation, and correlation) of a material
property are given at the fine scale, the statistics of this

material property at the coarse scale can be derived
through equation (4). Specifically, the mean of Zc can be
obtained by taking the expectation of equation (4), such
that

μZc � E
1
N

􏽘
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f
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where E(·) represents the expectation operator. Accord-
ingly, the variance is calculated as
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(6)

where ρ
Z

f

i
Z

f

j

represents the correlation between material
properties at locations i and j at the fine scale. By definition,
the correlation betweenmaterial properties at locations i and
j at the coarse scale is given as
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where COV(·) represents the variance operator. In a similar
fashion, substituting Zc

i and Zc
j with equation (4) and

simplifying yields
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where variables Zi,k and Zj,l represent the values of material
property at fine-scale elements k and l that correspond to
coarse-scale elements i and j, respectively.

With the random field statistics given at the fine scale,
the random field statistics at the coarse scale can be
evaluated based on the formulations presented above. By
virtue of the theorem that a linear combination of a
multivariate normal random vector also has a normal
distribution [30], the material property at the coarse
scale, as an average of the material property values at the
fine scale, also exhibits a Gaussian random field. Random
fields of material properties at the coarse scale can then be
simulated following the general procedures provided in
Section 2.1.

Coarse scale

Fine scale

Scale up by averaging

Zc

Z1
f Z2

f Z3
f Z4

f

Figure 1: Illustration of the material properties at coarse and fine
scales and the averaging effect.
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2.3. Non-Gaussian Distributions. It is assumed in the pre-
vious section that the random field being considered is a
Gaussian process. Besides normal distributions, the beta,
gamma, and lognormal distributions are also commonly
used and have their unique applications in natural and social
sciences [20, 30]. In regard to the case that the fine-scale
material properties follow a general distribution, the random
field parameters at the coarse scale can still be evaluated
using the same formulations presented in the previous
section. However, the distribution of the coarse-scale ma-
terial properties becomes an unknown. To resolve this
problem, Chen et al. [20] proposed several options to ap-
proximate the coarse-scale distributions, which are sum-
marized as follows.

(i) Empirical function: realizations of material prop-
erties at the fine scale are first simulated and av-
eraged. Empirical probability density function or
cumulative density function for the coarse-scale
material property can then be obtained by fitting
these simulated realizations.

(ii) Fine-scale distribution: when the number of fine-
scale elements covered by a coarse-scale element is
small, it is appropriate to approximate the coarse-
scale material property using the same fine-scale
distribution model, but with a different set of model
parameters to reflect the statistics change after
upscaling from fine scale to coarse scale (see
equations (5) and (6)).

(iii) Gaussian distribution: when the number of fine-
scale elements covered by a coarse-scale element is
sufficiently large, in reference to the central limit
theorem, it is more appropriate to approximate the
coarse-scale material property using Gaussian
distribution.

3. Framework of Probabilistic FE Analysis

*e framework of probabilistic FE analysis of structural
dynamics consists of three main components: (1) hetero-
geneous structural material properties are simulated using
the random field theory; (2) with the simulated heteroge-
neous material properties, the modal parameters of a
structure are evaluated based on FEmodels; and (3), with the
aid of MCS, the modal parameters of this structure are
analyzed in a probabilistic manner. *is section presents the
formulation of the FE-based modal analysis and the ap-
proach of integrating random fields into FE models.

3.1. FE-BasedModal Analysis. In reference to a general solid
mechanics problem, the generalized equation of motion is
given as

∇ · σ + ρb � ρa, (9)

where σ is the stress tensor, b is the body fore vector, a is the
acceleration vector, and ρ is the material density. For the
most basic problem involving a linear elastic material which

obeys Hooke’s Law, the matrix equations take the form of a
dynamic spring mass system.

M €U + C _U + KU � F, (10)

where M, C, and K are the mass, damping, and stiffness
matrices, respectively; U is the displacement vector; €[·] and
_[·] represent the first-order and second-order time derivative
operators, respectively; and F is the force vector. For vi-
brational modal analysis, the damping is generally ignored,
leaving only the first and third terms on the left-hand side
[4]:

M €U + KU � 0, (11)

which is the general form of the eigensystem encountered in
structural engineering using FE analysis. *e modal fre-
quencies and mode shapes can be obtained by solving the
generalized eigenvalue problem

KΦ � ω2MΦ, (12)

where ω and Φ represent the modal frequencies and mode
shapes, respectively.

3.2. IntegrationwithRandomFieldMaterialProperties. In FE
analysis, the domain is discretized into a mesh, where the
underlying material properties are also represented in a
discrete manner. *ere are several strategies that can be
employed to approximate material properties using their
values at finite nodes, such as the midpoint method, the
shape function method, the integration point method, the
optimal linear estimation method, the spatial average
method, and the weighted integral method [57]. In this
work, the midpoint method, which was first introduced by
Der Kiureghian and Ke [58], is adopted owing to its
simplicity in implementation and computational effi-
ciency. *at is, the material property at each element is a
constant and takes the material property value at the
centroid of that element. To incorporate multiscale ran-
dom fields in FE analysis, the target mesh size in a FE
simulation is first determined, and the statistics of a
material property at this target mesh size are calculated
from the statistics of this material property at the refer-
ence scale using the multiscale random field approach.
*en, the simulation domain is discretized into a mesh of
the target mesh size and the material properties in each
element are generated using the random field theory.
Lastly, the random fields of material properties are im-
ported into the FE simulation code so that each element
has its specific material property value. With the incor-
poration of random fields, probabilistic FE analysis can be
performed following the MCS scheme. *e interested
reader is also referred to [59, 60] for a general workflow of
incorporating random fields in FE analysis. It should be
noted that the MCS technique could be computationally
expensive as it requires to run the simulation repeatedly
for a large number of trials. *ere are several other ap-
proaches that are developed to improve computational
efficiency, such as the subset simulation technique [61],
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support vector machine method [62], and the Bayesian
regression technique [63].

4. Numerical Simulations

In this section, a simply supported beam is taken as an
example to verify the formulation of multiscale random field
models and to investigate the effects of random field
properties on the modal parameters of a structure. *e beam
has a span of 60m (see Figure 2) with the cross-sectional area
and the moment of inertia taken to be 11.2m2 and 20.87m4,
respectively. In practice, the statistics of a material property
at a reference scale could usually be determined through a
site investigation process. Particularly, to determine the
scales of fluctuation, the semi-variogram is first calculated
and scales of fluctuation are determined by fitting the semi-
variogram with an adopted correlation function [22]. With
the statistics of a material property characterized from the
testing samples at the reference scale, the statistics of this
material property at a coarse scale could be determined using
the developed multiscale random field approach. In this
work, the fields of the mass density and Young’s modulus
along the beam are both assumed to follow a stationary
Gaussian process with a cross-correlation. *e statistics of
the mass density and Young’s modulus fields at the reference
scale (i.e., mesh size of 0.5m) are listed in Table 1. *e cross-
correlation between mass density and Young’s modulus is
taken as 0.8. *is beam example has been previously studied
in Su et al. [26] to demonstrate a reliability-based framework
for damage identification. However, the cross-correlation
between mass density and Young’s modulus and the scale
effects on random field statistics were not considered in that
work.

4.1. General Results of ProbabilisticModal Analysis. To begin
with, the simulation of random fields at different scales and
the scale effects on the random field statistics are investi-
gated. With the procedures described in Section 2.1, random
fields of mass density and Young’s modulus can be simu-
lated, and example realizations of them are given in Figure 3.
In this example realization, the mass density and Young’s
modulus at each location are random but varying spatially in
a somewhat smooth manner. A positive cross-correlation
between the mass density and Young’s modulus can be
identified by observing the phenomenon that locations with
a larger mass density also exhibit a greater Young’s modulus
and vice versa.

For a probabilistic FE analysis considering random field
material properties, MCSs are usually required to approach a
statistical characterization of the structural dynamic re-
sponses. In this regard, 10,000 realizations of the mass
density and Young’s modulus are generated and will later be
cast into the FE model to conduct modal analysis. Herein,
the results of the 10,000 simulated random fields are first
analyzed to investigate the effectiveness of the random field
approach andMCSs.*ematerial properties at themiddle of
the beam are probed, and the results of the histogram, mean,
and coefficient of variation (COV) of the 10,000 realizations

are gathered in Figure 4. As can be observed from the
histograms, the distributions of mass density and Young’s
modulus appear as a bell curve and can be well fitted by
normal distributions. As the number of MCSs increases, the
mean and COV asymptotically approach their specified
values.

With the 10,000 realizations of material properties,
modal parameters of this beam are calculated, respectively.
Figure 5 presents the statistics (i.e., histogram, mean, and
COV) of the first-order modal frequencies based on the
10,000MCSs.*e values of modal frequency also appear as a
normal distribution with a mean of 13.45 and a standard
deviation of 0.33. *e COV is calculated to be about 0.025,
which is considerably large if comparing with the COV of
mass density and Young’s modulus (i.e., 0.05 and 0.1, re-
spectively). *e results indicate that the material hetero-
geneity has a considerably significant impact on the
structure dynamic responses. Similar to the evolution pat-
tern of material properties, the mean and COV of modal
frequencies also asymptotically approach constants after a
sufficient number of MCSs.

As the beam is discretized into 120 elements with 240
degrees of freedom, the mode shapes are vectors of 240
components. For visualization purposes, components
corresponding to the deflections of the beam are
extracted and rearranged and normalized to a unit vector.
Figure 6 shows the profile of the first-order mode shape
along the beam. *e 90% confidence interval (CI) of the
mode shape at each location forms a very tiny band,
indicating relatively small variations due to material
heterogeneity. To gain more insights into the effects of
material heterogeneity on mode shapes, the modal as-
surance criterion (MAC) [64] is further investigated. *e
MAC is a statistical indicator that is most sensitive to
large differences and relatively insensitive to small dif-
ferences in the mode shapes. *is yields a good statistic
indicator and a degree of consistency between mode
shapes [64]. In this work, the MAC values for mode
shapes between the heterogeneous case and the homo-
geneous case are calculated and used to study the het-
erogeneity effects. Figure 7 shows the results of the
histogram, mean, and COV of the first-order mode shape.
For all 10,000 MCSs, the MAC values reside within a
narrow range that from about 0.999 to 1. *e mean of
these MAC values is almost one, and the COV is next to
zero (e.g., about 1.5e − 4). *e results further indicate that
material heterogeneity exhibits a considerably small
impact on mode shapes.

4.2. Validation of Multiscale Random Field Models. In this
section, the effectiveness of the proposed multiscale
random field models will be investigated. With the ran-
dom field statistics given at the reference scale, i.e., 0.5 m,
the random field statistics at coarse scales can be calcu-
lated based on the proposed multiscale random field
approach. In this work, mesh sizes of 2, 3, 4, 5, 6, and 8
times of the reference size are considered. After 10,000
MCSs, the statistics of the material property values of each
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Figure 3: An example realization of the random fields of mass density and Young’s modulus with 120 elements. *e beam has a span of
60m.
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Figure 2: Geometry and boundary conditions of the example beam problem.

Table 1: Random field parameters of the mass density ρ and Young’s modulus E of the example beam at the reference scale.

Distribution Mean Coefficient of variation Scale of fluctuation (m)
ρ Normal 2500 kg/m3 0.05 30
E Normal 32.5GPa 0.10 30
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Figure 4: Continued.
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element are calculated and compared with the analytical
solutions (i.e., equations (5), (6), and (8)). Figure 8
presents the COV of Young’s modulus for the random
fields at different scales. For each mesh, the COVs of each
mesh element exhibit a slight variation, but all reside in a
reasonable range around the analytical solution. *e COV

of Young’s modulus decreases with the increasing mesh
size, which is consistent with the fact of the spatially
averaging effects.

*e results of the correlation between material prop-
erties at different locations are presented in Figure 9. Ba-
sically, the correlation between material properties at two
locations decreases with the increasing separation distances.
With the same separation distances, the mesh elements with
a greater size exhibit stronger correlation between each other
than those with a smaller size. To better visualize the cor-
relation change due to the mesh size effects, the magnitudes
of correlation change of a coarse scale with respect to the
reference scale are calculated, and both the analytical and
simulated results are shown in Figure 9(b). Overall, the
correlation changes based on analytic solution and simu-
lated random fields exhibit very good agreement. *e
magnitudes of the correlation change due to the scale effects
first increase with the increasing separation distances and
then vanish as the correlation approaches zero.

Next, the effectiveness of usingmultiscale random fields for
modal analysis is investigated.*emodal analysis of the simply
supported beam is conducted based on amesh size of 4m, i.e., 8
times that of the reference size 0.5m. Random field material
properties are generated using two approaches: (1) direct
simulation, in which the random field material properties
corresponding to the reference mesh size are first generated
and are then added up and averaged to generate the random
field material properties for the target mesh size; and (2) the
proposed multiscale approach, in which the random field
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Pr
ob

ab
ili

ty
 d

en
sit

y E ~ N (32.45, 3.19)
0.15

0.1

0.05

0
20 25 30 35 40 45

Young’s modulus (GPa)

(d)

100 101 102 103 104

Number of MCS

M
ea

n 
of

 Y
ou

ng
’s 

m
od

ul
us

(G
Pa

)

35

34

33

32

31

30

(e)

100 101 102 103 104

Number of MCS

0.15

0.1

0.05

0CO
V

 o
f Y

ou
ng

’s 
m

od
ul

us

(f )

Figure 4: Histogram (a, d), mean (b, e), and COV (c, f ) of the simulated random field properties within 10,000 MCSs. Top row and bottom
row represent the results of mass density and Young’s modulus, respectively.

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

M
od

al
 sh

ap
e

10 20 30 40 50 600
X coordinates (m)

0.06

0.065

10 10.29.8

90% CI
Mean

Figure 6: First-order mode shape with only the deflection com-
ponents. *e red line represents the mean of 10,000 MCSs, and the
band represents 90% CI.

Advances in Civil Engineering 7



0.095

0.096

0.097

0.098

0.099

0.1

0.101

0.102

CO
V

 o
f Y

ou
ng

’s 
m

od
ul

us

2 3 4 5 6 7 81
Mesh size normalized by reference size

Simulated
Analytical

Figure 8: COV of Young’s modulus for the random fields at different scales. Each point of the simulated data represents the COV of a mesh
element based on the 10,000 MCSs.

10000

8000

6000

4000

2000

0

Pr
ob

ab
ili

ty
 d

en
sit

y

0.998 0.999 1 1.001
MAC

(a)

1.001

1.0005

1

0.9995

0.999

0.9985

0.998

M
ea

n 
of

 M
AC

100 101 102 103 104

Number of MCS

(b)

3

2

1

0

CO
V

 o
f M

A
C

×10–4

100 101 102 103 104

Number of MCS

(c)

Figure 7: Histogram (a), mean (b), and COV (c) of the first-order MAC based on the 10,000 MCSs.

1

0.8

0.6

0.4

0.2

0

C
or

re
lat

io
n

0 10 20 30 40 50 60
Separation distance (m)

1

0.9

0.8
0 2 4

Mesh size = Iref
Mesh size = 2Iref

Mesh size = 4Iref
Mesh size = 8Iref

(a)

C
or

re
lat

io
n 

va
ria

tio
n 

w.
r.t

 re
fe

re
nc

e

0 10 20 30 40 50 60
Separation distance (m)

0.08

0.06

0.04

0.02

0

–0.02

Simulation, Iref
Simulation, 2Iref
Simulation, 4Iref
Simulation, 8Iref

Analytical, Iref
Analytical, 2Iref
Analytical, 4Iref
Analytical, 8Iref

(b)

Figure 9: *e correlation of material properties at different locations: (a) correlation vs. separation distance based on analytical for-
mulations and (b) the change of correlation at a coarse scale with respect to the correlation at the reference scale based on the analytical
formulations and the simulated random fields.

8 Advances in Civil Engineering



statistics for the target mesh size are first evaluated based on
equations (5), (6), and (8) and then cast into the general
procedures of simulating randomfields to generate the random
field material properties at the target scale. Herein, the direct
simulation approach is adopted as a benchmark to verify the
proposed multiscale approach. Figure 10 presents the cumu-
lative distribution of the first- and sixth-order modal fre-
quencies based on the 10,000 MCSs. *e results of the direct
simulation approach and multiscale simulation approach ex-
hibit very good agreement, indicating good effectiveness of the
proposedmultiscale approach. Similar analyses onmode shape
and MAC values can be also conducted but are not presented
here as they are shown to be insensitive to the mesh size effects
in the previous section.

To gain a more quantitative insight into the results of
probabilistic modal analysis and the mesh size effects, the
statistics of the modal frequencies based on meshes with
different sizes are summarized in Table 2. For modal fre-
quencies of different orders, the probabilistic modal analysis
with different mesh sizes provide almost identical results.
*ere is, however, a slight but notable phenomenon that the
higher order modal frequencies (e.g., sixth-order modal
frequencies) exhibit a tiny increasing trend with the in-
creasing mesh sizes. *e sixth-order modal frequencies
increase from 484.78 to 487.42 when the mesh size in modal
analysis is enlarged by eight times.

4.3. Parametric Study on COV. Since the COV and corre-
lation at different scales are essentially affected by the COV
and correlation at the reference scale (the mean remains
constant at different scales), it is then of interest to study the
general relations between the COV and correlation at dif-
ferent scales for different values of COV and scales of
fluctuation. For such purposes, parametric studies on the
COV and the scale of fluctuation were conducted. With the
COV of Young’s modulus at the reference scale changing
from 0 to 0.2, COV and correlation at the coarse scales can
be calculated. Figure 11 presents the results of COV and
correlation at the coarse scales for different values of COV at
the reference scale. Two main observations can be made
based on these results. First, the COV at a coarse scale
increases linearly with the increasing COV at the reference
scale, while the increasing ratio decreases with the increasing
mesh sizes. Second, the correlation at a coarse scale is in-
dependent from the COV at the reference scale no matter
what size of mesh at the coarse scale is used.

Figure 12 shows the evaluation of the statistics of the
modal frequency with the increase of the COV at the ref-
erence scale. *e mean of modal frequencies exhibits a tiny
yet notable decreasing profile with the increasing COV at the
reference scale. When COV increases from 0.02 to 0.2, the
mean of the first modal frequency exhibits a decrease of
about 1.1% (i.e., from 13.49 to 13.34). *e variation of the
COV of modal frequency is more significant than the mean.
It increases almost linearly with the increasing COV at the
reference scale. *e COV of the first-order modal frequency
is about 0.05 when the COV of Young’s modulus at the
reference scale increases to 0.2.

Figure 13 presents the results of MAC values for different
values of COV at the reference scale. *e MAC values are
calculated based on the mode shapes of the heterogeneous
case and the homogeneous case. Similar to the evolution
profile of modal frequencies, the mean of the MAC values
decreases and the COV increases with the increasing COV at
the reference scale. When the COV at the reference scale
increases to 0.2, the difference between the MAC mean and
unity is less than one thousandth, and the MAC COV is also
less than 0.001. Overall, the results indicate that material
heterogeneity exhibits minimal impacts on mode shapes.

4.4. Parametric Study on Scale of Fluctuation. Lastly, the
random field statistics and modal parameters for different
scales of fluctuation are analyzed. Figure 14 presents the
results of the COV and correlation with the scale of fluc-
tuation increasing from 10 to 50m. With an increase in the
scale of fluctuation, the COV at the target scale increases and
approaches the COV at the reference scale; the correlation
decreases and approaches the correlation calculated at the
reference scale. Generally, a random field would exhibit
severe variations in space if the scale of fluctuation is small,
and it would appear as a homogeneous field if the scale of
fluctuation approaches infinite. In the case of a homoge-
neous field, the material property is the same everywhere in
the domain and becomes a single random variable. *e
results indicate that the effects of mesh size on the random
field statistics become less significant with the increase of
scale of fluctuation.

*e statistics of the first-order modal frequency for
different scales of fluctuation are presented in Figure 15.
Although the mean of the modal frequency exhibits an
increasing trend with the increasing scale of fluctuation, the
variation of the mean is deemed to be negligible, i.e., less
than 0.1%.*e COV of the modal frequency increases as the
scale of fluctuation increases. *is is reasonable because the
COV increases and the correlation of the random fields
decreases with the increase in the scale of fluctuation. *e
increase of COV and decrease of correlation indicates a
greater variation in the material property fields and thus
results in a greater variation in the modal parameters. *e
COV of the modal frequency exhibits considerably signif-
icant variations (i.e., increases from about 0.016 to 0.028),
when the scale of fluctuation changes from 10 to 50m.

*e statistics of the first-order MAC values for different
scales of fluctuation are presented in Figure 16. Although the
mean of the MAC values first decreases and then increases
while the COV first increases and then decreases with the
increasing scale of fluctuation, the variations in the mean
and COV are next to negligible. Based on the results of
probabilistic modal analysis with different mesh sizes and
different random field statistics, it is indicated that material
heterogeneity has considerably significant impacts on modal
frequencies and should be considered in applications such as
reliability-based structural damage identification, while it
has negligible impacts on mode shapes as well as MAC
values and thus could be ignored in such applications for
computational simplicity.
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Figure 10:*e cumulative distribution of modal frequencies based on the 10,000 MCSs: (a) first-order modal frequency and (b) sixth-order
modal frequency.

Table 2: Modal frequencies based on the meshes with different sizes.

Mesh size (m)
Modal frequency (mean± standard deviation, Hz)

1st 2nd 3rd 4th 5th 6th
0.5 13.45± 0.33 53.84± 1.19 121.17± 2.61 215.42± 4.58 336.64± 7.11 484.78± 10.20
1.0 13.46± 0.33 53.86± 1.19 121.21± 2.59 215.52± 4.55 336.78± 7.06 485.02± 10.15
1.5 13.45± 0.33 53.85± 1.19 121.20± 2.60 215.50± 4.56 336.80± 7.07 485.07± 10.16
2.0 13.45± 0.33 53.86± 1.19 121.23± 2.59 215.59± 4.53 336.97± 7.04 485.42± 10.12
2.5 13.46± 0.33 53.88± 1.19 121.30± 2.59 215.72± 4.55 337.23± 7.09 485.90± 10.17
3.0 13.46± 0.33 53.87± 1.18 121.29± 2.57 215.76± 4.53 337.37± 7.05 486.26± 10.12
4.0 13.45± 0.33 53.87± 1.20 121.31± 2.62 215.88± 4.60 337.81± 7.17 487.42± 10.31
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Figure 11: Random field statistics for different values of COV at the reference scale: (a) COV at the target scale and (b) correlation at the
target scale when the separation distance is 16m (i.e., about half of the scale of fluctuation).
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5. Conclusions

*e statistics (e.g., mean, variance, and scale of fluctuation)
of a material property would have different values at dif-
ferent length scales due to the spatially averaging effects.*is
work presents a framework for the probabilistic modal
analysis of beam structures with random field models at
multiple scales. An approach of evaluating random field
parameters and generating random field material properties
at different scales is developed based on element averaging.
Probabilistic analysis of a simply supported beam is per-
formed as an example, and the validity of the multiscale
random field approach and the effects of random field
properties on structure modal parameters are investigated.
With the results presented, the following conclusions can be
drawn.

(1) *e uncertainty in a material property decreases,
whereas the correlation increases with the increase of

element size due to the spatially averaging effects,
while the mean remains constant. Heterogeneous
material properties with different element sizes can
be effectively generated using the developed multi-
scale random field approach.

(2) *ere is relatively significant uncertainty in the
modal frequencies as a result of the heterogeneous
material properties, while the uncertainty in mode
shapes is considerably small. *e structural dy-
namics can be accurately characterized using the
multiscale random field approach, which allows for
the usage of coarse meshes in the FE simulations and
thus improves the computational efficiency.

(3) *e uncertainty in a material property characterized
at a coarser scale increases with the uncertainty at the
reference scale, while the correlation remains un-
changeable with respect to the variation of uncer-
tainty at the reference scale. With an increase in the
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Figure 15: Statistics of the first-order modal frequency for different scales of fluctuation: (a) mean and (b) COV.*emesh size is 4 times the
reference size.
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scale of fluctuation at the reference scale, the un-
certainty at a coarser scale increases, whereas the
correlation at a coarser scale decreases.

(4) *e uncertainty in modal frequencies increases with
the uncertainty in material properties, and it also
increases with the increase of the scale of fluctuation.
Material heterogeneity has considerably significant
impacts on modal parameters and should be prop-
erly considered in applications such as structure
reliability analysis.
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Géotechnique, vol. 51, no. 4, pp. 351–359, 2001.

[38] Y. Pan, Y. Liu, A. Tyagi, F.-H. Lee, and D.-Q. Li, “Model-
independent strength-reduction factor for effect of spatial
variability on tunnel with improved soil surrounds,”
Géotechnique, vol. 71, pp. 1–17, 2020.

[39] Y. Pan, Y. Liu, F. H. Lee, and K. K. Phoon, “Analysis of
cement-treated soil slab for deep excavation support - a ra-
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