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Despite the lack of test data of the coefficient of pressure sensitivity α and the shearing cohesion k, the Drucker–Prager criterion is
commonly applied for numerical analyses of geotechnical engineering. To bridge the gap between the wide application and
insufficient knowledge of strength parameters of the Drucker–Prager criterion, this study presents experimentally calibrated
strength parameters of this criterion for the first time. +is paper proposes a new method to measure α and k in the Druck-
er–Prager criterion. +e square root of the second invariant of the deviatoric stress tensor

��
J2


is linearly fitted with the first

invariant of the stress tensor I1 in the stress space. +e parameters φ and c in the Mohr–Coulomb criterion and α and k in the
Drucker–Prager criterion are calibrated to the same set of triaxial compression tests of sandstones. With these testing results, five
pairs of conversion formulae (which are most commonly used in the literature) are examined and the most appropriate pair of
conversion formulae is identified. With parameters indicating cohesive strength (c and k) and parameters indicating frictional
strength (φ and α), the evolutions of different strength components are compared with those in the cohesion-weakening friction-
strengthening model. With an increase in plastic deformation, the cohesive strength parameters c and k firstly increase to a peak
value and then decrease. +e frictional strength parameters φ and α gradually increase at a decreasing rate after the initial
yield point.

1. Introduction

+e Mohr–Coulomb criterion and the Drucker–Prager
criterion are often used in geotechnical engineering. +e
Mohr–Coulomb criterion assumes that the shearing stress
on the failure plane is a function of the normal stress on the
failure plane, which is expressed as [1–3]

τ � tan φ · σ + c, (1)

where τ represents the shearing stress on the cross section, σ
represents the normal stress on the cross section, φ repre-
sents the angle of internal frictional, and c represents the
cohesion. However, the Mohr–Coulomb failure criterion
has three main shortcomings. First, it assumes that the

intermediate principal stress does not influence failure1,
4–8; second, the meridians and the failure envelope in
Mohr’s diagram are straight lines, which implies that the
strength parameter φ does not change with the confining
pressure [9, 10]; and third, the failure surface in the stress
space has corners, which are difficult to handle in a nu-
merical analysis [11].

Drucker and Prager [12] considered the Mises criterion
and modified it to the Drucker–Prager criterion, as
expressed in the following equation:

��
J2


− αI1 − k � 0, (2)

where J2 represents the second invariant of the deviatoric stress
tensor, α represents the coefficient of pressure sensitivity, I1
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represents the first invariant of stress tensor, and k represents
the shearing cohesion (for the parameters α and k that have not
been named in the list of symbols suggested by ISRM [13], this
paper used k as the shearing cohesion in order to distinguish it
from the cohesion c in the Mohr–Coulomb criterion, and α as
the coefficient of pressure sensitivity).

+e Drucker–Prager criterion, which is continuously
differentiable (except for the cone top in the stress space), is
commonly preferred by many numerical analysis software
sets, despite the various limitations associated with the
Drucker–Prager criterion [14–16]. However, when the
Drucker–Prager criterion is used for numerical analysis, no
test parameters are available for the coefficient of pressure
sensitivity α and the shearing cohesion k. +erefore, these
have to be indirectly obtained from the angle of internal
friction φ and cohesion c (which can usually be identified by
conducting triaxial compression tests) by conversion
through conversion formulae [14, 16, 17]. +e parameters c
and φ of the Mohr–Coulomb criterion have been intensively
studied and numerous models have been proposed to de-
scribe the evolution of c and φ during the plastic defor-
mation stage [18–32]. Both parameters are of vital
importance in geotechnical engineering stability analyses,
especially for tunnel design [33–38]. However, little test data
is available for the parameters α and k except for the result
reported by Yao [39], who measured those parameters
semiempirically by a rather complicated deduction of for-
mulae and processing of experimental data. It should be
noted that Yao observed an increase of k at the later stage of
plastic deformation, which implies that the internal cohesive
strength increases with increasing plastic deformation. Yao’s
conclusion may, however, be doubted, as it implies that the
bonding of particles will be strengthened even if a macro
failure plane has emerged. According to the different spatial
relationships of the Mohr–Coulomb criterion and the
Drucker–Prager criterion in the stress space, several kinds of
conversion formulae can be applied for the parameters of
these two criteria, and these different conversion formulae
also yield different results [40–44]. According to Zheng et al.
[44], with different formulae to calculate the parameters α
and k, the deviation in the ultimate bearing capacity of
geomaterials may deviate as much as 500%. Xiong and
Zhang [45] studied the influence of different conversion
formulae on the conversion of φ and c to α and k (in an
analysis of the safety of dams).+e authors suggested that, in
numerical analysis, different conversion formulae should
indeed be adopted according to different strength safety
factor needs.

+e conversion formulae for the parameters in the
Mohr–Coulomb and Drucker–Prager yield criteria were
explained from the principle of minimal deviation of energy
[42]. Because of the deviations that would emerge if the
Mohr–Coulomb hexagon were to be approximated as either
inscribed or circumscribed by the Drucker–Prager circle, a
new pair of conversion formulae was proposed [46]. +is
pair was proposed by assuming that the Drucker–Prager
circle would have the same area as of the Mohr–Coulomb
hexagon on the π plane. +e proposed conversion formulae
were validated by engineering practices. By numerical

simulation, Deng et al. [47] concluded that the different
conversion formulae between the Mohr–Coulomb criteria
and the Drucker–Prager criterion would significantly in-
fluence the simulation results. Using a finite element model
in ANSYS, Chen et al. [48] computed the displacements
and stresses of a slope after excavation under two condi-
tions; i. e., the Mohr–Coulomb vertices were either
inscribed or circumscribed by the Drucker–Prager circle.
+e results under the condition of the inscribed Druck-
er–Prager circle were much closer to the results obtained by
the Mohr–Coulomb criterion. As an alternative way of
getting the parameters α and k, Zhang proposed that the
parameters α and k can be measured by true triaxial tests
under different stresses and strain states. Zhang further
suggested that the fitting of α and k should be in accordance
with the stress state existing in practical engineering. If
different values of α and k were adopted, the limiting load
might deviate by as much as 400%, so the values of α and k
should be selected with care.

Although the Drucker–Prager criterion is often utilized
in various applications of geotechnical engineering, its pa-
rameters are usually converted from the Mohr–Coulomb
criterion and the calibrated parameters of the Druck-
er–Prager are rarely reported. Moreover, the evolution of the
strength parameters is highly important for the analysis of
the progressive failure of underground caverns [18, 19];
however, the evolution of the strength parameters of
Drucker–Prager criterion during the plastic deformation
process has not been calibrated to date. Hence, in this paper,
for the same group of triaxial compression tests in different
stress spaces, the parameters α and k are calibrated in the
Drucker–Prager criterion and the parameters φ and c are
calibrated in the Mohr–Coulomb criterion for the same
group of triaxial compression tests in different stress spaces.
+e evolutions of parameters α , k, φ, and c are studied with
plastic deformation. Moreover, the disparities of different
conversion formulae of the Drucker–Prager criterion and
the Mohr–Coulomb criterion are examined with the cali-
brated strength parameters.

2. Complete Stress-Strain Curve and
Strength Curve

2.1. Complete Stress-Strain Curve of Tight Sandstone under
Triaxial Compression. To obtain the parameters c and φ in
the Mohr–Coulomb criterion and α and k in the Druck-
er–Prager criterion, triaxial experiments were conducted in
the laboratory of rock mechanics at the China University of
Petroleum-Beijing (CUPB).

+ree cylindrical rock specimens with dimensions of
ϕ25×50mm were subjected to different confining pressures
of 10MPa, 15MPa, and 30MPa for triaxial compression
tests.+e displacement control mode was adopted to acquire
the complete stress-strain curve including both the hard-
ening stage and the softening stage. A fluid-servo rock
testing system, TFD-1000, available at the CUPB, was uti-
lized, which is fully able to conduct the triaxial compression
tests. +e electro-hydraulic servo rock testing machine had a
stiffness exceeding 10GN/m.
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+e three samples (ϕ25 × 50mm) were drilled from a ϕ
100mm core taken from a tight oil reservoir of the
Changqing Oil field located in the northwest of China.+ere
were no visible cracks in these four samples after drilling.
+e maximum diameter of particles in these sand samples
was far less than 1/20th of the diameter of smaller samples
(25mm). +e ends of the samples were ground, and the
flatness and perpendicularity were assessed by using a
vertical ruler and a right-angle ruler, respectively.

+e samples were wrapped with heat-shrink tubes to
isolate samples from confining fluid. +e tests were per-
formed in drained conditions, at standard laboratory hu-
midity conditions. Axial and circumferential displacements
were measured by LVDTs with a resolution of 0.0001mm.

+e test followed the ASTM standard D7012 [49]. Axial
and circumferential displacements were measured by
LVDTs. At the beginning of each test, the axial strain control
mode was used, and the specimen was loaded at an axial
strain rate of 0.001mm/mm/s until the applied load reached
approximately 70% of the expected peak load. At 70% peak
load, the control mode was switched to the circumferential
strain control mode, and the test was continued at a strain
rate of 0.0001mm/mm/s. +e stress-strain curves for the
three specimens were obtained as shown in Figure 1.

2.2. Strength Curves for Tight Sandstones in Triaxial Com-
pression Tests. +e use of the word failure is often ambig-
uous in the literature and is commonly used in a somewhat
general sense, not clearly distinguishing between failure and
yielding. A reason for this practice is that yield can be
considered as the onset of failure [50]. In the history of rock
mechanics, the Mohr–Coulomb criterion was used as a
failure criterion, describing the mechanical properties of
materials at their peak strengths. However, with the advent
of servo-controlled testing machines with large rigidity, it is
reasonable to realize that rock is also an elastoplastic ma-
terial, not only a brittle material, as described by the peak
strength. As an elastoplastic material, rock will also undergo
strengthening and weakening, and the mechanical proper-
ties will not be constants but will rather vary with plastic
deformation. To record the plastic loading history, the
monotonically increasing scalar κ was introduced to rep-
resent the loading history. Strength parameters, i. e., co-
hesion c, angle of internal friction φ, coefficient of pressure
sensitivity α, and shearing cohesion k, were mobilized with
the plastic internal variable κ. +e scenario represents the
initial yield surface in the stress space. With increasing κ, the
yield surface begins to expand. Until κ has increased to a
certain value, the strength of a rock specimen reaches its
peak strength, as represented by the peak point in the stress-
strain curve. With the further gradual increase of κ, the rock
specimen begins to soften, finally reaching a residual flow
stage [51].

It is common to obtain the cohesion c and angle of
internal friction φ by conducting triaxial compression tests
under different confining pressures and then drawing a
group of Mohr circles with the peak stresses σ1 and the
confining pressures σ3. +e slope and intercept of the

straight line enveloping these circles are used to calculate the
angle of internal friction φ and cohesion c.

Usually, the peak strength is of major concern for de-
signers to ensure an adequate margin of safety against failure,
but there may be problems in which the postpeak behavior is
also important [52]. Based on a previous analysis, the strength
parameters of rocks are dependent on plastic deformation,
and the constant strength parameters determined by the peak
strength are only applicable to the condition of perfect
plasticity. To inspect the evolution of the strength of rocks, the
stress-strain curves need to be converted into curves of yield
stress σs versus the plastic internal variable κ. +ese curves are
usually known as strength curves.

+e definition of plastic internal variable κ is not unique.
For geomaterials, it can be the equivalent plastic strain,
plastic work, or plastic volumetric strain [27]. Rocks are
hydrostatic pressure-dependent materials and thus, plastic
volumetric strains may occur during the plastic loading
stage. Different from metal plasticity, which exhibits no
plastic volumetric strain, the non-zero plastic volumetric
strain can be regarded as a unique feature of plasticity for
geomaterials. +us, the plastic volumetric strain was selected
as plastic internal variable. In this study, crack initiation was
regarded as initial yield point. Various methods have been
proposed to identify the onset of cracking in laboratory
compression tests on rocks [53]. Here, a lateral strain re-
sponse (LSR) method was utilized to determine the onset of
cracking, and the details of the LSR method can be found in
[54]. +e initial yield points under different confining
pressures were first determined by adopting the LSRmethod
with the stress-strain curves in Figure 1. From the initial
points, total strains were obtained as composed of two parts,
namely, elastic strain and plastic strain. +us,

εij � εeij + εpij, (3)

where εij represents the total strain, εeij represents the elastic
strain, and εpij represents the plastic strain.

+e elastic strain is calculated with Hooke’s Law as

εe � Cσ, (4)

where C represents the elasticity matrix and σ represents the
column of principal stress vectors.
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Figure 1: Stress-strain curves of triaxial compression tests under
different confining pressures.
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+e plastic strain εpij can be obtained by subtracting the
elastic strain εeij from the total strain εij as recorded by the
testing machine. +en, the plastic internal variable is
expressed in terms of plastic volumetric strain by summing
up the principal plastic strains [27] as

κ � εp1 + εp2 + εp3 . (5)

By previous data processing [27], the complete stress-
strain curves σ − ε are converted into strength curves σs1 − κ
as shown in Figure 2. +e detailed process has been
explained in Wang et al. [27].

3. Fitting of the Strength Parameters of the
Mohr–Coulomb Criterion and the
Drucker–Prager Criterion

3.1. Fitting of the Strength Parameters of the Mohr–Coulomb
Criterion. +e cohesion c and the angle of internal friction φ
are only constant only in perfect plasticity. However, when
the Mohr–Coulomb criterion is used as a yield criterion, the
cohesion c and the angle of internal friction φ are not
constants anymore but vary with plastic strain. +us, the
isotropic hardening and weakening of the Mohr–Coulomb
yield criterion can be expressed as

f σ1, σ3, c(κ), φ(κ)(  � σ1 −
1 + sin φ(κ)

1 − sin φ(κ)
σ3 −

2c(κ)cos φ(κ)

1 − sin φ(κ)
,

(6)

where σ1 represents the maximum principal stress; σ3
represents the minimum principal stress, i.e., the confining
pressure; κ represents the plastic internal variable in terms of
plastic volumetric strain in this paper; c(κ) represents the
mobilized cohesion with the plastic internal variable; and
φ(κ) represents the mobilized angle of internal friction with
the plastic internal variable.

After the initial yield was indicated when κ � κi, there
would be three yield stresses σ10MPa

1 , σ15MPa
1 , and σ30MPa

1
corresponding to the confining pressures of 10MPa,
15MPa, and 30MPa, respectively. According to these three
pairs of σ1 − σ3 data, a straight line was fitted with the least
square method as

σ1 � K · σ3 + P, (7)

where K and P are parameters of the linear fitting of σ1 − σ3.
Comparing equation (7) with equation (6),

K �
1 + sin φ(κ)

1 − sin φ(κ)
, (8)

P �
2c(κ)cos φ(κ)

1 − sin φ(κ)
. (9)

By taking κ � 0.0003 as an example, the linear fit was
obtained as shown in Figure 3.

+e data illustrated in Figure 3 are summarized as in
Table 1.

Solving equations (8) and (9) for the data in Table 1,
the cohesion and angle of internal friction were obtained

as 47.1MPa and 21.9∘, respectively, when the plastic in-
ternal variable was equal to 0.0003. By repeating this
process, cohesion and internal of friction at different
values of plastic internal variable κ � κi were obtained as
shown in Table 2.

3.2. Fitting of the Strength Parameters of the Drucker–Prager
Criterion. Considering that the coefficient of pressure
sensitivity α and the shearing cohesion k are functions of the
plastic internal variable κ, the isotropic hardening and
weakening of the Drucker–Prager criterion can be expressed
in terms of the invariant of stress tensor, as

g I1, J2, α(κ), c(κ)(  �
��
J2


− α(κ)I1 − k(κ), (10)

where α(κ) represents the mobilized coefficient of stress
sensitivity as a function of the plastic internal variable κ and
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Figure 2: Yield strength vs internal plastic variable under different
confining pressures.

150

160

170

180

190

200

210

220

σ 1
 (M

Pa
)

10 15 20 25 30 355
σ3 (MPa)

σ1 = 2.18σ3 + 139.36
R2 = 0.97

Figure 3: Linear fitting with Mohr–Coulomb criterion for
κ � 0.0003.

Table 1: Linear fitting with Mohr–Coulomb criterion for
κ � 0.0003.

κ (×10−4) σ3 (MPa) σ1s (MPa) K(κi) P(κi) (MPa)

3
10 158.1

2.18 139.3615 176.2
30 203.8
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c(κ) represents the mobilized shearing cohesion as a
function of the plastic internal variable κ.

From equation (10), for a specific value of plastic internal
variable as κ � κi ,

��
J2


is a linear function of I1. Hence,

��
J2


� α κi( I1 + k κi( . (11)

For the condition of κi � 0.0003, the coefficient of
pressure sensitivity α(κi) and the shearing cohesion k(κi)

were obtained by fitting the linear functions between and
with data for different confining pressures, as shown in
Table 3.

+e data in Table 3 were linearly fitted with R2 � 0.96 as
shown in Figure 4.

Repeating the same process, the coefficient of pressure
sensitivity α(κi) and the shearing cohesion k(κi) were ob-
tained for different values of the plastic internal variable as
shown in Table 4.

3.3. Evolution of the Strength Parameters of the
Mohr–Coulomb Criterion and the Drucker–Prager Criterion.
Figure 5 shows the evolution of c and φ of the
Mohr–Coulomb criterion and of α and k of the Druck-
er–Prager criterion with the plastic volumetric strain κ. +e
parameter c of the Mohr–Coulomb criterion and the pa-
rameter k of the Drucker–Prager criterion represent cohe-
sive strength, while the parameter φ of the Mohr–Coulomb
criterion and parameter α of the Drucker–Prager criterion
represent internal friction. +e cohesion c and shearing
cohesion k increased rapidly after the initial yield and
reached their peak values when the plastic internal variable
reached 0.0015. +ereafter, the parameters c and k decreased
with increasing plastic internal variable. In contrast, the
angle of internal friction φ and the coefficient of pressure
sensitivity α gradually increased with increasing plastic
internal variable, even though at a decreasing rate.

4. Conversion of Parameters of the
Mohr–Coulomb Criterion and the
Drucker–Prager Criterion

According to the literature, several conversion relationships
exist between the parameters of the Mohr–Coulomb crite-
rion and those of the Drucker–Prager criterion. Because of
the diversity of conversion formulae, only five pairs of
conversion relationships were chosen in this study as shown
in Table 5. +e five pairs were used to find the best fit for the
tested parameters of the two yield criteria, as shown in
Figure 6.

Table 3: Linear fitting with Drucker–Prager criterion for
κ � 0.0003.

κ (×10−4) I1 (MPa)
��
J2


(MPa) α(κi) k(κi) (MPa)

3
178.1 85.5

0.167 56.86206.2 93.0
263.8 100.4

200 220160 240 280260180
I1 (MPa)

√J
2 (

M
Pa

)
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105

√J2 = 0.167I1 + 56.86
R2 = 0.96

Figure 4: Linear fitting with Drucker–Prager criterion for
κ � 0.0003.

Table 2: c and φ for different plastic internal variable values.

κ (×10−4) c(κi) (MPa) φ(κi) (°)

3 47.1 21.9
6 50.5 22.5
9 51.7 23.5
12 52.5 24.2
15 52.7 24.9
18 52.6 25.5
21 52.7 25.9
24 52.5 26.4
27 52.1 26.9
30 51.8 27.3
33 51.4 27.6
36 51.1 27.9
39 50.7 28.3
42 50.4 28.5
45 50 28.8
48 49.5 29
51 49.2 29.2
54 48.8 29.4

Table 4: α and k for different values of the plastic internal variable.

κ (×10−4) α(κi) k(κi) (MPa)

3 0.167 56.9
6 0.174 60.7
9 0.183 61.8
12 0.189 62.4
15 0.195 62.5
18 0.201 62.3
21 0.204 62.4
24 0.207 62.1
27 0.211 61.6
30 0.214 61.3
33 0.216 60.9
36 0.218 60.6
39 0.221 60.2
42 0.222 59.9
45 0.224 59.5
48 0.225 59
51 0.226 58.7
54 0.227 58.4
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Figure 6 clearly shows that the first pair of conversion
formulae (the Drucker–Prager cone coincides with the outer
vertices of the Mohr–Coulomb hexagon) provides the best
fit for the parameters of both yield parameters.

5. Discussions

5.1. Evolution Processes of Strength Components for Different
Rock Types. Intuitively, a weakening of the bond of particles

in rock is to be expected when the rock enters the plastic
deformation stage. It should be noted that, at the early stage
of plastic deformation, there is a “dramatic” increase in both
the cohesion c and shearing cohesion k, as shown in Figure 5.
However, many researchers have observed such an increase
in the cohesion of different rock types, such as sandstone
[27, 30, 31], rock salt [58], diatomaceous soft rock [22], clay
[59], and granite [23]. Bishop [60] described that cohesion is
contributed by two components: one is because of the inter-
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Figure 5: (a) Variation in strength parameters of the Mohr–Coulomb criterion with plastic deformation; (b) variation in strength pa-
rameters of the Drucker–Prager criterion with plastic deformation.

Table 5: Conversion relationships between the strength parameters of the Mohr–Coulomb criterion and those of the Drucker–Prager
criterion.

No. α k Note Originate

1 2 sin φ/
�
3

√
(3 − sin φ) 6c cos φ/

�
3

√
(3 − sin φ)

Drucker–Prager cone coincides
with the outer vertices of the
Mohr–Coulomb hexagon

Chen and Saleeb [41]; Chen
and Liu [40]; Davis and

Selvadurai [43]; McLean and
Addis [55]

2 2 sin φ/
�
3

√
(3 + sin φ) 6c cos φ/

�
3

√
(3 + sin φ)

Drucker–Prager cone coincides
with the inner vertices of the
Mohr–Coulomb hexagon

Chen and Saleeb [41]; Chen
and Liu [40]; Davis and

Selvadurai [43]; McLean and
Addis [55]; Vee [56]

3 sin φ/
�
3

√ ���������

3 + sin2 φ
 �

3
√

c cos φ/
���������

3 + sin2 φ
 Drucker–Prager cone inscribes

with the outer vertices of the
Mohr–Coulomb hexagon

Zheng et al. [44]; Chen and
Liu [40]; Alejano and Bobet

[14]
4 2

�
3

√
sin φ/9 − sin2 φ 6

�
3

√
c cos φ/9 − sin2 φ Average value of case 1 and case 2 Zhang [17]

5 2
�
3

√
sin φ/

���������������

2
�
3

√
π(9 − sin2 φ)



6
�
3

√
c cos φ/

���������������

2
�
3

√
π(9 − sin2 φ)


On the π plane, the area of the
Drucker–Prager circle equals the

area of the Mohr–Coulomb
hexagon.

Liu et al. [57]; Chu and Xu
[42]
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particle bond that developed in nature on a geological time
scale and is largely destroyed by moderate shear strain or
remolding; the other is a function of the void ratio present in
remolded soil. +is function is probably related to the
physic-chemical properties of bonded water, and, as a
function of strain, largely disappears on the slip surface that
forms at large postpeak displacements. From this perspec-
tive, the sharp increase in cohesive strength at low strain can
be considered as caused by the compactness of void in rock.
Furthermore, the drop in cohesive strength emerges because
an increase in plastic strain causes the bond among internal
particles to continuously diminish, thus inducing the growth
and accumulation of micro-cracks. From the plastic theory
of rocks, the increase in cohesion can be expressed as the
plastic hardening of rocks from initial yielding to peak
strength.

5.2. Discussion about CWFS Model. Hajiabdolmajid pro-
posed a cohesion weakening and friction strengthening
(CWFS) model as illustrated in Figure 7 [18, 19, 61]. +e
model assumes that, from the onset of microcracking, the
cohesive strength component of rock begins to decrease
from its initial value ci until the axial plastic strain reaches
the threshold value of cpε . After that, the cohesive strength has

a constant residual value cr. +e frictional strength com-
ponent increases from zero at the onset of microcracking to a
constant maximum friction strength at the axial plastic
strain of fp

ε .
Since the results of the present study resemble the CWFS

model, this paper briefly discusses the CWFS model in the
following.

+e CWFS model assumes a non-simultaneous mo-
bilization of cohesive strength and frictional strength [18].
However, Figure 7 illustrates that the cohesive strength
and the frictional strength both begin to be mobilized from
the onset of microcracking. +is suggests that both
strengths indeed mobilize simultaneously even though in
different ways. +erefore, the term “non-synchronous
mobilization” may be more appropriate than “non-si-
multaneous mobilization.”

Based on the CWFS model, Hajiabdolmajid [18] pro-
posed a new expression of the Mohr–Coulomb yield cri-
terion by considering the cohesion weakening and friction
strengthening as

f(σ) � f c, εp(  + f σn, εp( tan φ. (12)

Equation (12) suggests that the frictional strength
component is a function of plastic strain as indicated by
the expression, f(σn, εp)tan φ [18]. +is expression
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Figure 6: (a) Comparison of α as calculated by different conversion relationships; (b) comparison of (k) as calculated by different conversion
relationships.
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implies that the way how normal stress is decomposed in
the slip plane, rather than the angle of internal friction, is a
function of plastic strain. However, in the subsequent
papers by the same researcher [19, 61], the angle of in-
ternal friction was fitted as a function of plastic strain.
+us, this study proposes that equation (12) could be
modified as

f σ, εp(  � c εp(  + f1(σ)tan φ εp( . (13)

Clearly, equations (12) and (13) are different and attri-
bute the mobilization of cohesive strength to different
reasons. Since the papers by Hajiabdolmajid et al. [19, 61]
also realized the mobilization of the angle of internal friction
results in the mobilization of cohesive strength, equation
(13) can be assumed to be more accurate for describing this
scenario.

In the CWFS model, before the onset of microcracking,
the frictional strength component is assumed to make no
contribution to the total strength of rock, as

f σn, εp( tan φ � 0 εp � 0( . (14)

Equation (14) was obtained by assuming φ � 0 when
εp � 0. In other words, the initial value of the angle of in-
ternal friction was assumed to be zero. However, the test
results in the present study showed that the initial internal
friction angle is not zero. It should be noted that two nu-
merical studies [46, 62] adopted the CWFS model with a
non-zero initial internal friction angle and obtained rea-
sonably accurate predictions of the actual soil behavior.

6. Conclusions

By conducting triaxial compression tests in the laboratory, the
parameters of cohesive strength and frictional strength of
sandstone samples were measured, based on both the
Mohr–Coulomb criterion and the Drucker–Prager criterion.
+e evolution of strength parameters of the Drucker–Prager
criterion was initially calibrated in the laboratory. Five pairs of
conversion formulae were reviewed, and the best formula was
recommended to convert the parameters between both yield
criteria. Finally, the results from this study were compared with

the results from the CWFS model. +e main conclusions are
summarized in the following:

(1) +e coefficient of pressure sensitivity α and the
shearing cohesion k of the Drucker–Prager criterion
can be directly obtained by conducting triaxial
compression tests.+is avoids the use of complicated
formulae deduction.

(2) +e same group of triaxial compression tests was
utilized to obtain the parameters c and φ in the
Mohr–Coulomb criterion and α and k in the
Drucker–Prager criterion.

(3) According to the test results of sandstone, the co-
hesive strength parameters c and k first increased to
their peak values and then decreased with increasing
plastic deformation. +e frictional strength param-
eters φ and α gradually increased at a decreasing rate
after passing the initial yield point.

(4) A disadvantage of this study is that the compression
tests were conducted in conventional triaxial con-
ditions, rather than in true triaxial conditions. +us,
the influence of the variation of the intermediate
stress σ2 on the evolution of strength parameters
could not be considered. In future studies, true
triaxial compression tests of various rock types
should be conducted to fully investigate the evolu-
tion of strength parameters.

Abbrevations

τ: Shear stress
σ: Normal stress
φ: Angle of internal friction
c: Cohesion
J2: Second invariant of the deviatoric stress tensor
I1: First invariant of the stress tensor
α: Coefficient of pressure sensitivity
k: Shearing cohesion
εij: Total strain
εeij: Elastic strain
εpij: Plastic strain
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Figure 7: Mobilization of the strength components in the CWFSmodel: (a) the laboratory compression tests; (b) illustration of the cohesion
loss and frictional strength mobilization as a function of plastic strain (after Hajiabdolmajid [18]).
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C: Elasticity stiffness matrix
κ: Plastic internal variable
κi: Value of plastic internal variable at the ith stage of the

plastic stage
c(κ): Mobilized cohesion with the plastic internal variable
φ(κ): Mobilized angle of internal friction with the plastic

internal variable
α(κ): Mobilized coefficient of pressure sensitivity
k(κ): Mobilized shearing cohesion
σ1: Maximum stress
σ3: Minimum principal stress.
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