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In this study, an improved Knothe time function model is established via analogical reasoning from a phenomenological
perspective, based on an inverse “Hohai creep model” function, in accordance with the antisymmetric relationship between the
unstable creep curve and surface dynamic subsidence curve. An empirical method and fitting method are proposed to determine
the parameters of the improved model based on the availability of measured field data. (e accuracies of the two models are
compared with monitored data from eight monitoring points in the main strike profile of the Guotun coal mine subsidence basin.
(e results show that the improved model can more accurately reflect the dynamic process of surface subsidence. (e average
relative standard deviation of the improved model is only 4.9%, which is far lower than the 23.1% associated with the Knothe
model. (is verifies the improved model’s accuracy and reliability. (e model parameters for different monitoring stations
obtained using the fitting method are similar, which shows that the model parameters are regular and can be easily applied.

1. Introduction

(e surface subsidence caused by coal mining is a dynamic
process [1, 2]. A series of problems associated with surface
subsidence, including environmental deterioration, land
desertification, groundwater level decline, and the formation
of ground-based building and infrastructure cracks, have
been a concern within academic and engineering field [3].
(e accurate prediction and effective control of surface
subsidence in order to recommend reasonable excavation
schemes and ground building protection measures has thus
been identified as a difficult problem requiring solution [4].
Surface subsidence is not only related to the hydrogeological
conditions of coal seams but is also closely related to mining
methods and processes. With the increase of the scope of
goaf, the mining-related range of surface-level disturbance
expands, and a stable subsidence basin gradually forms on
the surface after mining is halted for a period of time. (e
scale of the subsidence basin is far larger than that of the
mined-out area. A specific point on the surface will

experience the whole process of initial subsidence, rapid
subsidence, and slow subsidence before finally reaching a
stable state [5, 6]. (erefore, surface subsidence is a con-
tinuous function of time, and the key to accurate prediction
of surface subsidence is the determination of the time
function model and the model parameters.

At present, Knothe time functionmodel is widely used in
mining engineering. However, with more in-depth research,
the shortcomings of the Knothe time function model are
becoming increasingly apparent [7, 8]. (erefore, many
experts use the methods of parameter modification, piece-
wise modeling, and theoretical analysis to establish more
accurate and applicable prediction models. Hu et al. [9, 10]
proposed the probability integral method to solve the pa-
rameters of the Knothe time functionmodel according to the
general characteristics of surface movement and deforma-
tion caused by mining subsidence and the critical size of the
goaf when fully mined out. Cui et al. [11] proposed Knothe
time function model parameters in line with real-world
situations by comprehensively considering the driving speed
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of the working face and the critical size of the goaf during full
mining. Liu and Zhuang [12, 13] added a power index with
constant K as a parameter in the Knothe time function and
put forward an improved Knothe model in line with the
actual surface subsidence characteristics. Li [14] proposed
the concept of overburden lithologic parameters and
established the relationship between these parameters and
the time function model parameters, thus improving the
Knothe time function model. Taherynia et al. [15] used a
circular network to determine the compaction effect of the
entire reservoir on the field surface, based on the Knothe and
Geertsma influence functions.

(ese research results have been well applied to the
prediction of surface subsidence in coal mining. However,
there are many defects in the model, such as the large
number of parameters and the difficulty involved in their
determination. In this study, an inverse “Hohai creep
model” function is solved according to the antisymmetric
relationship between the unstable creep curve and the
surface dynamic subsidence curve. From a phenomeno-
logical perspective, an improved Knothe time function
model based on an inverse “Hohai creep model” function is
established by analogical reasoning. Additionally, the ra-
tionality and applicability of the improvedmodel are verified
by using monitored data from the main profile of the surface
strike of the 1301 working face in the Guotun mine.

2. Knothe Time Function Model

(eKnothe time function model was proposed by the Polish
scholar Knothe in 1952 [16]. At present, it is widely used to
predict the dynamic subsidence of a specific point on the
surface caused by mining. (e expression of Knothe time
function model is as follows [17, 18]:

W(t) � W0 1 − e
− ct

 ,

V(t) � cW0e
− ct

,

a(t) � −c
2
W0e

− ct
,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(1)

where c is a time influence parameter; W(t) is the surface
subsidence; V(t) is the subsidence velocity; a(t) is the
surface subsidence acceleration.

According to equation (1), the Knothe time function
curve is obtained, as shown in Figure 1.

According to equation (1) and Figure 1, it can be seen
that the surface subsidence increases gradually, V(t) de-
creases gradually, and a(t) is always less than 0 throughout
the subsidence process, which is clearly inconsistent with the
actual surface subsidence characteristics.

Lots of field monitoring data show that the process of
surface subsidence can generally be divided into initial
subsidence, rapid subsidence, and slow subsidence to a stable
state. (e surface subsidence curve approximates an “S” type
curve, while the surface subsidence velocity curve approx-
imates a normal distribution curve [19, 20]. However, W(t),
V(t), and a(t) represented by Knothe model are monotonic

functions of time, so the model is not suitable for describing
the dynamic surface subsidence process.

3. Improved Knothe Model

According to the rock creep theory, rock will undergo
unstable creep under high stress levels as shown in the blue
curve in Figure 2 (the curve does not include the instan-
taneous strain generated during stress loading). It can be
seen that the shape of the unstable creep curve is similar to a
reverse “S” curve, which is the inverse of the surface sub-
sidence curve. In view of this and taking ε(t) � t as the axis
of symmetry, it is proposed that the inverse image of the
unstable creep curve can be obtained as shown by the red “S”
curve in Figure 2, and this can be used to describe dynamic
surface subsidence. According to basic mathematics, the
functions represented by the red curve and the blue curve are
inverse functions of each other. (erefore, as long as the
unstable creep function is determined and its inverse
function is calculated, the time function describing the
dynamic surface subsidence can be established.

(e establishment of the unstable creep function is al-
ways a difficulty in the study of rock creep mechanics.
Because the parameters of the classical Kelvin creep model,
the Burgers creep model, and the Nishihara creep model do
not change with time, it is difficult to use these models to
describe the unstable creep that occurs when the stress
exceeds the long-term strength of rock [21]. In order to
effectively solve this problem, experts have proposed the use
of nonlinear elements as replacements for the linear ele-
ments present in the classical models to establish a nonlinear
creep model that can describe unstable rock creep. (is has
led to the establishment of the “Hohai creep model” [22]. In
this model, the ideal viscous body is replaced by a nonlinear
viscous body and paralleled with a plastic body. (e “Hohai
creep model” can be used to describe unstable rock creep.
(e “Hohai creep” mechanical model is shown in Figure 3.

According to the nonlinear creep theory, the differential
constitutive relation of the “Hohai creep model” can be
obtained as follows:

σ − σS �
η

nt
n− 1

dε(t)

dt
, (2)

where σ is stress; σS is long-term strength; η is the viscosity
coefficient of the “Hohai creep model”; n is model order; ε is
strain; and t is time.

(dε(t)/dt) in equation (2) is regarded as the independent
variable x and σ − σS as the dependent variable y. (e
functional relationship between x and y can then be obtained
as follows:

y �
η

nt
(n− 1)

x. (3)

(e inverse function of equation (3) can be solved to
obtain the new relationship between the independent and
dependent variables. At this time, the independent variable
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is σ − σS and the dependent variable is (dε(t)/dt). (erefore,
the inverse function of equation (3) can be expressed as
follows:

dε(t)

dt
�

nt
n− 1

η
σ − σS( . (4)

From the perspective of phenomenology, we can use
analogical reasoning to equate (dε(t)/dt) to (dW(t)/dt),
(1/η) to C, σ to W0, and σS to W(t). (is allows the proposal
of an improved Knothe model expression as follows:

dW(t)

dt
� Cnt

n− 1
W0 − W(t) , (5)

where C is a time influence parameter of the improved
model.

Solving equation (5) and considering the initial condi-
tion W(t)|t�0 � 0, equation (5) can then be simplified as
follows:

W(t) � W0 1 − exp −Ct
n

(  . (6)

(e dynamic surface subsidence velocity and accelera-
tion can then be derived from equation (6) as follows:

V(t) � W0Cnt
n− 1 exp −Ct

n
( ,

a(t) � W0Cn exp −Ct
n

(  (n − 1)t
n− 2

− Cnt
2n− 2

 .

⎧⎪⎨

⎪⎩
(7)

When n � 1, equations (6)∼(7) can be simplified into
equation (1), which shows that the Knothe model is a
special case of the improved model established in this
study.

(e surface subsidence curve, subsidence velocity curve,
and subsidence acceleration curve of the improved model
are shown in Figure 4. It can be seen that the surface
subsidence curve is approximately S-shaped, and the surface
subsidence velocity curve approximates a normal distribu-
tion curve. (e surface subsidence characteristics that are
reflected are consistent with the real-world process and can
thus be used to describe the dynamic process of surface
subsidence.

4. Determination of Model Parameters

According to equation (6), there are only two parameters in
the improved model: C and n. (erefore, compared with the
Knothe model, the improved model is not only more
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Figure 1: (e Knothe time function curve.
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accurate but is also easily applied in the field due to the
reduced number of required parameters. Additionally, its
practical operability is superior to other complex improved
models.

4.1. Empirical Method. By analyzing a large amount of
surface subsidence monitoring data, we can get the following
empirical equation [23]:

W(t)|V(t)�Vmax
� 0.98W0. (8)

Taking equation (9) into equation (7), we get n� 3.26.
According to empirical analysis and research, when the

length of goaf reaches the full mining value, Wmax will be
approximately 0.98 W0 [24]. According to equation (6), the
parameter C can be calculated as follows:

0.98W0 � W0 1 − exp −C
2H

v tanφ
 

3.26
⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦, (9)

where (2H/tan φ) is the critical gob dimension [25], v is the
mining velocity, H is the seam depth, and φ is the full
subsidence angle.

Equation (9) is simplified and the parameter C is ob-
tained as follows:

C � −
v tanφ
2H

 
3.26

ln 0.02. (10)

4.2. Fitting Method. (e empirical method mentioned in
Section 4.1 has the following limitations:

(1) When determining the parameters C and n, it is
necessary to determine the time when the surface
subsidence reaches its maximum velocity along with
the critical gob dimension Lf. However, these two
parameters are not easy to determine accurately for
actual coal seam mining.

(2) Due to the application of different mining methods
and differing geological conditions, not all surface
point subsidence values are half of the final subsi-
dence value when the subsidence velocity reaches its
maximum value. In addition, neither is the maxi-
mum surface subsidence equal to 0.98 W0 when the
scale of the coal seam mining reaches the critical
value of full mining.

(erefore, C and n determined by applying empirical
methods are associated with a certain error that is inde-
pendent of the error caused by measurement. When there is
a large amount of surface subsidence monitored data, the
fitting method [26] can be used to determine the improved
Knothe time function model parameters according to the
field monitoring data.(is method can ensure minimization
of the error between the fitting value and the monitored
value. In addition, it is easy to use and is thus widely favored
by researchers.

5. Model Validation

Monitored data and results predicted by the model were
compared and analyzed in order to verify the rationality of
the improved model. (e surface subsidence monitored data
from the 1301 working face in Guotun coal mine, Shandong
Province, China, were used in the investigation. (e 1301
working face is located to the southwest of the Juye mining
area. (e coal seam thickness varies from 1 to 3.6m, and the
dip angle is 12°. Mining began on the working face in the first
ten days of November 2010 and ended in the middle of
December 2012. (e first observation was performed on
October 18, 2010, and the maximum detected surface
subsidence was 16mm.

(e length of the strike observation line of the 1301
working face is 4200m. It contains 126 monitoring points,
numbered Z1–Z126. (e length of the inclination obser-
vation line is 2300m, and it contains 60 monitoring points,
numbered H1–H60. (e distance between two adjacent
monitoring points is 30m. To satisfy the requirements of this
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Figure 2: Unstable creep and surface subsidence curves.
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research, the layout of some monitoring points was selected
as shown in Figure 5. Due to the extended observation
duration and the large amount of monitored data, moni-
tored data from points Z29, Z37, Z41, Z44, Z45, Z47, Z50,
and Z53 were randomly selected to analyze the accuracy of
the Knothe time function model and the improved Knothe
time function model in terms of surface subsidence
prediction.

Table 1 shows the measured subsidence values from 8
monitoring points taken at different dates. It can be seen
from the table that the final stable subsidence values of Z29
and Z37 are smaller than those of the other monitoring
points. However, the subsidence trend at all monitoring
points shows a clear “S” shape, allowing the phenomenon to
be described by the improved model.

Combined with the monitored data, the Knothe model
and the improved model were used to predict the surface
subsidence. (e results obtained using the two models can
be compared with the measured data from the eight
monitoring points, as shown in Figure 6.

(e parameters of the improved model and Knothe
model were determined according to the fitting method as
shown in Table 2. It can be seen from a comparison of the
results shown in Figure 5 that there is a big difference be-
tween the fitted values of the Knothe time function model
and the monitored data. Additionally, the model curve flows
a gradual slope with respect to time, which does not reflect
the “S” type curve of surface point subsidence with respect to
time. (e improved model curve is highly consistent with

the monitored data, which accurately reflects the dynamic
characteristics of surface point subsidence with respect to
time. In addition, the model parameters C and n obtained by
fitting the monitored data of monitoring points Z41, Z44,
Z45, Z47, Z50, and Z53 are similar, showing little difference.
(is indicates that the model is relatively stable and that the
model parameters are regular and easily applied.

6. Discussion

As shown in equation (11), the standard deviation m and
relative standard deviation f can be used to verify the ac-
curacy of the improved model. (e calculation results are
shown in Table 3. FromTable 3, we can see that the improved
model’s average relative standard deviation was only 4.9%,
which is far lower than the 23.1% of the Knothe model.
Although the accuracy of the improved Knothe time
function model is higher than that of the Knothe model, the
improved model is only suitable for describing the law of
surface subsidence after full mining and can not accurately
reflect the characteristics of surface subsidence in the process
of insufficient mining.

m � ±
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Figure 3: “Hohai creep model.”
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Figure 5: (e location of 1301 working face.

Table 1: Surface subsidence monitored data from Z29, Z3, Z41, Z44, Z45, Z47, Z50, and Z53.

Observation times Observation date Relative observation (time/d)
Subsidence (value/mm)

Z29 Z37 Z41 Z44 Z45 Z47 Z50 Z53
1 2010/10/18 0 0 0 0 0 0 0 0 0
2 2010/12/27 69 0.006 0.006 0.006 0.005 0.005 0.006 0.003 0.004
3 2011/1/23 95 0.012 0.008 0.007 0.006 0.004 0.007 0.006 0.003
4 2011/3/2 134 0.020 0.018 0.017 0.014 0.010 0.011 0.009 0.010
5 2011/3/27 159 0.027 0.024 0.020 0.015 0.009 0.009 0.006 0.005
6 2011/4/27 189 0.066 0.074 0.055 0.039 0.030 0.026 0.013 0.008
7 2011/5/14 206 0.080 0.097 0.066 0.046 0.036 0.028 0.014 0.008
8 2011/6/2 224 0.104 0.126 0.100 0.071 0.058 0.047 0.026 0.014
9 2011/6/29 251 0.138 0.185 0.151 0.109 0.092 0.074 0.041 0.023
10 2011/7/27 279 0.153 0.227 0.189 0.137 0.119 0.092 0.043 0.024
11 2011/9/17 329 0.168 0.249 0.208 0.151 0.131 0.102 0.045 0.025
12 2011/10/14 356 0.241 0.394 0.371 0.296 0.265 0.211 0.133 0.080
13 2011/11/3 375 0.283 0.498 0.630 0.569 0.440 0.370 0.241 0.142
14 2012/1/14 446 0.305 0.619 0.717 0.713 0.687 0.630 0.489 0.333
15 2012/3/4 496 0.342 0.700 0.859 0.916 0.917 0.898 0.829 0.691
16 2012/4/5 527 0.364 0.735 0.919 1.003 1.015 1.018 1.005 0.926
17 2012/5/15 567 0.373 0.750 0.940 1.033 1.050 1.060 1.070 1.022
18 2012/6/25 607 0.383 0.765 0.960 1.063 1.085 1.103 1.136 1.119
19 2012/7/24 636 0.390 0.773 0.969 1.072 1.094 1.112 1.147 1.130
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Figure 6: Continued.
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where Wj and Wl are monitoring value and theoretical
value, respectively; N is the total number of monitoring
points.

7. Conclusions

(1) (eoretical analysis shows that Knothe model is not
suitable for describing the process of surface dy-
namic subsidence. An improved Knothe time
function model based on an inverse “Hohai creep
model” function is established from a phenomeno-
logical perspective using analogical reasoning

according to the antisymmetric relationship between
the unstable creep curve and the surface dynamic
subsidence curve.

(2) (e improved model can describe the actual process
of surface subsidence and only contains two model
parameters, which is convenient for practical engi-
neering application.

(3) (e result of error analysis shows that the average
relative standard deviation of the improved model
was only 4.9%, which is far lower than the 23.1% of
the Knothe model, thus verifying that the accuracy
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Figure 6: Comparison of two time function models. (a) Z29; (b) Z37; (c) Z41; (d) Z44; (e) Z45; (f ) Z47; (g) Z50; and (h) Z53.

Table 2: Time influence parameters of different monitoring points.

Monitoring points
Improved Knothe model Knothe model

C/(d−n) n R2 c/(10−3·d−1) R2

Z29 2.24×10−7 2.59 0.992 2.45 0.787
Z37 9.54×10−9 3.09 0.993 2.15 0.715
Z41 3.30×10−10 3.63 0.984 1.97 0.663
Z44 3.17×10−10 3.60 0.979 1.78 0.625
Z45 2.33×10−10 3.63 0.979 1.69 0.607
Z47 1.42×10−10 3.69 0.973 1.59 0.586
Z50 0.87×10−10 3.75 0.985 1.48 0.562
Z53 0.89×10−10 3.79 0.986 1.31 0.529

Table 3: Error of monitored and predicted values.

Monitoring points
Improved model Knothe model

m (mm) f (%) m (mm) f (%)
Z29 13 3.3 66 16.8
Z37 24 3.1 158 20.4
Z41 48 4.9 222 22.9
Z44 76 6.3 259 24.1
Z45 62 5.6 270 24.6
Z47 72 6.4 280 25.2
Z50 63 5.5 289 25.2
Z53 64 4.8 288 25.5
Average value 53 4.9 229 23.1
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and reliability of the improved Knothe model are
superior to those of the Knothe model.
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