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­e deformation of the overlay pipeline caused by the excavation of the soil tunnel in the case of small spacing cannot be ignored.
Based on the experience of previous engineering, this paper assumes that the settlement of the overlying pipeline caused by tunnel
excavation satis�es the basic morphology of Gaussian distribution. On this basis, the soil displacement is converted into load
acting on the pipeline, and the energy variation principle is introduced, and the energy variation equation of the pipe-soil system is
established, which is iteratively solved based on the principle of minimum potential energy, so as to obtain the calculation method
of overlay pipeline vertical deformation caused by soil tunnel excavation, which is more simple and practical than the previous
method. ­e calculation results were compared with the existing tests and engineering examples to verify the correctness of the
proposed formula. Finally, the in�uence of pipeline material, formation loss rate, and intersection angle between the tunnel and
pipeline on pipeline vertical deformation was analyzed. ­e comparative analysis shows that the pipeline deformation decreases
with the increase of tunnel angle and pipeline elastic modulus, but increases with the increase of formation loss rate.

1. Introduction

­ere are a large number of deep loess in Northwest and
North China, with a maximum thickness of more than 400
meters [1], so most tunnel projects in this area do not enter
the rock stratum, but cross the soil layer to form soil tunnels.
In addition, due to the large number of pipeline projects
such as west to east gas transmission pipeline and municipal
pipeline in this region, there are many soil tunnels under the
existing pipeline projects [2–4]. Compared with the rock
tunnel, the excavation stability of soil tunnel is relatively
poor, which may cause large deformation of the overlying
soil, and then cause the disturbance of the pipeline, and even
a�ect the normal use of the overlying pipeline in serious
cases. ­erefore, the reasonable calculation of the

deformation value of the overlying pipeline during the ex-
cavation of the soil tunnel has become one of the most
concerned issues in this type of engineering [5, 6].

For the calculation of the deformation of the overlying
pipeline caused by the tunnel excavation, the commonly
used methods for predicting the de�ection of the pipeline
mainly include theoretical calculation [7–10], numerical
simulation [11–13], and model test [14–16]. Among them,
the accuracy of numerical simulation depends to a large
extent on the selection of soil constitutive model and
parameters, and the complexity of modeling is not con-
venient for engineering popularization and application;
however, the input of the model test is large, time-con-
suming, and often di�erent from the engineering practice,
which a�ects the prediction results. ­erefore, under the
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premise of the allowable accuracy of the design, according
to the pipe-soil interaction model caused by tunnel ex-
cavation, the analytical approximate solution which is
convenient for engineering practice is still the first choice
to solve this problem.

*e elastic foundation beam method and the energy
variational method are common methods for analyzing the
deformation of pipelines, both of which assume that the
pipeline is an elastic foundation beam and its bending de-
formation occurs along the longitudinal direction. Among
them, the former generally uses the difference method to
solve the fourth-order deflection differential control equa-
tion, and the calculation process is complicated and requires
more segments to achieve better calculation accuracy, which
is not suitable for engineering applications. Compared with
the former, the latter has the advantages of simple integral
solution, no need to discretize the pipeline, and easy to
achieve ideal calculation accuracy, which is convenient for
popularization and application in practical engineering
[17–19]. For example, Zhou et al. [20] solved the defor-
mation of shield tunnel caused by foundation pit excavation
under the effect of the faulting of lining rings based on the
energy method; Zhu et al. [21] proposed a dynamic ana-
lytical model for the vibration reduction system of a floating
foundation supported by elastic components based on the
energy method and the Lagrange equation of motion. In
terms of pipeline deformation caused by tunnel excavation,
Liu et al. [22] calculated the vertical displacement of single-
and double-track tunnels passing through underground
pipelines based on the energy method. On this basis, Wei
et al. [23] further considered the characteristics of different
soils and proposed the calculation method of pipeline de-
formation caused by the construction of quasirectangular
shield or double-circle shield. It is still slightly complicated,
which limits its engineering promotion and application.

In view of this, based on the previous research results,
this paper further simplifies the calculation on the basis of
clarifying the basic form of soil and overlying pipeline de-
formation caused by tunnel excavation and puts forward a
concise calculation method of pipeline deformation caused
by soil tunnel excavation based on energy method and
compared with the results of centrifuge test, engineering
example, and existing literature. It has certain guiding
significance for practical engineering.

2. Computational Models and Assumptions

Due to the complexity of the tunnel-pipe-soil interaction in
the process of tunnel excavation, it is difficult to use direct
modeling for analysis, and most of them use the two-stage
method for approximate theoretical analysis [24, 25]. First,
calculate the vertical displacement of soil caused by tunnel
excavation at the pipeline axis (ignoring the influence of
pipeline). On this basis, a pipe-soil interaction model is
established, the soil deformation result is regarded as an
external load, the obtained soil-free displacement is applied
to the pipeline, the vertical load deformation balance dif-
ferential equation of the pipeline is established and solved,
and then an energy equation to solve for pipe deformation

was constructed. For the convenience of calculation, the
basic assumptions used in this paper are as follows:

(1) Both the pipeline and the soil are continuous ho-
mogeneous bodies, and the sectional dimension
change caused by the pipeline deformation is
ignored.

(2) *e foundation under the pipeline is regarded as the
Pasternak foundation, and the pipeline is regarded as
a homogeneous, continuous Euler beam.

(3) *e pipe and soil are always in contact, and the
stratum loss remains unchanged.

2.1. Tunnel Excavation-Induced Formation Deformation
Mode. According to the above ideas, the deformation of soil
layer during tunnel excavation can be calculated first. From
Reference [26], according to a large number of engineering
examples, it is found that the stratum settlement curve
perpendicular to the tunnel axis caused by ground loss
during tunnel excavation roughly conforms to the following
function (see in Figure 1):
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where x′ is the distance from the tunnel axis; S(x′) is the
ground surface settlement at x′ and Smax is the maximum
value of ground surface settlement; η is the formation loss
rate; R is the tunnel radius; and is is the distance from the
center of symmetry of the soil settlement curve to the in-
flection point of the curve, which is generally called “set-
tlement trough width.” According to Jiang et al. [27], the
inflection point of soil settlement curve is as follows:
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where zs is the depth from the surface. If it is assumed that
there is an angle θ between the soil profile and the tunnel
axis, the Peck formula can be modified as follows:

S(x) � Smax exp −
(x sin θ)

2

2i
2
s

􏼢 􏼣. (3)

2.2. Pipeline Deformation Induced by Tunnel Excavation.
Tunnel excavation will inevitably cause deformation of the
overlying pipeline. For flexible pipelines, Zhu et al. [14] and
Wang et al. [15] showed through similar indoor model test
results that the deformation of the overlying pipeline is in a
good agreement with the distribution of Gaussian curve
during tunnel excavation. While Han et al. [7], Gu et al. [8],
and Klar et al. [9] proved that the pipeline deformation
mode using Gaussian distribution is more reasonable from
the point of view of theoretical analysis. For this reason, the
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pipeline deformation model is still used in this paper, and
the calculation model is shown in Figure 2, and the pipeline
deformation function is as follows:

w(x) � A exp −
x
2

2i
2
p

⎡⎢⎣ ⎤⎥⎦, (4)

where x is the distance from a point on the pipeline to the
center of symmetry of the settlement curve; w(x) is the
vertical deformation at coordinate x on the pipeline; A is the
maximum vertical deformation of the pipeline; and ip is the
distance from the center of symmetry of the pipeline set-
tlement curve to the inflection point of the curve, which is
called “pipeline settlement tank width.” According to
equation (4), the vertical deformation of the pipeline can be
solved only if the values of A and ip are required.

3. Solution of Pipeline Deformation by
Energy Method

3.1. Construction of Energy Equation of Pipe-Soil System.
Figure 3 shows the interaction between the existing pipeline
and the newly excavated tunnel.*e excavation of the tunnel
below will inevitably lead to the release of surface stress,
resulting in soil movement, and ultimately leading to the
longitudinal displacement difference of the overlying
pipeline. If the overlying pipeline and the soil between the
tunnel and the tunnel are taken as the research system, the
deformation effect of the soil above the pipeline is trans-
formed into load acting on the pipeline, while the soil below
the pipeline provides support for the pipeline, and the
pipeline is placed on an elastic foundation.

Among the common foundation models, the Winkler
foundation model and the Pasternak foundation model are
widely used, as shown in Figure 4.*eWinkler foundation is
assumed to be composed of a series of continuously dis-
tributed, nonconnected discrete springs, which can give
satisfactory results to many practical problems. However,
the Winkler foundation cannot account for shearing be-
tween adjacent springs. Adopting the Winkler foundation
will overestimate the bending moment of the elastic beam
due to the discontinuity of adjacent springs [28].

If the Pasternak foundation model is used to simulate the
foundation soil beneath the pipeline, according to the as-
sumption (3) that tunnel excavation does not change the
formation loss rate, then the soil settlement function and

pipeline deformation function should meet the following
requirements:
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isθ �
is

sin θ
. (6)

Due to the existence of pipeline, there is a difference
between the vertical displacement of soil and the pipeline
deformation at the axis of the pipeline, that is, the relative
displacement of soil and pipe is Srel � S(x)-w(x), then the
external force acted by soil displacement on the pipeline is as
follows:

F � K · Srel − G
d
2
Srel

dx
2 , (7)

where K is the modified elastic modulus of soil, which can be
calculated by the method proposed by Vesic [29] and
modified by Attewell et al. [30] as follows:
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where EpIp is the bending stiffness of pipeline, d is the
pipeline diameter, v is the soil Poisson’s ratio, and E is the
soil elastic modulus.

*e work by the soil displacement on the pipeline can be
expressed as follows:

Πs �
1
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(9)

where G is the foundation shear stiffness, which can be
calculated by the value suggested by Tanahashi [28]:

G �
Eh

6(1 + v)
d, (10)

where h is the depth affected by the tunnel deformation in
the Pasternak foundation model. Xu [31] suggested that h
should be 2.5 times the diameter of the pipeline, that is,
h� 2.5 d.

x'

H

Tunnel
excavation

Ground surface
O

z

is
zp

is0

R

Ground
settlement
curve

Inflection
point

Figure 1: Soil settlement caused by tunnel excavation.
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*e bending strain energy of the pipeline is as follows:

Πp �
EpIp

2
􏽚

+∞

−∞
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dx2􏼠 􏼡

2

dx. (11)

*en, the total potential energy of the system is 􏽑 � 􏽑p +
􏽑S.

3.2. Pipeline Deformation Solution. According to the prin-
ciple of minimum potential energy, the real displacement
field of the pipe-soil system makes the total potential energy
functional take the minimum value, then:
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Figure 2: Deformation calculation diagram of pipeline during tunnel excavation. (a) In the x-z plan and (b) in the y-z plan.
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Figure 3: Deformation calculation diagram of pipeline during tunnel excavation. (a) Plan view. (b) Cross section view.

Winkler Spring K

Pipeline

(a)

Pipeline
Shear layer G
Winkler spring K

(b)

Figure 4: Two different foundation models. (a) Winkler foundation model. (b) Pasternak foundation model.
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Substituting equations (9) and (11) into equation (12)
yields the following:
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where λ�K/EpIp and ε�G/EpIp. Substituting equations (2) and (4) and (5) and (6) into
equation (14) yields the following:
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Since equation (15) is difficult to calculate directly, it is
first expressed separately as follows, and then integrated and
simplified, respectively:
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Substituting equations (5) and (16)-(20) into equation
(15) yields the following:
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Equation (21) is relatively complex and difficult to solve
directly. *erefore, this paper establishes the following it-
erative formula to solve ip:
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If the Winkler foundation model is used to simulate the
foundation soil beneath the pipeline, it is only necessary to
substitute ε� 0 into equation (21), then equation (22) de-
generates into:
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where θ is the angle between pipeline and tunnel.*e author
suggests that the initial iteration value should be ip0�(2∼3)R,
so as to quickly obtain the final iteration value.

*e parameters ip and A are obtained by solving si-
multaneous equations (5) and (16) to complete the calcu-
lation of pipeline deformation.

4. Example Verification

4.1. Comparison with Field Measured Data. Ma [32] pro-
vided the measured data of shield tunnel excavation in a
certain section of the Shenzhen metro project (the Phase 1).
*is section of the tunnel is located in gravelly clay and
sandy clay, which is a typical soil tunnel. *e comparison
calculation parameters are as follows: the tunnel depth
H� 14.4m, the tunnel diameter D� 6m, the pipeline di-
ameter d� 3m, the pipeline wall thickness t� 0.12mm, the
pipeline elastic modulus Ep � 25GPa, the pipeline depth
zp � 8.7m, the formation loss rate η� 0.77%, the soil elastic
modulus E� 8.2MPa, the soil Poisson’s ratio v � 0.3, the
bending stiffness of pipeline EpIp � 2.819×1010Nm2, and the
tunnel is orthogonal to the pipeline, that is, θ� 90 degree.

*e comparison between the calculated results and the
measured values using equations (22) and (23) is shown in
Figure 5. *e measured average maximum settlement value
of the pipeline is 8.30mm, and the maximum settlement
values calculated based on the Pasternak foundation and
Winkler foundation are 8.63mm and 8.55mm, respectively.
*e deviations between the two foundation models and the
measured values are 3.98% and 3.01%, respectively. It can be
seen that the calculation method in this paper is basically
consistent with the measured results, while the Pasternak

foundation is slightly larger than the Winkler foundation,
but the difference is small.

4.2. Comparison with the Centrifuge Test. Marshall et al. [5]
measured the vertical deformation of the pipeline caused by
tunnel excavation under the condition of centrifugal ac-
celeration of 75 g. Select η� 0.5%, 1% for analysis, the main
calculation parameters are as follows: the tunnel depth
H � 13.65m, the tunnel diameter D � 4.65m, the diameters
of the two pipelines d� 2.6m and 0.66m, the bending
stiffness of pipeline EpIp� 2.56×1010Nm2, 2.04×

108N·m2, and the pipeline depth zp � 5.6m. *e soil elastic
modulus E� 19.52MPa, the soil Poisson’s ratio v � 0.4, the
test soil sample is dry sand, and the tunnel is orthogonal to
the pipeline, that is, θ� 90 degree

For pipelines with small stiffness, the comparison be-
tween calculation results and test values by using the formula
in this paper is shown in Figure 6(a), Case 1: the formation
loss rate η� 0.5%, the maximum deformation measured in
the test is 5.25mm, the maximum deformation calculated
based on Pasternak foundation is 5.574mm, while the
maximum deformation calculated based on Winkler foun-
dation is 5.573mm, and the deviations between the calcu-
lated results and the measured values of the two foundation
models are 6.17% and 5.80%, respectively; Case 2: the for-
mation loss rate η� 1%, the maximum deformation mea-
sured in the test is 11.25mm, the maximum deformation
calculated based on Pasternak foundation is 11.148mm,
while the maximum deformation calculated based on
Winkler foundation is 11.147mm, and the deviations be-
tween the calculated results and the measured values of the
two foundation models are −0.907% and −0.915%,
respectively.

For pipelines with large stiffness, the comparison
between calculation results and test values by using the
formula in this paper is shown in Figure 6(b), Case 3: the
formation loss rate η� 0.5%, the maximum settlement
measured in the test is 4.5 mm, the maximum deformation
calculated based on Pasternak foundation is 3.984mm,
while the maximum settlement calculated based on
Winkler foundation is 3.959mm, and the deviations be-
tween the calculated results and the measured values of
the two foundation models are −11.47% and −12.02%,
respectively; Case 4: the formation loss rate η� 1%, the
maximum deformation measured in the test is 7.5 mm, the
maximum deformation calculated based on Pasternak
foundation is 7.97 mm, while the maximum deformation
calculated based on Winkler foundation is 7.92 mm, and
the deviations between the calculated results and the
measured values of the two foundation models are 6.27%
and 5.60%, respectively. In conclusion, the pipeline set-
tlement calculated by the method in this paper is in a good
agreement with the experimental values, and there is little
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difference in the pipeline deformation calculated by the
two foundation modes for large and small stiffness
pipelines.

4.3. Compared with the Existing Literature. Compared with
the calculation method of Vorster et al. [33], the
calculation parameters are as follows: the tunnel depth
H � 5m, the excavation diameter D � 1.5m, the pipeline
diameter d� 0.8m, the bending stiffness of pipeline
EpIp � 1.05×108Nm2, the pipeline depth zp � 1.5m, the soil
elastic modulus E� 14.32MPa, the soil Poisson’s ratio
v � 0.25, and the tunnel is orthogonal to the pipeline, that is,
θ� 90°. Vorster et al. [33] gave the maximum settlement
value of free soil displacement Smax� 13.6mm, and the
inflection point of settlement trough is� 2.6m in the buried
depth of the pipeline.

*e calculated results are shown in Figure 7. In this
paper, the maximum settlement of pipeline is calculated by
using Pasternak foundation and Winkler foundation as
11.93mm and 11.89mm, respectively. *e maximum value
of pipeline settlement calculated by Vorster et al. is 12mm,
and the difference between the results calculated by Pas-
ternak foundation and Vorster et al. is −0.583%, and the
difference between the results calculated by Winkler foun-
dation and Vorster et al. is −0.917%.

5. Parametric Studies

According to the influencing factors of pipeline deforma-
tion, the factors such as pipeline material, formation loss
rate, and pipe-tunnel intersection angle are analyzed. *e
selected calculation parameters are as follows: buried depth
of tunnel axis H � 15m, the tunnel diameter D � 6m, the
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Figure 6: Comparison of analytical solution against centrifuge test data. (a) Small stiffness pipeline and (b) large stiffness pipeline.
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pipeline diameter d� 2m, and the pipeline wall thickness
t� 0.12mm.*e soil elastic modulus E� 15MPa and the soil
Poisson’s ratio v � 0.3. To simplify the calculation, only
Pasternak foundation model calculation is used as an ex-
ample in the parameter analysis.

5.1.PipelineMaterial. When the buried depth of the pipeline
axis is selected to be 3m, which corresponds to the distance
between the axis of the pipe and the tunnel is 12mm, the
angle between the tunnel and the pipeline θ� 90 degree, and
the formation loss rate η� 2%, the commonly used pipeline
material parameters are shown in Table 1.

*e calculation results of pipeline deformation for dif-
ferent pipelinematerials are shown in Figure 8. It can be seen
from the figure that as the stiffness of the pipeline increases,
the maximum deformation value of the pipeline decreases
gradually, while the width of the pipeline settlement tank
increases gradually.

5.2. Formation Loss Rate. *e cast iron material in Table 1 is
selected to analyze the influence of formation loss rate on
pipeline deformation, and the intersection angle between the
tunnel and the pipeline θ� 90 degree, and the formation loss
rate η� 1%, 2%, and 3%.*e calculation results are shown in
Figure 9. It can be found from the figure that the maximum
settlement value of the pipeline gradually increases with the
increase of the formation loss rate, but the width of the
pipeline settlement tank remains unchanged, indicating that
the formation loss rate has a significant impact on the
pipeline deformation.

5.3. Intersection Angle. Selecting the formation loss rate
η� 2% and the cast iron pipe in Table 1, the calculation
results of pipeline deformation under different tunnel in-
tersection angles between the tunnel and the pipeline (e.g.,
90 degree, 60 degree, and 30 degree) are shown in Figure 10.
It can be seen from the figure that as the angle between the
tunnel and the pipeline decreases, the maximum

deformation value of the pipeline gradually increases, and as
the angle between the tunnel and the pipeline decreases, the
problem is gradually transformed into a plane problem and
the corresponding maximum value of pipeline deformation
gradually approached the maximum value of soil settlement.
In addition, when the intersection angle between the tunnel
and the pipeline changes from 90 degree to 60 degree, the
increase in the maximum settlement of the soil is less than
that when the angle changes from 60 degree to 30 degree. To
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Figure 7: Comparison of analytical solution and other method.

Table 1: Material parameters of different pipelines.

Material name Elastic modulus (GPa) Bending stiffness
PVC pipe 3 9.432×108N·m2

Concrete pipe 25 7.860×109N·m2

Cast iron pipe 150 4.716×1010N·m2

Steel pipe 210 6.602×1010N·m2
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Figure 8: Pipeline deformation under different pipeline materials.
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Figure 9: Pipeline deformation under different formation loss
rates.
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speak it simply, the width of the pipe settlement tank
gradually increases with the decrease of the intersection
angle between the pipe and tunnel. When the intersection
angle between the pipe and tunnel is close to 90 degree, the
calculation as 90 degree canmeet the accuracy requirements,
but when the intersection angle between the pipe and tunnel
is far away from 90 degree, the intersection angle between
the pipe and tunnel cannot be ignored.

6. Conclusion

For the special condition of soil tunnel under the existing
pipeline, this paper proposes a calculation method of
pipeline deformation based on the principle of minimum
potential energy based on the previous test experience. *e
effectiveness of the method in this paper is verified by
comparison with engineering examples and centrifuge test
results, and the influencing factors of pipeline deformation
are analyzed. *e main conclusions are as follows:

(1) As the stiffness of the pipeline increases, the maxi-
mum settlement value of the pipeline gradually
decreases, while the width of the deformation trough
gradually increases.

(2) With the increase of formation loss rate, the maxi-
mum deformation value of pipeline increases
gradually, but the width of the pipeline settlement
tank remains unchanged.

(3) With the decrease of the angle between the tunnel
and the pipeline, the maximum deformation of the
pipeline increases gradually, and the width of the
pipeline settlement tank increases gradually.
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