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In this study, based on theMindlin solution in elastic half-space, the stress calculation formula was determined with consideration
of any point in the foundation under the dynamic amplification effect. -e train load was simplified as a concentrated force
moving in the direction of the train, and the stress of the soil under a single wheel load was analyzed. In the state, σz reached a
maximum value of 0.56 kPa when the axle was directly above the soil, and the stress decreased until it approached zero as the
distance from the soil unit increased. -en, taking the Nanning Metro Line 1 as an example, the load was regarded as the
superposition of several single-wheel loads, and the law of the soil stress change at a point directly below the moving line of the
train load at different axle loads, speeds, and burial depths was studied. From the analysis of the results, it could be seen that the
soil stress under different working conditions was always proportional to the train axle load, speed, and burial depths. -e peak
stress ratio corresponding to the depths of 9 m, 12 m, and 15 m was 1:2:11, indicating that the closer the load to the soil, the more
significantly the stress of the soil element increased. Under multiple wheel loads, the soil stress always exhibited continuous cycle
characteristics. -e cycle period was related to the time it took for the metro to pass through the point in the soil, and the cycle
period was the ratio of the distance between each axle and the vehicle speed.

1. Introduction

With the development of urban underground space, subway
rail transit has gradually become the backbone of major cities.
At present, there are 37 subway cities in mainland China, and
four subway cities are under construction. Nanning Metro
Line 1 was the first completed rail transit line in Guangxi
Province, and it opened on December 28, 2016. -e problem
of foundation settlement caused by subway operation has
become more and more prominent. -e vibration and stress
change of soil elements caused by the moving load of a
subway have an important impact. At present, there are the
Boussinesq solution, the Mindlin solution, the empirical
method, and the finite element method for calculating the
foundation soil stress under a traffic load. Among them, the
Boussinesq solution is suitable for road engineering with a
load on a surface [1]. -e Mindlin formula can solve for the

soil stress at any point in the elastic half-space, so it is suitable
for subway engineering at any depth [2]. Ishihara [3] used the
Boussinesq solution to simulate ground rail transportation to
obtain the stress of a soil unit and the stress path of an in-
spection point. -is method reflected the nature of the ro-
tation of the main stress axis of the soil unit caused by the axle
load, but soil element stress of underground traffic could not
be considered. Wang et al. [4] studied a series of theoretical
problems of the Boussinesq solution and Mindlin solution in
depth and in detail. It is believed that the reason for the error
of the Boussinesq formula is that the influence of the soil
above the load surface on a stress distribution is not con-
sidered. -e limitation of the Mindlin formula is that when
the load surface is not a soil but a foundation, the influence on
the stress distribution in the soil needs to be discussed
separately. Yang et al. [5] believed that the assumptions of the
empirical formula proposed by the American Railway
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Engineering Association did not match the actual situation,
that the calculation result was relatively high, and that the
empirical formula for the calculation of the subgrade stress
proposed by the Soviet Union was close to the actual mea-
surement and the difference between the line and the actual
when the line was normal or bad. -erefore, it is necessary to
find a convenient and practical calculation method.

-e instability of the foundation is related to the dy-
namic effect of a train. -ere is an error in the pure static
solution, and it is difficult to reflect the actual stress of
foundation soil. In recent years, underground rail transit has
developed rapidly. With the continuous increase of the axle
loads and speeds of trains, the dynamic effect has become
more intense, so the study of the stress state of the soil inside
a foundation under a dynamic load has drawn attention
from everyone [6, 7]. Ding et al. [8, 9] analyzed and studied
the foundation stress state change caused by subway train
operation and the rotation of the main stress axis and the
viscoelastic solution of the foundation based on the Mindlin
solution in the elastic half-space without considering the
effect of dynamic effects on stress. Liu et al. [10] deduced the
formula of vertical dynamic stress in subgrade soil under a
vehicle dynamic load. -ey first proposed the concept of the
speed coefficient and determined the value through a sim-
ulation test. -e speed coefficient had nothing to do with the
size and weight of the vehicle, and it was about 0.105. -e
vertical dynamic stress was proportional to the load intensity
and vehicle speed. Zhang et al. [11] calculated the dynamic
response solution of any point under a train load based on
the principle of dynamic reciprocity combined with the
generalized Duhamel integral expression. -e inverse Flo-
quet transform and the Fourier inverse transform were used.
After superposition, the dynamic response of any point
under a train load was obtained. -e expressions were in the
time and frequency domains. Li et al. [12] used the complex
variable method, and an analytical solution for the in-situ
stress and displacement of a shallow circular tunnel in the
elastic half-plane under arbitrary distributed loads in the
elastic half-plane was obtained. Gu et al. [13] used the in-
verse conformal transformation and the Cauchy-Riemann
equation. -e implicit form of the exact analytical solution
based on the complex variable method could be derived
from the explicit form of the exact analytical solution. Eason
[14] researched the dynamic response of a semi-infinite
homogeneous space surface under uniform moving loads.
When the velocity of the applied force was lower than the
wave velocity, the displacement and stress components of
the points below the load action point and the distributed
load action area were given. -e numerical results of the
stress components at the points below the center of the
distributed load zone were also given. Grundmann et al. [15]
assumed a foundation to be a linear elastic layered half-
space. -e ordinary differential equation in the vertical
direction was obtained through the Fourier transform of the
time-space domain, and the wavelet transform was used for
error control to analyze the different soils under the motion
load of the half-space dynamic response of the layer. Barros
et al. [16] proposed a method for calculating the displace-
ment and stress in a layered viscoelastic half-space caused by

uniformly moving loads at a surface or a certain depth. -is
method was based on the wavenumber integral represen-
tation of the complete response using the generalization of
the displacement and stress fields. -e accurate decompo-
sition of the transmission and reflection coefficients took
into consideration the effects of layering. Siddharthan et al.
[17] studied the dynamic response of layered saturated soil
under a moving load. A semi-analytical method with a
higher calculation efficiency based on the Biot porous me-
dium formula was proposed for the load under plane strain
conditions, which could be used to process complex surface
loads such as multiple loads, non-uniform pressure, and
other types of time-varying loads. -e accuracy of the model
was verified through experiments. Alabi [18] gave the
parametric research results of the three-dimensional model
of a rail traffic vibration load and studied the dynamic re-
sponse of the moving load speed, train distance, and ground
depth to elastic space.-e calculation results showed that the
displacement was proportional to the moving speed of the
load. In all cases, the displacement decreased approximately
linearly with the increasing soil depth. Wang et al. [19–21]
derived the displacement of the Timoshenko beam in elastic
half-space under the action of a moving load and the so-
lution of the ground surface reaction force based on the
research of Eason. -e steady-state stress caused by the train
load in the foundation was obtained when the train speed
was less than the Rayleigh wave speed response answer. Hu
et al. [22] used the 2.5-dimensional finite element analysis
method. -e track was simplified to Euler beams, the train
load was reduced to single or multiple moving axle loads, the
track-embankment-foundation coupling analysis model was
established, and the stress of the summarized soil unit body
was summarized. -e law of rotation of the path and the
principal stress axis gave the dynamic response of the track
structure and the ground under axial loads moving at
various speeds. Chen et al. [23] simplified the vibration effect
of rail transit into a uniform load and a single-wheel load,
and the stress state changes of the soil element under the two
simplified loads were analyzed. -e research results showed
that the stress path of the soil element was “apple-shaped” in
the process of the load from a position close to the soil
element to a position far away from the soil element.

Most of the above analyses were related to the dynamic
response of a subgrade surface for a high-speed rail or road
traffic, or they used pseudo-static solutions to calculate the
internal soil stress of the foundation, which were difficult to
apply to high-speed underground rail transportation. -e
greater the train axle load and speed, the violent the train
dynamic effect, so the calculation of subway vibration stress
considering the dynamic effect is still worthy of study.
Based on the above problems, in this study the metro load
was simplified as a concentrated force moving in the di-
rection of the metro based on theMindlin solution of elastic
half-space. -e stress calculation formula of the dynamic
effect analyzed the stress state of the soil at a certain point
directly below the moving line of the train under the load of
a single axle and multiple sets of axles, and the effects of the
vehicle speed, axle load, and buried depth on the stress were
studied.
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2. Mindlin’s analytical
solution considering speed

According to Mindelin’s research, when the concentrated
force P acted on the depth c of the elastic half-space body see

Figure 1 , the stress in the soil at any point from the surface
depth z in the foundation could be expressed as [24]:
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(1)

where σz is the stress at any depth directly under the load, z is
the depth of a certain point, c is the depth of embedding of
the load force, P is the concentration force, μ is Poisson’s
ratio of the soil layer, and x is the horizontal distance be-
tween the load acting point and the calculation point.

-e vehicle load was a kind of dynamic load, and it was
obviously insufficient to replace its effect on the roadbed
with static force only. -e stress of the wheel load on the
track was related to the lateral bending of the track, the
eccentric vertical load, the vehicle speed, and other factors. A
dynamic wheel load would result in a dynamic stress value
that was higher than the static value. -e general method
used to determine the wheel load was to empirically express
the wheel load as a function of the static wheel load.
According to the literature [25], the most comprehensive
method for determining the influencing factors is the for-
mula proposed by the International Railway Union Research
and Test Office (ORE) based on the measured track results.

-e influence coefficient was defined suing three di-
mensionless velocity coefficients α′, β′, c′, namely:

ϕ � 1 + α′ + β′ + c′. (2)

Among these coefficients, α′ and β′ are related to the
average value of the impact factor, and c′ is related to the
standard deviation of the impact factor. α′ depended on the
track level, vehicle suspension, and vehicle speed, which was
expressed as:

α′ � 0.04
V

100
 

3
. (3)

-e numerical coefficient of 0.04 mainly depended on
the resilience of the vehicle suspension.

According to the calculated value of the SNCF (Societe
Nationale des Chemins de Fer Francaise) formula, the value

range was 0.13–0.17. According to the observed value, in
almost all cases, the measurement coefficient α′ on the
tangent trajectory was greater than the calculated α′ + β′.
-erefore, only α′ was regarded as the average value of the
impact factor, and β′ was ignored.

c′ was related to the vehicle speed, track age, vehicle
design, etc. -e data showed that c′ increased with the
vehicle speed, which could be estimated with the following
formula:

c′ � 0.01 + 0.017
V

100
 

3
. (4)

By substituting α′, c′ into (2), we could obtain:

ϕ � 1.1 + 0.021
V

100
 

3
. (5)

In the formula, φ is the dynamic coefficient, and V is the
running speed of the train, in units of km/h.

-en, considering the stress of the wheel load on the
track under the dynamic effect, the calculation could be
simplified as σd � ϕ · σz.

3. Calculation of the vibration stress during the
operation of the Nanning subway

3.1. Dynamic stress solution under a single wheel load. -e
force of the subway was simplified, the wheel load was
treated as a concentrated force that ran at a certain speed in
the direction of the subway, and the stress state of the
foundation was studied based on the Mindlin solution at a
certain depth under the load of a single wheel and axle.

Under the load of a single wheel, because the calculated
soil element was directly below the load movement line, y �

0. -e formula could be simplified to:
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-e stress of the single-wheel load on the soil element is
shown in Figure 2. -e foundation soil was homogeneous
soil, and the axle load depth was c � 12 m.-e calculated soil
element was located 4 m directly under the tunnel (x � 0, y �

0, z � 16 m). -e subway ran at v � 40 km/h, and the
horizontal distance between the single wheel and the cal-
culated soil element unit was -33 m until the single wheel left
the calculated soil element unit by a distance of 33 m. -e
distance between the load and the calculated soil element
simulated the movement of the load.

According to the Mindlin solution at any point in the
elastic half-space, the shear stress τxy � 0 and τyz � 0 of the
soil element were directly under the load. -en only the
stress state on the x-z plane was studied. As can be seen in
Figure 3, the stress σz increased continuously as the wheel
load approached the soil unit, and the stress reached a
maximum value of 0.56 kPa when it was directly above the
soil element. -e stress value gradually decreased toward 0
when it was away from the soil unit, and its graph was
symmetrical about the z-axis. -e stress σx graph was
symmetrical about the z-axis, and the stress reached a
maximum value of 0.093 kPa at a distance of approximately
5 m from the soil unit. -e shear stress τxz gradually in-
creased as the train approached the soil unit, it reached a
maximum value of 0.16 kPa at a distance of approximately
2 m from the soil unit, and then it was reduced to 0. -e
graph was antisymmetric about the z-axis. It could be seen
that when the load was close to the soil element, the stress
changed greatly, and σzwas much larger than τxz and σx, and
when the load was far from the soil unit, the stress value was
small.

Based on the above research, the stress of the soil at
different burial depths was calculated. Figures 4 and 5
show the calculation of the stress change of the soil unit

when the burial depths were 9 m, 12 m, and 15 m. It can be
seen from the figures that when the load was far away, the
stress value of the soil unit was very small. Within the
horizontal distance range of -2 m to 2 m from the soil unit,
the stress value changed significantly, and it gradually
increased as it approached the soil unit. -e maximum
values of σz and τxz were obtained at the horizontal dis-
tances of 0 m and ±1 m from the soil unit, respectively.
When the buried depth was 9 m, σzmax � 0.20 kPa and
τxzmax � 0.05 kPa. When the buried depth was 12 m, σzmax
� 0.57 kPa and τxzmax � 0.15 kPa. At a buried depth of
15 m, σzmax � 8.74 kPa and τxzmax � 2.49 kPa. It could be
seen that the soil stress was proportional to the buried
depth, the greater the depth of the tunnel, the greater the
stress value, and the more rapid the stress change.
-erefore, the horizontal and vertical loads were smaller,
the distance from the soil was smaller, and the impact on
the stress state of the soil was greater.

3.2. Dynamic stress solution under multi-wheel load. -e
Nanning Metro Line 1 subway train used a 6B formation,
which meant that the metro was arranged with six type B
cars and the type B cars had a length of 19 m, a fixed distance
of 12.6 m, a fixed wheelbase of 2.2 m, an axle weight of 14 t,
and a maximum operating speed of 80 km/h. -e train
model is shown in Figure 6.

-e train load acted on the foundation soil through the
wheels, and the stress of the soil unit was calculated as the
superposition of the stress generated by each wheel load at
the point of action.-e train had four pairs of wheels in each
car, and the total stress value was the stress accumulation of
24 pairs of wheel pairs at the calculated point. -e stress
calculation formula was:
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Figure 1: Concentrated force in the soil.
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3.2.1. Different loads. -e subway train load depth was taken
as c � 12 m, and it was calculated that the soil unit was
located 4 m directly under the tunnel (x � 0, y � 0, z � 16 m).
When the train ran at a speed of v � 80 km/h and when the
axle weights were 11 t, 14 t, and 16 t, the stress state of the soil
changed. -e train ran at v � 80 km/h, and the head distance

was calculated from the soil unit as -33m until the car left the
soil unit for a distance of 33 m, that is, for t �-4 s to t � 4 s.
-e stress state change of the soil element was calculated,
and the load movement was simulated with the distance
change between the load and the calculated soil element.-e
calculation result is shown in Figure 7.
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Figure 3: Changes of the soil stress state under a single wheel load.
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Figure 4: σz at different burial depths.
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Figure 2: Stress state of the soil element under a single wheel load.
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3.2.2. Different buried depth. -e depths of the load were
taken as c � 9 m, 12 m, and 15 m.-e calculated soil unit was
located 4 m directly under the tunnel (x � 0, y � 0, z � 16 m).
-e axle load of the train was 14 t. When running at a speed
of v � 80 km/h, the change of the soil stress state was studied.

3.2.3. Different speeds. -e axle load of the train was 14 t,
and the buried depth was 12 m. -e initial distance between
the train and the soil unit was -33 m, when the train ran
through the soil unit at speeds of 40 km/h, 80 km/h, and 120
km/h. At different speeds, the times for the vehicles passing
through the soil unit at different speeds were 16 s, 8 s, and 4 s.
-e stress state of the calculated unit is shown in Figure 9.

It can be seen in Figures 7 and 9 that under different
operating conditions, the stress of the soil unit of the metro
load always had a continuous cycle characteristic, and the
dynamic stress value of each cycle period was not completely
equal. -e stress state change at the calculation point in the
process of moving away from the soil unit was symmetrical;
that is, where the horizontal distance from the soil body was
equal, the stress value was almost equal.

-e cycle period was related to the length of the metro
and the speed; that is, the faster themetro passed through the
soil unit, the shorter of the cycle period. -e rear wheel of
each car and the front wheel of the next car were regarded as

a group. Each group of the wheel axle caused a group of
stress cycles. -e first car front wheel and the last car rear
wheel caused a group of cycles, for a total of seven cycles.-e
number of cycles was related to the number of wheels and
axles.-e peak stress in each cycle that appeared in the wheel
shaft reached directly above the soil element. -e closer the
wheel shaft to the soil element, the greater the influence on
the stress of the soil element.-erefore, the stress was related
to the burial depth of the tunnel. In addition, the stress was
positively related to the magnitude of the load applied to the
soil. -e load was related to the axle weight and speed.

It can be seen in Figure 7 that when the axle loads of the
train were 11 t, 14 t, and 16 t, the corresponding peak stresses
of the soil were 0.90 kPa, 1.40 kPa, and 1.60 kPa, respectively,

2.2 m 2.2 m 2.2 m 2.2 m 0

x

x (m)

y (m)

12 m 12 m
5 m

Figure 6: Schematic diagram of the vehicle model.
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Figure 7: σz (o)f soil with different axes.
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Figure 8: σz of soils with different depths.
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Figure 9: σz of soil at different speeds.
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and the stress increased with the increase of the axle load.
-e stress that was exerted by the lower wheel on the track
was proportional to the train speed. As shown in Figure 8,
when the train speeds were 40 km/h, 80 km/h, and 120 km/h,
the corresponding peak stresses of the calculated soil unit
were 1.26 kPa, 1.43 kPa, and 1.60 kPa.

It can be seen in Figures 4 and 9 that the effects of different
tunnel burial depths on the stresses of the soil elements under
multi-wheel loads and the dynamic responses under single
wheel loads showed a proportional relationship between the
stress and the burial depth. Additionally, the soil stress at the
depth of 15 mwas significantly greater than the soil stresses at
the depths of 12 m and 9 m.

4. Conclusions

In this study, based on the Mindlin solution, the change of
the stress state of the foundation under a single wheel load
and multiple wheel loads under different conditions was
calculated.-e law of the soil stress at a certain point directly
below the moving line of the train load was as follows.

1. Under the load of a single wheel, the stress σz reached a
maximum value of 0.56 kPa when the axle was directly above
the soil element, and the stress decreased until it approached
zero as the distance from the soil unit increased. -e stress
value and the burial depth had a positive correlation, and the
σzmax values corresponding to 9 m, 12 m, and 15 mwere 0.20
kPa, 0.57 kPa, and 8.74 kPa, respectively. -erefore, the
greater the burial depth, the greater the stress value, and the
more significant the stress change.

2. When a multi-wheel load was applied, the stresses of
the soil passing through the soil unit under different working
conditions all exhibited continuous cycle characteristics. -e
number of cycles was related to the number of wheels, and the
cycle period corresponded to the time it took for the wheel
loads to pass through the soil element, which was related to
the length of the metro and the speed of the vehicle.

3. Under the load of multiple wheels, the soil stress
peaked when each train axle was directly above the calcu-
lated soil element. When the metro axle weights were 11 t, 14
t, and 16 t, the corresponding peak soil stresses were 0.90
kPa, 1.40 kPa, and 1.60 kPa. When the train speeds were 40
km/h, 80 km/h, and 120 km/h, the corresponding peak stress
values of the calculated soil unit were 1.26 kPa, 1.40 kPa, and
1.48 kPa, respectively. -e corresponding peaks of the soil
stress at the burial depths of 9 m, 12 m, and 15 m were 0.72
kPa, 1.40 kPa, and 8.9 kPa, respectively. It could be seen that
the magnitude of the stress was directly proportional to the
axle load, speed, and burial depth of the tunnel.

In this paper, the calculated and analyzed metro axle
weights are 11 t, 14 t, and 16 t, and the metro speeds are 40
km/h, 80 km/h, and 120 km/h. -e vibration stress under
other metro axle weights and speeds needs to be further
studied.
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